L 
bats 

erie 
Seeraul 


RSet 


- vel aaa 
eh 
i 
a 


eth 
bose s 


Lis 


bay 


.s 


AT 


‘ 
nk ie ‘ 
‘ - 
} : ad 
. — 
= 
¢ = 
Ps Ps ——— 
Ey 


Surveying 


BOOK II 


By 
Rey ePOotER 


FORMERLY EDITOR, MINES AND MINERALS 


A. DEGROOT 


ASSISTANT PRINCIPAL 
CIVIL, STRUCTURAL, AND CONCRETE ENGINEERING SCHOOLS 


AND 


J. J. WICKHAM, B.S. 


WRITER, CIVIL ENGINEERING SCHOOLS 


TRANSIT SURVEYING 
OFFICE WORK IN ANGULAR SURVEYING 
CIRCULAR AND PARABOLIC CURVES 


Parts 1-2 


321B 
Published by 
INTERNATIONAL TEXTBOOK COMPANY 


SCRANTON, PA. 


Transit Surveying: Copyright, 1926, by INTERNATIONAL TEXTBOOK COMPANY. 


Office Work in Angular Surveying: Copyright, 1926, by INTERNATIONAL TEXTBOOK 
Company. 


Circular and Parabolic Curves, Parts 1 and 2: Copyright, 1936, by INTERNATIONAL 
TEXTBOOK COMPANY. 


Copyright in Great Britain 
All rights reserved 


Printed in U. S:-A. 


INTERNATIONAL TExTBOOK Press 
Scranton, Pa. 84936 


> Adjustments of Transit............. eee cece eee eune 


i 


CONTENTS 


_ Note.—This book is made up of separate parts, or sections, as indicated by 
their titles, and the page numbers of each usually begin with 1. In this list of 
contents the titles of the parts are given in the order in which they appear in 
the book, and under each title is a full synopsis of the subjects treated. 


TRANSIT SURVEYING Pages 
BMAD PET Me reek Sorte miele Saas Tale aro Es os we A 1-28 
ARETE? Th gol pee Oh One lee See oo Oe ence ge ee ne 1-20 
remap OF -Instrimtient. <n. 2. fccioe ov teens nORN Ud « l- 8 


Introduction;. Telescope; Plates and centers; Scales; 
Graduations; Shifting head. 


Preece GL. WETICE sant cares 2% isan nent oa eee 9-14 
BeeTERTSUIS Alc a oN aie lee See eo vag cas aE eee 15-20 


Forward and back azimuths; Angles between lines; Azi- 
muth of line from azimuth of another line and angle 
between lines. 


Mpeuttiuse witht) TATSEC x cx, Fo Ons eer e weatrtorsr a Pel oh s Z=Ze 
Mieimieapg Fe PI ATIOUS a, oust e sasha Niece dare, orate 21-25 


Transit points; Motions of telescope; Setting up; Review 
of functions of clamps and tangent screws; Directing 
telescope to given mark. 


are SCLLCHTIS ofa ie a nie os RE ieee eee 26-28 
prem Milo With, “rAUsit 2 3.54 4. ONE wn Dvn weterreemeens 29-53 
MMRINTTSCEIO thet a ie Sy luce VE io oie, Sich «150, sa ee Re «ole 29-30 
Parichat LD CeCE AMICLES 502 hina sige wr <i eceelaied eco enselan 31-33 
Mretnocd-ort ol etlectiOn Anoles oi x. Hom’ hepsi ences 34-36 
Mees Od tN ZITA 5 si ly eats, win de cde F viet Bee wed is ose 37-42 


Orienting; Methods of orienting; Azimuth traverse; 
Advantages of azimuths; Field notes. 


Menrveying by (riangulation. 0.04. <1 2 2b. est. 43-44 


Trigonometric Leveling ..... Bee Sarees cake Sie Operate 2 45-53 
Measuring vertical angles; Index error; General formulas ; 
Elevations of inaccessible points. 


Conditions of adjustment; First adjustment; Second adjust- 
ment; Third adjustment; Supplementary test; Fourth 
adjustment; Fifth adjustment. 


iv CONTENTS 


OFFICE WORK IN ANGULAR SURVEYING 


Pages 
Datitudées and “Departures. 5-20 a. 7 = ee eee 1-19 
Preliminary, Explanations. .25).-...4.06= 9saeeeeee 1- 2 


Computations Involving Latitudes and Departures.... 3-19 


General formuals; Given length and bearing; Given 
length and azimuth; Given latitude and departure, to 
find length and direction; Total departures and total 
latitudes; Determination of total latitudes and total 
departures; Latitude and departure of line from total 
latitudes and total departures of its ends. 


Balancitig, \SUCVEYS..e9 et «iat eee eee 20-33 
Eror sOL 5 ClOSUTE. 2m 0 os a hacen - ciee on . 20-22 
Methods. ots Balancing seycastan «ccleaner ne _ 23-33 


Explanation; Correcting measurements ; Transit and com- 
pass methods; Angular error; Balancing transit sur- 
veys; Balancing compass surveys; Supplying omissions. 


PLOLINS ADUTVEYS? << 2-915 0.0: = so eee 3443 
PntroductiOn @.caie adams Ae lag eyes «he ee ee 34-36 
Plotting by Lengths and Bearings......J..02. ee 37-39 
Plotting by Latitudes and Departures’............... 40-43 
Double Meridian Distances... oe een aa 4446 


Goimputation of MAreay< wise .iome cee eee eee 47-49 


CONTENTS 


CIRCULAR AND PARABOLIC CURVES 


CPART: 1) 
MaapleRGiityesm et arere .een OS kee. ees 
Beecattilitiar aL Mplanations A... tt. Geese. 250 e4 soo eas 
“HSS Seg) ISLE ey COR aa er 
Radius and Degree of Circular Curve.............. 


PARDEE UG IE VO to oy Spero os Pos owas 


Required data for laying out curve; Intersection of tan- 
gents; Tangent distance; Length of curve; Stationing 
of P-L, P-Cy and PT > Setting P.C. and Pot. ;) Summary. 


Locating Intermediate Points on Curve............. 


Measurement Of Distances. . <2. .< b.cs% sa s)c so arealo vs « 


Station numbers of intermediate points; Measurements on 
curve whose degree is based on 100-foot arc; Chord 
length for 100-foot arc; Chord length for arc less than 
100 feet long. 


Deicenon me uples wit ttanst at PCs. 8 5 wack eh 
Deflection Angles with Transit at Intermediate Point 


STR AG R= a ae eee a a ee RE te mR BPE 


Use of tangent offsets; Calculations for tangent offsets; 
Geometrical formulas for tangent offsets. 


rechne test eronte_ong (ROC 5 nyse cs a prem latede <p 2s 


General procedure; Calculation of distances; Middle 
ordinate; Approximate ordinates. 


@ticetser ron GHhOrds el roduces aries lee eae 
Piiacien OFGInAtES ae eee oe ete ee cea a eee 


Special Features in Laying Out Simple Curves....... 
Selection of degree of curve; Calculation of radius from 
external distance; Checking curve at mid-point; Passing 
obstacles on curves; Locating curve when P.I. is inac- 
cessible; To replace two curves and a tangent by a 
single curve; Relocating tangent; Curve joining given 
tangents and passing through given point. 


Merree of Cutve-oulxisting Tracks. anos ova: - 
table i—-Radi ands Weflection Distances. .:.,... 1 « 4-< 
aplerbi-—-hacdieana Cnotd Lengths... .fo.0 cose 


13-61 
13-17 


18-32 


33-42 
43-44 


45-52 


53-57 


58-60 
61 
62-78 


re CONTENTS 


CIRCULAR AND PARABOLIC CURVES 
(PART 2) 


Compound and Reverse Curves. .....--+++e+eeeeeeee 


Compound -Gurves 2 22 sane geen ere area 
Tatroduction ..s:6.0gatis osiee en ee aire a aie ae 


Computations tor, Conipound, Curyvess . s.,.05 ses ae 
Fundamental formulas; Solutions of typical problems; 
Tangent distances for compound curve. 


Hield ‘Layout of Compound *Cutves. .. 2-2 - seen ere eres 


Reverses CuirvieSies, te beet etna cee sot 


General remarks; Parallel tangents joined by reverse curve 
with equal branches; Parallel tangents joined by reverse 
curve with unequal branches; Reverse curve whose tan- 
gents are not parallel. : 


Werticalmbeatrabolics Gives mersisenea cient ene eee 


jareliminary. Pseplanatigns 2... .0i. cmees os aa eee 


Properties of parabolic curves; Condition at intersection of 
slopes; Rates of grade; Change in rate of grade. along 
vertical curve; Length of vertical curve; Practical con- 
siderations . 


Determination of Elevations on Vertical Curves with 
Equal Tangents 


©. 0 a's wo Yee 6010.9 (ee. 0 16) 8 6) eel ie) ae a) ae) ele el wae 


Method by Offsets from Slopes 


General principles of method; Vertical offset at central 
point of curve; Vertical offset at point 100 feet from 
end of curve; Vertical offset from slope to any point 
on curve; Calculation of elevations on curve. 


0) &: (VAG, eee) Bae’ ey elle je) mle) a eke 


Differences in Elevation Between Successive Stations 


General features of method; Determination of rate of 
slope; Sign of rate of slope: determination of elevations ; 
Position of high or low point. 


Vertical Curves with Unequal Tangents 


Type of curve; Vertical offset at point of intersection; 
Length of compound parabola; Calculation of elevations 
on compound parabola; Position of high point. 


© 10; 8) wre’ wile) bije* 6) Wine) 


9-10 
11-18 


19-51 
19-25 


26-43 
26-35 


36-43 


44-51 


TRANSIT SURVEYING 


THE TRANSIT 
Serial 3067-3 Edition t 


PRELIMINARIES 


DESCRIPTION OF INSTRUMENT 


1. Introduction.—The engineer’s, or surveyor’s, transit 
is used almost exclusively to measure horizontal and vertical 
angles in surveying because it combines the features of con- 
venience and a high degree of accuracy. By means of a tele- 
scope, the line of sight is well defined and long sights may be 
taken. Moreover, by the aid of verniers, readings on the gradu- 
ated scales can be made very accurately. Although the transit 
is primarily intended for measuring angles without reference 
to the magnetic needle, most transits have a magnetic needle 
and a graduated needle circle, and may, therefore, be used as a 
compass. 

While there are many kinds of engineer’s transits, all are 
constructed on the same principles, differing only in minor 
details. Two forms of transits are shown in Figs. 1 and 2. 


2. Telescope.—The telescope a, Fig. 1, is similar to that on 
an engineer’s level but is shorter in length; its parts are the 
objective b, the focusing wheel c, the cross-wires at d, the eye- 
piece e¢, andthe sunshadef. The telescope is fixed to the axis g, 
called the transverse axis, which rests on the standards h and 
revolves in bearings at the top of the standards. Animportant 
feature of the transit shown in Fig. 2 is the rigid construction 
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of the standards, which are cast in one piece. The telescope 
is held at any desired inclination by means of the clamp screw /, 
Fig. 1, and can be rotated slowly in a vertical plane by means of 
a tangent screw j attached to one standard. The clamp 7 
passes through a collar k in which the axis g revolves when the 


ii : 


screw 7 is loose; anda projection /, attached to the collar through 
an arm, fits between the point of the screw 7 and the opposing 
spring m. When the clamp 7 is tightened, the axis g is held 
firmly in the collar k and is prevented from moving. If the 
screw / is then turned so that its point pushes against the pro- 
jection 1, the axis g is caused to rotate in one direction, the 
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spring m being compressed. When the screw J is turned back, 
the spring forces the projection / against the point of the screw 
and produces rotation of the axis g in the opposite direction. 


3. Plates and Centers.—In order that horizontal angles 
may be measured, all transits have two concentric plates, which 
rotate independently on the same axis, called the axis of the 
instrument. On the lower of these plates u, Fig. 1, is a 
graduated scale, called the horizontal limb or the hortzontal 
circle, a small part of which is shown at 0; and on the upper 
plate p are two verniers, one of whichisshownatg. The upper 
plate also carries the standards, which are fixed to it. 

The upper plate is held in position with respect to the lower 
plate by tightening the clamp screw 1, called the upper clamp; 
this operation is known as clamping the upper plate. After the 
upper plate has been clamped, it can be revolved slowly through 
a small angle by means of the upper tangent screw s, which 
operates against the spring#. The lower plate may be secured 
or clamped against rotation by tightening the lower clamp u; 
this is called clamping the lower plate. When the lower plate 
is clamped, slow motion may be obtained by using the lower 
tangent screw v, which works against a spring. Before either 
tangent screw is used, the corresponding clamp must be tight- 
ened. 

The construction of the lower part of a transit is shown in 
Fig. 3, which represents a cross-section through the axis of the 
instrument. The conical spindle m’, which is connected to 
the upper plate p, Figs. 1 and 3, revolves within a socket 
attached to the lower plate ; the spindle and the socket are 
held by the nut o’, Fig. 8, which screws on the bottom of the 
spindle. The upper clamp 7, Figs. 1 and 3, passes through the 
projection w on the upper plate, which fits between the point of 
the screw s and the spring t. When the screw r is tightened, 
the collar p’, Fig. 3, is pressed against the lower plate and the 
upper plate is thus secured against rotation on the lower. Slow 
motion is then obtained by means of the tangent screws. 

The socket on the lower plate fits inside of another socket 
in the leveling head x, Figs. 1 and 3. This combination of the 
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spindle and sockets is called the centers. The leveling head is 
connected to the tripod plate y by a flexible joint as shown at z, 
and the inclination of the leveling head and its socket is con- 
trolled by the leveling screws a’, which bear on the plate y. 

The lower clamp and tangent screw pass through the collar b’, 
and the projection c’ from the leveling head fits between the 
point of the screw v and the opposing spring. When the 
clamp u is tightened, the lower plate cannot turn. By means 
of the tangent screw v, however, slow motion can be produced. 
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The spirit levels d’ and d”’, Fig. 1, called plate levels, are placed 
at right angles to each other. When each bubble is in the 
center of its tube at the same time, the plates are horizontal. 
In Fig. 2, one of the levels is on the standard, but often both are 
attached to the upper plate, as in Fig. 1. 


4. Scales.—Horizontal angles are measured by means of 
the horizontal limb o, Figs. 1 and 3, marked on the edge of the 
lower plate, and the verniers g, attached to the upper plate. 
The upper plate entirely conceals the lower plate except at two 
small glass-covered openings for the verniers, which are dia- 
metrically opposite. The surface of the reflector e’, Fig. 1, is 
_ specially prepared to reflect light to the vernier and the circle. 
On the transit: shown in Fig. 2, the reflector is hinged so that 
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it can be dropped over the glass when the instrument is not in 
use, or can be set to any desired inclination. 

On the upper plate there is also a magnetic needle f’, Figs. 
1 and 3, and a needle circle g’ for use when magnetic bearings 
are taken. The circle is graduated in the same way as that 
on acompass, and the north and south points are directly under 
the line of sight. The screw h’, Fig. 1, is for lifting the needle 
off its pivot. 


5. The angle at which the telescope is inclined to the 
horizontal for any position is measured by means of the gradu- 
ated scale z’, Fig. 1, called the vertical limb, and the vernier 7’. 
Some transits have an arc, called a vertical arc, instead of a 
full vertical circle as in Fig. 1, while others do not have any 
vertical limb and do not measure vertical angles. The vertical 
limb is attached to the transverse axis and revolves with it; 
the vernier 7’ is screwed to one of the standards. In Fig. 2, the 
graduated edge of the vertical limb is protected by a guard 
around it. 

A spirit level k’, Fig. 1, called a telescope level, is attached to 
the telescope longitudinally whenever there is an arrangement 
for measuring vertical angles; the telescope level permits the 
transit to be used also as a leveling instrument. The level 
tube, which has a graduated scale similar to that onan engineers’ 
level, can be adjusted vertically with respect to the telescope 
by means of capstan-pattern nuts l’ at each end; no lateral 
adjustment is necessary. The rubber stop m’ prevents the 
telescope from striking the plate level. 

A transit without a vertical limb or a telescope level is called 
a plain transit. 


6. Graduations.—The horizontal limb is graduated in 
various ways, with respect both to the size of the smallest — 
divisions and to the method of numbering. The degrees are 
marked on all instruments but the number of parts into which 
each degree is divided and the number of vernier divisions 
vary. The most common method is to graduate the limb in 
half degrees and to divide the vernier into 30 parts covering 
29 of these half..degree divisions; then, readings can be taken 
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accurately to the nearest minute. On some instruments, the 
limb is graduated in 20-minute spaces and the vernier is 
divided into 40 parts; in this case, angles can be measured to 
30 seconds. For very precise work, there are instruments whose 
limbs and verniers are graduated to read to 20 seconds, 10 
seconds, and even 5 seconds. 

Each subdivision of a degree is marked by a line somewhat 
shorter than the regular degree-graduations, while each fifth 
degree is indicated 
by a longer division 5 RR Der 
line and each tenth GM lyse 
degree is marked by 
a still longer line and 
also is’ numbered. 
Three systems of 
numbering are in 
common use, each 
having its advantage 
for certain kinds of 
work. These systems 
may be described as 
follows: 

1. The azimuth 
system, in which the 
graduation marksare 
numbered from 0 continuously around the entire circle to 360. 

2. The transit system, in which the figures extend from 0 
in opposite directions through the adjacent semicircles to 180 
at the point diametrically opposite the zero point. 

3. The compass system, in which the figures extend each 
way from two 0 points diametrically opposite each other 
through the adjacent quadrants to the 90° points. 

Usually the horizontal limb of a transit has two sets of 
figures, either of which may be used independently of the other. 
Ordinarily, the numbers of one set increase from 0 to 360 in a 
clockwise direction and often the numbers of the other set 
run from 0 to 360 in the opposite direction, as shown in Fig. 4. 
However, the other systems are also used, as in Figs. 5 and 6. 
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On most transits, the direction in which the numbers increase 
is indicated by the inclination of the figures, as shown in Figs. 


4,5 and 6: 

The vertical limb is 
usually graduated to 
degrees and half de- 
grees and, by means 
of the vernier, read- 
ings can be taken to 
the nearest minute. 
The vertical circle is 
always numbered in 
quadrants with the 
zero mark’ opposite 
the zero of the vernier 
when the telescope is 
horizontal. There is 
only a single row of 
numbers. 


7. Shifting Head.—The position of the instrument over a 


point on the ground 
is indicated by a 
plumb-bob suspend- 
ed from the lower 
end of the centers at 
the central point q’, 
Fig. 3. When the 
leveling screws a’ are 
tight, the plate r’ is 
held firmly against 
the plate y; but when 
the leveling screws 
are loose, the rest of 
the instrument drops 
with respect to the 
plate vy and can be 
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shiftedonit. This arrangement, which is called a shifting head, is 
a great advantage in setting up the transit exactly over a point. 
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READING OF VERNIER 


8. Measurement of Angles.—In order to measure the 
angle ABC, Fig. 7 (a), the transit is set at B, the telescope is 
directed to A, the upper clamp is loosened, and finally the tele- 
scope is directed toC. While the line of sight rotates from the 
direction BA to the direction BC, the horizontal limb of the 
transit remains stationary and the verniers move along the 
limb. The amount of the 
movement in degrees of arc 
is, therefore, the size of the 
angle. In order to deter- 
mine this amount, the loca- 
tion of the zero point of (a) 
the vernier on the horizon- Be 
tal limb is observed for PB 
each position of the tele- 
scope. 

In Fig. 7 (b), let adc rep- 
resent the horizontal limb; 
b, the center of the gradu- 
ated circle; e, the zero point 
of the vernier when the 
telescope is directed along 
BA in (a); f, the zero point 
of the vernier when the line 
of sight is directed along 
BC in (a); and g, the zero 
point of the horizontal 
limb. Then, the arc ac in (b) 

(b), which measures the a 

angle ABC in (a), is found by subtracting the reading of the 
limb at a from the reading of the limb at c. For convenience 
the vernier is usually set to read zero when the line of sight 
is directed to A. 


A 


9. Use of Verniers.—One of the features which gives a 
transit its great accuracy is the fact that fractional parts of 
321B—2 
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the smallest division of the limb can be measured by means of 
a vernier. Although the limb of a transit is graduated in 
angular measure and the scale is marked along a curved edge, 
the principles of the transit vernier are the same as those of the 
vernier describedin connection with levelingrods. Forinstance, 
in Fig. 7 (b), the arc gdc is considered to be composed of the 
arc gd, measured on the limb, and the arc dc, measured by 
the vernier. 

Suppose that, in Fig. 8, AB represents a circular scale and 
CD a vernier that slides along the scale. To measure the arc 
EF, the zero point of the scale AB is set at E and the vernier 
is placed so that its zero mark.is at F. The arc EF is 
composed of two parts: the portion EG from the zero of the 


scale to the scale graduation at G just preceding the zero of 
the vernier, and the part GF. The zero of the vernier is 
generally known as the index of the vernier, and the reading 
of the scale opposite the index of the vernier is called the read- 
ing of the vernier. To determine the reading of a vernier, three 
steps are performed: (1) the value of the limb graduation 
preceding the index of the vernier is observed; (2) the value 
of the fractional part of a division from that graduation to the 
index of the vernier is found by means of the vernier; and 
(3) the two values thus obtained are added. 


10. Suppose that the limb AB, Fig. 8, is divided in degrees 
and it is required to measure the arc to tenths of a degree. In 
this case, the vernier is made with a length equal to 9 limb 
divisions, and is divided into 9+1, or 10, equal parts. Then, 
the total length of the vernier is 9X1, or 9, degrees, and each 
vernier division is equal to y>X9=7% degree. Hence, the 
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difference between one limb division and one vernier division 
is 1-7%=7'5 degree. This difference, which is called the 
least reading of the vernier, is always found by dividing the 
value of a limb division by the number of parts into which 
the vernier is divided. Thus, in Fig. 8, the least reading of the 
vernier is equal to 75 degree because each limb division is 
1 degree and there are 10 parts in the vernier. 

Since the graduation at Gis one beyond the mark numbered 
10, the arc EG represents 1] degrees. The value of the arc 
G F is equal to the product of the least reading of the vernier 
and the number of the vernier graduation that coincides with 
a graduation on the limb. Since, in this case, the graduation 
numbered 6 is opposite a line on the limb, the arc G F is equal 
to 7% degree. This may be proved as follows: The distance 
from graduation 5 on the vernier to graduation 16 on the limb 
is equal to the difference between one division on the limb and 
one on the vernier, or ;’5 degree; the distance between gradua- 
tion 4 on the vernier and graduation 15 on the limb is equal to 
the difference between two limb divisions and two vernier 
divisions, and so on; finally, the distance from the index of 
the vernier, which is opposite point F, to the limb graduation 
preceding it, is equal to the difference between six divisions of 
the limb and six of the vernier, or 785 degree. Hence, the arc 
E F is 11+74%, or 113%, degrees. 


11. As in the case of a vernier on a leveling rod, the 
‘number of parts into which a transit vernier is divided is one 
more than the number of limb divisions covered by the vernier. 
Moreover, the numbers on the vernier increase in the same 
direction as do those on the limb. Then the value of the part 
of a division from a limb graduation to the index is found by 
- multiplying the least reading of the vernier by the number of 
the vernier graduation which coincides with a limb graduation. 
The number of the limb graduation with which the vernier 
graduation coincides is not observed. 

The numbers of the graduations on the limb of a transit do 
not increase in the same direction on all parts of the limb, 
and, therefore, as shown in Fig. 9, the vernier on a transit 
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consists of two similar parts, the numbers of the graduations 
increasing in both directions from the index; one half of the 
vernier is used at a time, as will be explained in the following 
articles. 


12. The limb AB in Fig. 9 (a), (0), and (c) is graduated 
to half degrees; and each part of the vernier NN’ has 30 


(ce) 
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divisions, which cover 29 divisions on the limb. Hence, the 
least reading of the vernier, which is equal to the value of a 
limb division divided by the number of parts in the vernier, is - 
$0’ =1 minute. In (a) is shown part of a limb on which the 
graduations are numbered from 0 to 360 in both directions. 
The figures on the limb and on the vernier of a transit are 


usually inclined, but they are shown upright here. If the 
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inner scale is read, the numbers increase in a clockwise direc- 
tion and, therefore, the graduation preceding the index is 62°. 
As the numbers on the vernier must increase in the same direc- 
tion as the numbers on the main scale, the vernier from M to 
N’ is used for readings on the inner scale. The nineteenth 
vernier division coincides with a graduation on the limb, and 
the least reading of the vernier is 1 minute; hence, the reading 
of the vernier, which is equal to the product of the least reading 
and the number of the coinciding vernier graduation, is 1X19, 
or 19, minutes. The reading of the limb on the inner scale 
in Fig. 9 (a) is, therefore, 62° 19’. 

If the outer scale is used, the numbers increase in a counter- 
clockwise direction and the vernier from M to N is employed. 
In Fig. 9 (a) the graduation preceding the index is 297° 30’ 
and the vernier reads 11 minutes. Hence, the reading of the 
limb is 297° 30’+11’, or 297° 41’. It is a common mistake to 
eall the reading 297° 11’; care must, therefore, be taken to 
include the 30 minutes. 

A vernier, such as N N’, in which the divisions are numbered 
in both directions from the center, is known as a double vernier. 
On each transit there are two double verniers, which should be 
exactly 180° apart on the limb. 


13. In Fig. 9 (b) is shown part of a limb numbered clock- 
wise from 0 to 360 on the inside, and according to the quadrant 
system on the outside. The reading for the inner numbers is 
95° 30’+7’, or 95° 37’, because the graduation preceding the 
index is 95° 30’ and the seventh division of the vernier M N’ 
coincides with a graduation on the limb. For the outer set, 
the numbers between which the index lies increase in a counter- 
clockwise direction; the reading is 84° 23’, the vernier M N being 
used. Care must be taken to notice the numbers on each side 
~ of the index so that the degrees are not counted in the wrong 
direction and from the wrong graduation. For instance, the 
_ reading for the outer set might be called 95° 37’ by counting 
clockwise from 90 instead of counter-clockwise from 80. 

. In Fig. 9 (c), AB is part of a limb on which the numbers of 
_ the inner set run clockwise from 0 to 360 and those of the outer 
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set run from 0 to 180 in both directions. Since the index lies 
between 170° and 180° for both sets of numbers, the reading 
in this case is the same whether the inner or the outer set is 
used. The value is 178° 30’+12’=178° 42’. Here, there is 
a chance of reading in the wrong direction from 180; that is, 
the reading may be called 181° 18’ by counting counter-clock- 
wise from 180 instead of clockwise from 170. 


EXAMPLE FOR PRACTICE 


The verniers shown in Fig. 10 read to minutes; verify the following , 
readings: 


INNER OUTER 
(a) 140° 2’ 219° 58’ 
(d) 262° 35’ S2> 85. 


(c) 185° 10’ 174° 50’ 
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AZIMUTHS 


14. Forward and Back Azimuths.—Just as a line has a 
forward and a back bearing, it also has a forward and a back 
azimuth; that is, the azimuth of a line in one direction is its 
forward azimuth and the azimuth of the same line in the 
opposite direction is its back azimuth. But when the term 
azimuth is used, the forward azimuth is meant. In Fig. 11, 
let A B bea line whose 
azimuth is 115°; NS, | 
the meridian at A; 
and N’S’, parallel to 
NS, the meridian at 
B. Then the angle 
NAB is 115° and the 
angle N’ BB’, between 
the meridian and the 
prolongation of AB, 
ase -also” 115°.” -The 
azimuth of BA, which 
is equal to the angle , 
N’BA measured clock- | 
wise, is 115°+180°, or 
295°. This is also the 
back azimuth of AB. If the azimuth of BA is given as 295°, 
then the angle N’ BA is 295°, as shown; evidently, the angle 
NAA’ measured clockwise is also equal to 295°. Hence, the 
azimuth of AB, which is equal to the angle NAB, is 
295°—180°, or 115°. This is likewise the back azimuth 
of BA. 


15. From the preceding explanation, it is seen that the 
back azimuth of a line can be found from its forward azimuth 
by one of the following rules: 

Rule I.—If the azimuth of a line ts less than 180°, add 180° 
to find the back azimuth. 

Rule Il.—Jf the azimuth of a line is greater than 180°, sub- 
tract 180° to obtain the back azimuth. 


N 


Fie. 11 s 
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For example, if the azimuth of a line is 75°, its back azimuth 
is equal to 75°-+180°=255°. If the azimuth of a line is 246°, 
the back azimuth is 246° — 180° =66°. 


16. Angles Between Lines.—A line from which an angle 
is measured in surveying is called a backsight; the other side of 
the angle is a foresight. For example, when the angle BAC, . 
Fig. 12 (a), is measured from AB to AC, the backsight is AB 
and the foresight is AC; likewise, if the angle DAE in (6) is 
measured from AD, the backsight is AD-and the foresight 
is AE. Sometimes the points to which sights are taken in 
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measuring an angle are also referred to as the backsight and 
the foresight. 

Suppose that the azimuths of the lines AB and AC in (a) 
are 72° and 119°, respectively; then, if NS is the meridian 
through A, the angle NAB is 72° and the angle NAC is 119°. 
The angle BAC is obviously equal to the difference between 
NAC and NAB, which is 119°—72°=47°; in other words, 
the angle between AB and AC is equal to the difference 
between their azimuths. Now, suppose it is required to find , 
the angle a between the lines AD and AE in (6), the azimuths 
being, respectively, 212° and 14°. The angle DAN is equal 
to 360°—212° and the angle 17 AE is 14°. Hence, the angle 
DAE, which is equal to the sum of the angles DAN and 
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NAE, is 360°—212°+ 14° =360°+ 14° —212°= 162°. Since, in 
this case, the azimuth of the foresight AE is less than that of 
the backsight AD, it is necessary to add 360° to the azimuth 
of AF before the azimuth of AD is subtracted from it. 

From the preceding explanations, the following rules can 
be given for finding the angle between two lines when their 
azimuths are known. 


Rule I.—The angle between two lines, measured clockwise, 
ts equal to the azimuth of the foresight minus the azimuth of 
the backsight; but tn case the azimuth of the foresight is less 
than that of the back- 
sight, 360° ts added to 
the smaller value before 
the larger is subtracted 
from tt. 


Rule II.— The angle 
between two lines, 
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860° being added to the former if necessary before the subtraction 
ts performed. 


In computing the angle between two lines from their 
azimuths, both the backsight and the foresight must be taken 
as starting at the vertex of the angle. For example, let it be 
required to determine the angle ABC, Fig. 13, the azimuths 
of AB and BC being 30° and 90°, respectively. The angle 
ABC, counter-clockwise, is equal to the azimuth of BA (not 
AB) minus the azimuth of BC. The azimuth of BC is 90° 
and that of BA is 30°+180° =210°; hence, the required angle 
is 210°—90° = 120°. 


17. Azimuth of Line From Azimuth of Another Line and 
Angle Between Lines.—Frequently, the angle between a line 
of known azimuth and a second line is measured, and it is 
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required to compute the azimuth of that second line. For 
example, suppose that in Fig. 14 (a) the azimuth of AB is 
61° and the angle a is 224°; let it be required to find the azimuth 
of AC. Evidently, the angle NAC clockwise, which is the 
azimuth of AC, is equal to 61°+224°=285°. Now suppose 
that the azimuth of AD in (bd) is 327° and the angle a is 160°. 
The angle NAD is 360°—327°, and the angle NAE is 160° 
— (360° — 327°), or 160°—360°+327°, which may be written 
as 327°+ 160° —360°. 
Let B=azimuth of given line; 
C=angle between that line and another, measured 
clockwise; 
F=azimuth of second line. 


Then from the foregoing explanations, 
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In case the value of F, obtained by formula 1, exceeds 360°, 
it is decreased by 360° in order to make the azimuth less than 
360°. 


When the angle from a given line to another line i is measured 
counter-clockwise, the formula is 


F=B-—C (2) 
in which F and B have the same meanings as in formula Ls 
and C is the angle between the lines measured counter-clock- 
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wise. In case B is less than C, 360° is added to the value of B 
before the angle C is subtracted. If, in Fig. 15 (a), the 
azimuth of AB is 231° and the angle a is 95°, then the azimuth 
ot AC may be found by formula 2 3 thus, 
F=B—C=231°—95° = 136° 

Now suppose that in (b) the azimuth of AD is 47° and the 
angle ais 188°. The azimuth of AE is, in this case, 47°+360° 
— 188° =219°. 

When the azimuth of AB, Fig. 16, and the angle a are given, 
the angle is added to the azimuth of BA (not AB) in order to 
determine the azimuth of BC. For example, suppose that 
the azimuth of AB is 118° and the angle a is 135°; then the 
azimuth of BA is 118°+180°=298°, and the azimuth of BC 
is 298°+-135° —360° =73°. 


18. True and Magnetic Azimuths.—The relations between 
the true and magnetic azimuths of a line are given by the fol- 
lowing formulas: 

Let T =true azimuth; 

M =magnetic azimuth; 
D=magnetic declination. 
Then, if the declination is east, 
T=M+D (1) 
and M=T—D (2) 

If the declination is west, 

BoM a C3) 
and M=T+D (4) 

EXAMPLE 1.—If the true azimuth of a line is 274° 28’ and the magnetic 
declination is 2° 40’ west, what is the magnetic azimuth of the line? 

SoLuTION.—Since the declination is west, formula 4 applies; hence, the 
magnetic azimuth of the line is 274° 28’+-2° 40’=277° 8’. Ans. 

EXAMPLE 2.—The magnetic azimuth of a line is 48° 15’ and the 
magnetic declination is 3° 15’ east. Find the true back azimuth of the 
line. 

SoLUTION.—Since the declination is east, the true forward azimuth of 
the line is found by formula 1 ; thus, 

T=M+D=48° 15’+38° 15’=51° 30’ 
The required back azimuth is 51° 30’+180°=231° 30’. Ans. 
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19. Azimuths and Bearings.—A line in a given direction 
has but one bearing and one azimuth. The bearing can be 
found from the azimuth, or vice versa, by one of the follow- 
ing rules: 


Rule I.—Jf the azimuth is between O° and 90°, the bearing ts 
northeast and is equal to the azimuth; conversely, uf the bearing 
is northeast, the azimuth is equal to the bearing. 


Rule II.— If the azimuth is between 90° and 180°, the bearing 
is southeast and 1s equal to 180° minus the azimuth; conversely, 
if the bearing is southeast, the azimuth is equal to 180° minus the 
bearing. 


Rule III.—If the azimuth is between 180° and 270°, the bear- 
ing is southwest and is equal tothe azimuth minus 180°; con- 
versely, if the bearing is southwest, the azimuth is equal to 180° 
plus the bearing. 


‘Rule IV.—If the azimuth ts between 270° and 360°, the bear- 
ing 1s northwest ands equal to 360° minus the azimuth ; conversely, 
if the bearing is northwest, the azimuth ts equal to 860° minus 
the bearing. 


EXAMPLE 1.—Find the bearings corresponding to the following 
azimuths: — (a) 62° 10’; (6) 111° 81’; (c) 200° 14’; and (d) 348° 48’. 


SoLuTion.—(a) By rule I, the bearing is N 62° 10’ E. Ans. 

(b) By rule II, the bearing is S (180°—111° 31’) E=S 68° 29’ E. Ans. 
(c) By rule III, the bearing is S (200° 14’—180°) W=S 20°14’ W. Ans. 
(d) Byrule IV, the bearing is N (860°—348° 48’)W=N 11°12’ W. Ans. 


EXAMPLE 2.—Find the azimuths of the lines whose bearings are: 
(a) N 16° 82’ E; (5) S 16° 32’ E; (c) S 16° 32’ W; (d) N 16° 32’ W. 

SoLuTiIon.—(a) By rule I, the azimuth is 16° 32’. Ans. 

(6) By rule II, the azimuth is 180°—16° 32’=163° 28’. Ans. 

(c) By rule III, the azimuth is 180°+16° 32’=196° 32’. Ans. 

(d) By rule IV, the azimuth is 360°—16° 32’=348° 28’. Ans. 


EXAMPLES FOR PRACTICE 
1. Find the true back azimuth of a line whose magnetic forward 
azimuth is 116° 17’, the magnetic declination being 1° 30’ west. 
Ans. 294° 47’ 
2. Ifthe true azimuth of a line is 249° 21’ and the magnetic declination 
is 2° 20’ east, what is the magnetic back azimuth of the line? Ans. 67° 1’ 
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3. Find the bearings corresponding to the following azimuths: 
(a) 94° 12°; (b) 358° 30’; (c) 8° 14’; (d) 269° 47’. 
* a S 85° 48’ E; (b) N 1°30’ W; 
“| (©) N 3° 14’ E; (d) S 89° 47’ W 
4, Find the azimuths of the lines having the following bearings: 
(a) N 88° 16’ W; (6) S 5° 7’ E; (c) S 5° 7’ W; (d) N 88° 16’ E. 
(a) 271° 44’« (6) 174° 53’. 
Ans.{ 185° 7’; (d) 88° 16’ 
5. If the azimuth of a line OA is 130°, that of OB is 250°, and that of 
OC is 307°, find the values of the following angles: (a) AOB, clockwise; 
(b) AOC, counter-clockwise; (c) COB, counter-clockwise, (d) BOA, clock- 
wise. 
SuGGEsTIoN.—Make a sketch and show the azimuths of the lines as in Fig. 12. 
A te 120°; (6) 183°; 
S| (Oy bir; (@)5 240° 
6. The azimuth of a line AB is 110°, and that of BC is 175°; find the 
angle A BC, measured clockwise. Make a sketch similar to Fig. 13. 
Ans. 245° 
7. The azimuth of a line OA is130°. (a) If the angle A O B, clockwise, 
is 176°, find the azimuth of OB. (6) Ifthe angle A OC, counter-clockwise, 


-is 235°, find the azimuth of O C. (a) 306° 
Ans. rs 
(b) 255 
8. If the azimuth of a line A Bis 45° and the angle A BC, clockwise, 
is 200°, what is the azimuth of BC? Ans. 65° 


OPERATIONS WITH TRANSIT 


GENERAL EXPLANATIONS 


20. Transit Points.—A point over which the transit is set 
up is called a transit point. Such a point should be marked as 
accurately as possible on some firm object. In surface surveys, 
a firmly embedded rock, or a specially prepared concrete block, 
called a monument, is preferable for locating the most impor- 
tant points; elsewhere, wooden stakes, called hubs, are driven 
flush with the ground. The point is marked on rock by a 
chiseled cross; in concrete a mark is made while the concrete is 
soft, or a tack, a nail, or a small pipe is embedded in the soft 
concrete; the point on a hub is marked by a flat-headed tack, 
flush with the top of the hub. For identifying points on rock 
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or concrete the necessary facts can be written on the stone 
with keel. To identify a hub and to indicate its location, a 
projecting stake, which is called a guard stake or witness stake, 
is placed near the hub; on it are marked in keel the station 
number of the hub and any other necessary information, such 
as the name or the purpose of the survey. 


21. Motions of Telescope.—As previously explained, the 
telescope of a transit has two separate turning motions; namely, 
rotation about the transverse axis and rotation about the 
axis of the instrument. 

When the telescope is in the position shown in Fig. 1, that 
is, when the level is under the telescope, it is said to be normal. 
However, it is frequently convenient to turn the telescope on 
the transverse axis so that it points in the opposite direction 
and the level is above the telescope. The telescope is then 
said to be plunged or reversed. The operation of turning the 
telescope from its normal to its reversed position, or vice versa, 
is called plunging the telescope. The telescope can be directed 
toward a point when in either position. For reference, the 
vernier near the eyepiece when the telescope is normal is 
marked A and the other is marked B. 

When the instrument is rotated on its vertical axis, it is 
said to be rotated in azimuth because the azimuth of the line 
of sight changes during the turning. This motion can be 
effected either by rotating the upper plate alone or by revolving 
both plates together. In the first case, the lower plate is 
clamped and the upper plate is unclamped; then the verniers 
move around the horizontal limb. Inthe second case, the 
lower plate is unclamped and the upper plate is clamped; in this 
motion, the verniers remain fixed with respect to the limb. The 
operation of turning the instrument through exactly one-half 
of a revolution, or 180°, is called reversing in azimuth. The 
operations of plunging the telescope and reversing in azimuth 
both have the effect of pointing the telescope in the opposite 
direction. 


22. Setting Up.—In setting up a transit, it is important 
to have the center of the instrument, which is the point of 
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intersection of the transverse axis and the vertical axis of the 
instrument, directly over a given point on the ground; also, 
the plates and the transverse axis must be horizontal. Much of 
the work of a surveying party is suspended while the transit is 
being set up; speed in setting up is, therefore, very desirable. 

As previously explained, the location of the center of the 
transit is indicated by a plumb-bob, suspended from a hook 
or ring attached to the instrument at q’, Fig. 3. The plumb- 
bob string should be held by a sliding knot in order that the 
height of the bob can be adjusted; the point of the bob should 
almost touch the mark over which it is desired to set the transit. 

In setting up, the tripod legs are spread, and their points 
are so placed that the leveling head is approximately horizontal 
and the telescope is at a convenient height for sighting; the 
instrument should be within a foot of the desired point but no 
extra care should be taken to set it very close at once. For 
convenience in setting up on the side of a hill and over 
points in rough ground, the legs of the tripod are often made 
telescopic, in order that their lengths can be adjusted; in setting 
up on a slope, two legs should be down hill. If the instrument 
is more than a few inches from the given point, the tripod is 
lifted without changing the inclinations of the legs and the 
instrument set as near as possible to the point.. By pressing the 
legs firmly into the ground, the plumb-bob can usually be 
brought to within a quarter of an inch of the point. If the 
leveling head is tipped too much, two or, if necessary, all three 
legs of the tripod are moved to new positions and the plumb- 
bob is again brought close to the point by pressing the legs 
into the ground. 

When the leveling head is approximately horizontal and the 
plumb-bob is very near the point, the bubbles of the plate levels 
are brought almost to the centers of the tubes by means of the 
leveling screws. Ifthere are four screws, the plates are rotated 
until one level is parallel to each pair of opposite screws; then 
each bubble is brought to the center separately by turning the 
screws of the corresponding pair as explained for the wye level. 
If there are three screws, the plates are rotated so that one 
level is parallel to any two screws; both bubbles are then 
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brought to the center at the same time by turning one screw 
of that pair and the third screw. 

After the bubbles are approximately centered, the instru- 
ment is loosened on the tripod plate by loosening two adjacent 
leveling screws, and the plumb-bob is brought exactly over the 
point on the ground by means of the shifting head. Then the 
instrument is held securely in position on the tripod plate by 
tightening the screws that were previously loosened. The 
bubbles of the plate levels are brought exactly to the centers 
of the tubes, and the position of the plumb-bob over the point 
is observed. Ifthe bob has moved off the point in leveling up, 
it is brought back to the proper position by means of the shift- 
ing head, and the instrument leveled again. 


23. Review of Functions of Clamps and Tangent Screws. 
The manner in which the clamps and tangent screws work has 
already been explained. The subject, however, is here restated 
in a different form, as a thorough understanding of it is of the 
greatest importance for an intelligent handling of the transit. 

The lower clamp and the lower tangent screw control the 
motion of the lower plate about the vertical axis. When the 
lower clamp is set, the lower plate, and, therefore, the instru- 
ment as a whole, cannot be revolved in azimuth except very 
slowly by means of the lower tangent screw. The upper clamp 
and tangent screw control the sliding motion of the upper plate 
over the lower. When the upper clamp is set, the upper plate 
cannot be revolved over the lower except very slowly by means 
of the upper tangent screw. When the upper clamp is set and 
the lower loosened, the reading of the instrument is not altered 
by rotating the telescope. When the lower clamp is set and 
the upper loosened, the vernier slides along the graduated circle 
and the reading of the vernier is changed. 


24. Directing Telescope to Given Mark.—The telescope, 
or the line of sight, is said to be directed to a given point when, 
both plates being clamped, the vertical cross-wire of the 
transit passes through the point. To apply the method of 
performing this operation, suppose that, the instrument being 
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set up and leveled at some point, it is desired to direct the line 
of sight toward a certain mark, as a pole held at one of the 
stations of a survey. 

First one clamp (but not both) must be loosened. If the 
reading of the vernier is to remain unchanged, the lower clamp 
should be loosened; otherwise, the upper clamp. The instru- 
ment is then revolved in azimuth, one hand being placed near 
the bottom of each standard. The transitman, looking over 
the telescope, points it toward the flagpole to be observed, as 
nearly as he can estimate by the eye. He then looks through 
the telescope, and, if necessary, turns it to one side or the other, 
and up or down, until the pole appears in the field of view. 
Still turning the plate with his hands, he’brings the image of 
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the flagpole nearly into coincidence with the vertical cross- 
wire, as shown in Fig. 17; here ab and cd are the cross-wires, 
and PQ is theimage of the flagpole. He now sets the clamp 
that has been loosened, and turns the corresponding tangent 
screw until the intersection of the cross-wires exactly 
bisects the pole, as shown in Fig. 18. This completes the 
operation. 

In transit surveying, the point sighted at should be well 
defined. The point of a pencil held in the proper position, or 
' the string of a plumb-bob suspendedoverthe point, is preferable 
for sighting; however, if the sight is very long and such objects 
cannot be seen distinctly, a range pole can be used. The sight 
is taken in the same way whether the telescope is normal or 
reversed. In using a tangent screw, it is important to make 
sure that the last turn of the screw tightens it against the 
opposing spring; if the last turn loosens the screw, the spring 
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may not press against the projecting piece between the. screw 
and the spring, and thus the telescope may move after it is 
set or may not be set properly. 


FIELD PROBLEMS 


‘25. Prolonging a Line.—Let AB, Fig. 19, be a line whose 
position on the ground is fixed by hubs at A and B. The line 
can be prolonged to Cintwo ways. Inone method, the transit 
is set up at A, and a sight is taken to B. The point C is 
located bysetting a hub in the line of sight, and marking a point 
on the hub by means of a tack. If the distance from B to C is 
to be chained, the chainmen can be lined in by the transitman. 


A B (04 


This method of prolonging a line is often impracticable, since 
the point C is not always visible from A. 

A simple method sometimes used in practice is to set the 
transit at B, sight to A, and then plunge the telescope so that 
it will point in the opposite direction, that is, along 4 B pro- 
longed, or BC. When greater accuracy is required, or when 
there is reason to believe that the transit is not in adjustment, 
one plate is unclamped, and, with the telescope still reversed, 
another sight is taken to A. Then the telescope is plunged 
back to its normal position, and the new direction for AB pro- 
longed is compared with that previously obtained. If the 
two positions of C do not coincide, the correct point is located 
midway between them. The process of prolonging a line by 
taking the average of two sets of sights as just described is 
called double centering. 

Just as in the case of turning an angle, the sight along 
BA is called a backsight and the sight along BC is a foresight. 
Sometimes, the point A is also referred to as the backsight, - 
and the point C is called the foresight. 


26. Measuring Horizontal Angles.—In Fig. 20, let MO 
and ON be two lines on the ground. To measure the angle 


_ taken to use the 
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MON, place the transit at O and set the index of a vernier, say 
A, to read zero on the horizontal circle by the following method. 
Unclamp the upper plate and rotate it with respect to the lower 
plate until the index is within a half degree of the zero of the 
limb. Then clamp the upper plate and, by means of the upper 
tangent screw, bring the index exactly opposite the zero of the 
limb. 

With the index clamped at zero and the lower plate 
unclamped, bring the vertical cross-wire nearly on the point M 
and clamp the lower plate; then bring the intersection of the 
cross-wires exactly on M by means of the lower tangent screw. 
Next, unclamp the upper plate and bring the vertical wire 
nearly on the point N; clamp the upper plate and bring the 
intersection of the wires exactly on N by means of the upper 
tangent screw. Then the reading of the horizontal circle at 
the index of vernier A is the value of the angle MON. In 
Fig. 20, the angle is shown as 143° 30’ clockwise, which would 
be the reading indicated by the inner set of numbers on 
the limbs shown in 
Fig.9. Care must be 


proper tangent screw 
in each case, as turn- 
ing the wrong screw 
is a common source 
of error. 

It is not always necessary to set the index at zero before 
sighting along the backsight. When the horizontal limb is 
numbered continuously from 0 to 360 it is sometimes more 
convenient to read the vernier, wherever it may be, when the 
instrument is sighted on M and both plates areclamped. Then 
the upper plate is unclamped and the reading for the sight to 
-Nistaken. The difference between the two readings, taken 
with the samevernierandon thesameset of graduationnumbers, 
is the value of the angle. For instance, the reading for the 
| sight to M may have been 140° and that for the sight to N, 
283° 30’; then the angle MON is 283° 30’—140°=143° 30’. 
The method explained in the preceding paragraph is usually 
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preferable, however, as there is less chance of confusion and 
error. 

27. Deflections.—The relative directions of two lines may 
be given by the angle between one line and the prolongation 
of the other line. Thus, in Fig. 21 (a), instead of taking the 
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angle AOB, it is often more convenient to consider the angle 
A'OB between OB and the prolongation of AO. The angle 
that one line makes with another line produced is called the 
deflection of the first line from the second. Deflections are 
measured either clockwise or counter-clockwise from the pro- 
longation of the backsight. Thus, in Fig. 21 (a); the deflection 
of OB from AO is 20° clockwise, usually designated 20° to 
the right and written 20° R. In (8), the deflection of OC from 
AO is 145° to the left, or 145° L. Defiections are always 
measured in the direction that gives an angle less than 180° 


28.° Measuring Deflection Angles.—To measure the deflec- 
tion of ON from MO in Fig. 20, the transit is set up at O, the 
index of a vernier, say A, is set at 180° of the horizontal circle, 
and, with the telescope normal, the intersection of the cross-— 
wires is brought exactly on the point M by means of the lower 
clamp and its tangent screw. Then the upper plate is unclamped, 
and the line of sight is directed to N by means of the upper 
clamp and its tangent screw. The reading of the vernier 4 
is the value of the angle P O N, which is the required deflec- 
tion angle, because it is the supplement of the angle MON, 
or 180° - MON. In Fig. 20, the angle PON is given as 
36° 20’; since it is turned to the left from OP, it would be 
recorded as 36° 30’ L. 


29. Passing Obstacles——The methods of passing obstacles 
with a transit are similar to those described for a compass ; but, 
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instead of using the bearings of the lines, the angles between 
the lines are taken. For example, suppose that it is required 
to determine the length of the line AB, Fig. 22, which crosses 
ariver. First, the line is run to a point P near the bank of the 
river and the transit is set up at that point. Then any 
convenient line PQ is laid off, and the angle P and the dis- 
tance PQ are meas- yy, 

ured. Finally, the 
transit is set up at Q 
and the angle Q is 
measured. The angle 
B is equal to 180° 
—P—Q; but, if pos- 
sible, the angle B 
should be measured in 
order that the work may be checked by seeing whether the sum 


of the three angles is 180°. The length of PB is computed 
Sethe telation PP= see pai tie Senet none 4s found 


by adding PB and AP. 
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SURVEYING WITH TRANSIT 


RUNNING TRANSIT LINES 


INTRODUCTION 


30. Measuring Distances.— Distances in a transit survey 
should be accurate and, therefore, a steel tape should be used 
formeasurementsbychaining. Thetapeshould beheld straight, 
~ horizontal, and taut; and when the position of a point is to be 
transferred from the tape to the ground, or vice versa, a plumb- 
bob should be employed. 

As already explained, distances should be measured hori- 
zontally, but it is sometimes more convenient to measure a 
distance parallel to the ground and the angle that the inclined 
line makes with the horizontal. The required horizontal 
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distance may then be computed by multiplying the inclined 
distance by the cosine of the vertical angle. Occasionally, 
the difference in elevation between the ends of the line is 
determined instead of the angle of inclination. In this case, 
the horizontal distance is found by the following relation between 
the sides of a right triangle. 
Let a=horizontal distance; 
b=inclined measurement; 
c=difference in elevation between ends. 


Then, a= vbe—-¢ 


31. Determining Directions.—There are three common 
methods of determining the directions of the courses of 
a traverse by means of a transit: (1) by direct angles; (2) 
by deflection angles; and (3) by azimuths. Each method has 
advantages for certain classes of surveys. 


Cw eat 


a aX 


(a) (6) 
Fic. 23 

Most transits have a needle and a needle circle and can, 
therefore, be used as a compass, the telescope being sub- 
stituted for the sights. In conjunction with any of the fore- 
going methods, the bearings of some of the courses in a transit 
survey are commonly observed on the needle circle as an 
approximate check to guard against mistakes in reading the - 
limb of the transit. In such cases, the bearings are usually 
read to the nearest quarter degree. 

When a sight is taken with the telescope reversed, the bear- 
ing of the line is indicated by the south end of the needle. The 
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following explanation gives the reason for this. Suppose, for 
example, that the line of sight is directed along the line AB, 
Fig. 23 (a), with the telescope normal; in this case, the eye- 
piece is toward A and over the south point S of the needle 
circle. The needle CD (the north end is at C) indicates that 
the bearing of AB is northeast, the north end being read when 
the telescope is normal. Now, suppose that the telescope is 
plunged to its reversed position. The conditions are then shown 
in (b) ; the eyepiece is toward B and the line of sight is directed 
along BA instead of AB. Since the needle circle has not been 
rotated, the reading of the needle is not altered. Hence, the 
north end of the needle still indicates a northeast bearing 
although the line of sight is now directed southwest. The 
south end of the needle, on the other hand, properly records 
a southwest bearing. 


METHOD OF DIRECT ANGLES 


32. General Description.—In the method of determining 
the directions of the courses of a transit survey by direct angles, 
the transit is set up 
at each corner; and 
each angle is meas- 
ured by taking a back- 
sight along one course 
and a foresight along P 
the next course. The 
angles may be meas- 
ured in any order but, 
to avoid confusion, all 
angles of the survey 
should be turned in the same direction, preferably clockwise. 

To survey the boundaries of the field shown in Fig. 24, the 
transit is set up at any corner, say A, a backsight is taken on EB; 
and the angle EAB is measured clockwise, as indicated by the 
arrow; the value is recorded in the notes. The magnetic 
bearing of AB should be taken by reading the needle circle, 
and the distance AB should be measured. Then the transit 
is moved to B, and a backsight is taken along BA. The angle 


rp B 


E 
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ABC is measured clockwise and the length and the magnetic 
bearing of BC aredetermined. The other angles, lengths, and 
bearings are determined in a similar manner. 

The magnetic bearings are used as a check on the angles. 
Suppose, for instance, that the angle at B, Fig. 24, is 117° 42’, 
and the bearings of A B and BC are N 37° 30’ W and S 80° 
15’ W, respectively. Then the bearing of BC is computed 
from the observed values of the bearing of AB and the angle 
at B, as follows: The conditions are shown in Fig. 25; 
NS represents the meridian through B, the angle SBA is 
37° 30’, and the angle ABC is 117° 42’. Then S BC is equal 
to ABC—SBA#=117° 42’—37° 30’=80° 12’, and the bearing 
of BC is S 80° 12’ W. Since this agrees closely with the 
observed bearing of BC, the angle is taken ascorrect. Incase 
the observed and calculated values 
of a bearing do not agree within 
3 degree, all readings and computa- 
tions connected with that bearing 
should be verified. If no error is 
found, the difference is probably 
due to local attraction. 


33. Field Notes.—There are 
many forms of keeping the field notes 

A for the method of surveying by 
direct angles, but only one will be 
shown here to serveasa guide. The 
title of the survey, the date, the names of the members of the 
party, and other pertinent information should be given as 
explained for a compass survey and as shown in Fig. 26. Inthe 
first column of the left-hand page of the notebook (a transit 
book is used) is the angle, the first letter indicating the point on 
the backsight, the second letter denoting the vertex, and the 
third letter the point on the foresight; a note to this effect may be 
inserted at the bottom of the left-hand page to avoid confusion. 
The second column contains the value of the angle measured 
clockwise, as indicated by the heading. In the third column 
is the course, for which the length is given in the fourth column 
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and the observed and mag- 
netic bearings in the last two 
columns of the left-hand page. 
The notes may be read either 
from the top of the page 
downwards or from the bot- 
tom of the page upwards. 

A complete description of 
each corner, with references 
to permanent objects near-by, 
and any necessary remarks 
and sketches, should be given 
on the right-hand page of the 
notebook. The true bearing 
of some line of the survey 
should be determined either 
from an astronomical obser- 
vation on the true meridian 
or from a line of another sur- 
vey that has been previously 
established. 
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34. Measuring Angles 
by Repetition.—The measure- 
ment of direct angles is best 
adapted to closed traverses 
where extreme accuracy is 
required, because the angles 
can be determined by the fol- 
lowing method, called the 
method of repetition, with 
greater precision than the 
least reading of the vernier. 
In this process, the vernier is 
set at zero and the telescope 
is directed to the backsight; 
for instance, if the transit is 
set up at A in Fig. 24, the 


Value 
Clockwise 
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telescope is sighted to H. Then the upper plate is unclamped 
and the telescope is sighted on the foresight, B. The 
vernier reading is recorded for reference. With the vernier 
still set in this position, the lower plate is unclamped and the 
telescope is again directed to E as a backsight. Then, the 
upper plate is unclamped and another foresight is taken to B. 
The vernier should now read twice the angle EAB, but 
it is not necessary to observe the reading. With the 
vernier clamped at this reading, the lower plate is again 
unclamped and a third backsight taken on E. Then the upper 
plate is unclamped and a foresight is taken to B. Now the 
vernier reads three times the angle EAB. The operation 
may be repeated as often as desired, the value of the angle 
being obtained by dividing the final reading by the number of 
times the angle was turned. For example, suppose the transit 
can be read to 30 seconds and the first reading is 26° 40’ 30”. 
‘Then, after the angle has been turned four times, suppose the 
vernier reads 106° 41’ 30’... The average value of the angle, 
which is taken as the correct value, is, therefore, equal to 
+X 106° 41’ 30’ =26° 40’ 22.5’".. Again, suppose that an angle 
is found to be about 105° 21’ and that the reading after the 
angle has been turned six times is 272° 7’. Since the angle is 
approximately 105° 21’, six times the angle should be about 
6X105° 21’, or 632° 6’; hence, the index of the vernier must 
have turned through more than a complete revolution ‘with 
respect to the limb, and the final reading may be considered 
as 360°+272° 7’, or 632° 7’. The value of the angle, in this 
case, is taken as 4X632° 7’, or 105° 21’ 10”. 

By this method a different part of the limb is generally 
used in each measurement of the angle and the errors due to 
poor graduation of the limb are practically eliminated. More- 
over the unavoidable errors in reading the vernier are not 
multiplied for each turning. 


METHOD OF DEFLECTION ANGLES 


35. Outline of Process.—In the method of deflection 
angles, the directions of the courses are determined by measur- 
ing the angle that each line makes with the prolongation of the 
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preceding one. This method is most convenient when all the 
lines of the traverse have the same general direction, as is usually 
the case in a survey for a railroad. 

To illustrate the process, suppose it is required to run a 
deflection traverse from the point F, Fig. 27, the true bearing 
of F G being known from a previous survey to be S 16° 35’ W. 
The transit is set up at F, and, with the vernier set at 180° and 
the telescope normal, a backsight is taken to G; the magnetic 
bearing of FG is observed by reading the compass needle, and 
is compared with the true bearing so that the magnetic declina- 
tion can be determined. The upper plate is then unclamped, a 
sight is taken to A, and the reading of the vernier is recorded; 


since F A is to the right of F G produced, the reading is marked 
44° 28’R. The magnetic bearing of F A is also taken and the 
distance F A is measured. The transit is moved to A, and the 
deflection of AB from F A is measured and recorded as 57° 
42/ R; the bearing and length of AB are also determined, and 
the observed bearing is compared with the value calculated 
from the bearing of F A and the deflection of AB. The deflec- 
tions, bearings, and distances of the other courses are obtained 
in a similar manner. 

In a railroad survey, the point F would be called Station 
0-+00 because it is the beginning of the traverse, and the point A 
would be numbered to correspond to the distance F A; thus, 
if FA is 419 feet, A is station 4419. The station numbers 
of the other points are found in a similar way; the distance 
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from F to B is 419 +386 =805 feet, and the station number is. 
therefore, 8+05. 


36. Field Notes.—A good method of recording the field 
notes for a deflection traverse like that shown in Fig. 27 is 
given in Fig. 28. The general information concerning the 
purpose of the survey, the members of the party, etc., should 
be given as in Fig. 26. In the first column of the left-hand 
page are the station numbers; in the second column, the dis- 
tances; in the third, the deflections: and in the fourth and fifth, 
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the observed and calculated magnetic bearings. The notes 
read upwards from the bottom of the page and the values 
on the line of the notes between any two stations refer to the 
course in the field joining the same two stations. Thus, 57° 
42’ R, between Stations 4+19 and 8+05 in the notes, is the 
deflection of the course from.Station 4+19 to Station 8+05; 
similarly, 625 in the notes between Stations 12+61 and 18+86 
is the distance from Station 12+61 to Station 18+86. 

The column: headed Kemarks represents the entire right- 
hand page of the notebook. The reference line from which the 
survey is started should be fully described, and the relation 
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between the first line of the new survey and the old established 
line should be given by a sketch as shown. Often the deflec- 
tions to the right and those to the left are placed in separate 
columns, headed right and left, respectively. 


METHOD OF AZIMUTHS 


37. Orienting.—As previously explained, the azimuth of 
a line is the angle between the line and a meridian. Although 
in a survey by azimuths the true meridian is always pref- 
erable and sometimes necessary, the magnetic meridian or 
any other convenient line, called a reference meridian, is. often 
used as the direction from which azimuths are measured. 
The important consideration is that all azimuths of a traverse 
must be referred to the same meridian, which should be fully 
described. 

When the telescope is directed along a given line and the 
reading of the vernier of the transit indicates the azimuth of 
the line of sight, the transit is said to be oriented. For example, 
if the telescope is in the magnetic meridian and the vernier 
reads zero, the transit is oriented for magnetic azimuths. Like- 
wise, if the true azimuth of a certain line is known to be 30°, 
and the vernier reads 30° when the telescope is directed along 
the line, the transit is oriented for true azimuths. 


38. Methods of Orienting.—In starting a survey, there 
must be some line of which the azimuth is either known or 
assumed and along which the transit can be oriented. There 
are three methods of orienting, all of which are similar in 
principle. 

One method is based on the fact that the back azimuth of 
a line is equal to its forward azimuth plus or minus 180°. For 
example, suppose that the azimuth of OP, Fig. 29, is known to 
be 64° 21’, and the transit is set up at P. Then the azimuth 
of PO, which is the back azimuth of OP, is 64° 21’++180°, or 
244° 21’. Hence, if vernier A is set to read 244° 21’ and the 
telescope is directed to O, the transit will be oriented along 


the line P O. 


38 TRANSIT SURVEYING 


As previously explained, the two verniers on a transit are 
exactly 180° apart. A second method of orienting utilizes the 
fact that when vernier B reads the azimuth of OP, vernier A 
reads that value plus or minus 180°, which is the azimuth of 
PO. Hence, if vernier B is set at the azimuth of OP and the 
telescope is directed to O, the transit will be oriented for reading 
vernier A. 

The third method is based on the principle of prolonging 
a line by plunging the telescope. Ifa backsight is taken to O 
with the telescope reversed and 
then the telescope is plunged back 
to its normal position, the line of 
sight will be directed along PQ, or 
OP produced, and the azimuth of 
the line of sight will be equal to 
the azimuth of OP. Hence, in this 
method of orienting, vernier A is 
set to read the azimuth of OP, a 
backsight is taken to O with the 
telescope reversed, and then the 
telescope is plunged back to normal. 
This third method is the most con- 
Fic. 29 venient, but is not so accurate unless 

the transit is in perfect adjustment. 

Often a traverse is started by orienting the transit in the 
magnetic meridian as follows: Set up over the starting point 
and loosen the needle. Set the vernier to read zero and then 
rotate the instrument until the north end of the needle is 
exactly opposite the north point of the needle circle. Since 
the vernier reads zero and the telescope is in the magnetic 
meridian, the transit is oriented. 


Ss’ 


39. Azimuth Traverse.—Suppose that the traverse shown 
in Fig. 30 starts at A, which is a known point on the line AF, 
whose true bearing was found in a previous survey to be N 42° 
36’ W. Since the bearing of AF is northwest, its azimuth is 
360° — 42° 36’, or 317° 24’. The transit is set up at A and is 
oriented by sighting to F with the vernier reading the azimuth 
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of AF, or 317° 24’; the magnetic bearing of 4 F is observed 
and recorded. The upper plate is then loosened and the azimuth 
of the line of sight for any position of the telescope is given by 
the reading of the vernier. Thus, if the telescope is directed 
to B, the reading of the vernier, in this case 75° 17’, is recorded 
as the azimuth of A B. The distance from A to B is measured 
and recorded, and the bearing of the line is observed. 

In using the third method of orienting the transit, the vernier 
is left set at the azimuth of the preceding course. However, 


the vernier should be observed before backsighting to make sure 
that the setting has not changed while the transit was being car- 
ried ahead. Thus, when the transit is moved to B, the vernier is 
left at the azimuth of A B, and the backsight to A is taken with 
the telescope reversed. Then the telescope is plunged back to nor- 
mal, the upper plate is unclamped, and the telescope is directed 
to C. The reading of the vernier gives the azimuth of BC, in 
this case 89° 30’; the bearing is also observed as a check, and 
the distance B C is measured. The vernier is left at the azimuth 
of BC; the transit is then set up at C and is oriented by back- 
sighting to B with the telescope reversed. The operations just 
described are repeated for each point. 


40. In azimuth surveying, it is convenient to refer the 
bearings to the same meridian from which the azimuths are 
measured in order that the bearing and the azimuth of each 
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course may be readily compared in the field. Te convert 
true azimuths to magnetic, or vice versa, the magnetic declina- 
tion must be known. If it is not given for the locality, it 
may be found by taking the difference between the true and 
magnetic bearings of any line. For instance, if the magnetic 
bearing of AF, Fig. 30, is read on the needle circle as N 40° 
15’ W, the angle between the true and magnetic meridians at 
A is. 42° 36’—40° 15’ =2° 21’ =say 2° 20% Since the aorta 
point of the needle lies to the west of the true meridian, the 
declination may be taken as 2° 20’ W. If it is suspected that 
there is local attraction at A, the true and magnetic bearings 
of some other line must be used. 

In most cases where azimuths are used, magnetic azimuths 
are determined in the field, and the lines are drawn on a map 
and marked with respect to the magnetic meridian. Then the 
true meridian is drawn on the map and the angle it makes with 
the magnetic meridian is indicated; hence, true azimuths can 
be readily determined. If it is desired to measure true azimuths 
in the field, true bearings can also be read directly by setting 
the declination are that is supplied on most transits. 


41. Advantages of Azimuths.—The method of azimuths 
is best adapted to surveys where many points are to be located 
from a single set-up as in the case of a topographic survey. 
One advantage of azimuths is that all angles in the notes are 
measured in the same direction from the meridian as a back- 
sight. Hence, the chance of an error in recording or inter- 
preting the notes is much less than in recording direct or deflec- 
tion angles, which must be marked left or right and for which 
it is necessary to indicate the backsight. Another advantage 
is that azimuths and bearings can be readily compared in the 
field; large errors in the transit work can thus be detected at 
once. In traversing by direct or deflection angles, the work 
must be delayed while the bearing is calculated from the bearing 
of the preceding course and the angle, or the calculations must 
be performed in the office, in which case an error may nullify 
much field work. A third advantage is that in office calcula- 
tions, the azimuths or bearings of the courses are usually 
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needed. The fourth important consideration is that plotting 
with a protractor is much more convenient if azimuths or 
bearings are used. 


42. Field Notes.—When a survey by azimuths does not 
include many sights from each set-up, the form given in Fig. 31 
is convenient for keeping the notes. The general information 
concerning the purpose of the survey,the members of the party, 
etc. is given as for the surveys already described. In the first 
column of the left-hand page are the courses, and in the next 
three columns are the lengths, magnetic azimuths, and magnetic 
bearings, respectively. The two remaining columns of the 
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left-hand page and the entire right-hand page are for remarks 
and sketches. 

The notes read from the bottom of the page upwards. The 
azimuths of the traverse lines and of important sights are given 
to the nearest minute; but for locating minor details, as the 
points on Rattling Run, readings to the nearest 10 minutes 
are sufficiently close. A complete explanation for the 
location of point A and the method of orienting should be 
given in the notes as shown. All points should be described 
fully and accurately. Where possible, the traverse should be °* 
closed, as by course GA, and, as a check, the azimuth of AB 
should be redetermined by orienting on G. 

When many points are located from each set-up, the form 
given in Fig. 32 is commoniy used for the left-hand page of 
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the notebook. <A sketch, showing the relative locations of the 
points and what each indicates, should be made on the right- 
hand page with any other information that cannot be given on 
the sketch. 


SURVEYING BY TRIANGULATION 


43. General Principle—In surveying by triangulation, 
one line, called a base line, is measured, and all other distances 
are determined by measuring the angles of a triangle and 
computing the lengths of the sides. The determination of 
the distance PB in Fig. 22 by measuring the distance PQ and 
the angles P and Q is an illustration of triangulation. The 
base line in that case is PQ, the length of which is measured; 
and, when the angles P and Q are also measured, the distances 
PB and QB can be calculated by the relations between the 
sides of a triangle and the sines of the angles. Thus, 


_PQsnQ 
EB sin B 
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If the distances P B and QB are required with great 
accuracy, the distance PQ is measured very carefully and the 
angles are measured by repetition. Moreover, in such a case, 
the three angles are always measured. A check on the work is 
thus provided because the sum of the angles should equal 180°. 


44, Use of Triangulation.—Triangulation is by far the 
most accurate and most convenient method of determining 
distances when the points are very far apart or are separated 
by rough country. Often, measuring distances in any other 
way is impracticable because the points may be separated 
by obstacles which make chaining very difficult; in Fig. 22, the 
river between P and B is such an obstacle. In surveying by 
triangulation, it is important that the base line should be as 
long as possible, and that angles less than 20° should be 
avoided. 

The main use of triangulation, however, is in running a net- 
work of lines over a large area in order to locate accurately 
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many points from which other surveys can be started. The 
most extensive triangulation surveys are being continually 
made by the United States Coast and Geodetic Survey. In 
such a survey, the directions of lines are usually referred to the 
true meridian. 


45. Extended Triangulation Survey.—It is not always 
possible to determine a required distance by means of a single 
triangle. Then a series of triangles is laid out, in which the 
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base line of each triangle is one of the sides of the preceding 
triangle. The simplest method of arranging these triangles 
is shown in Fig. 33; in this case, the process of determining the 
length and direction of AH is as follows: First, the line BC 
in any convenient direction is selected as a base line and its 
length is carefully measured; if desired, the base line can be 
run through A. Then a number of points, D, E, F, G, are 
selected so as to form a net of triangles, BCD, CDE, etc., 
and the three angles of each triangle are measured. Thus, at 
C, the angles ACB, BCD, and DCE are determined; and at 
D, the angles BDC, CDE, and EDF are obtained. 

The azimuth of the base line BC is determined or assumed 
and then the lengths and azimuths of the other lines can be 
calculated. The length and azimuth of C D will be found from 
the measurements in triangle BCD. Then CD can be used 
as a base line for determining D E from the measurements in — 
triangle CDE. Similarly, DE is the base line for triangle 
DEF, EF is the base line for triangle EFG, and FG is the base 
line for triangle FG H. The method of calculating the length 
and the azimuth of AH will-be explained in another Section. 
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It is evident that all the points should be selected before 
starting the survey in order that all angles having the same 
point as a vertex can be measured at the same time. The 
angles may be taken in any order; for example, it may be more 
convenient to measure the angles at C, E, and G first, and then 
to proceed to B, D, and F. It is essential that each point not 
only should be visible from the other points to which sights 
are taken but also should be accessible for setting up the 
transit. In the United States Coast and Geodetic Survey, a 
tower is often built with a platform at the top when no other 
suitable point is available. 


TRIGONOMETRIC LEVELING 


46. Measuring Vertical Angles.—As has been explained, 
trigonometric leveling is the determination of differences in 
elevation by means of horizontal or inclined distances and 
vertical angles. For instance, the difference in elevation 
between the points A and B, Fig. 34, may be found by measur- 
ing the horizontal or inclined distance from A to B and the 
angle between a hori- 
zontal line and the ' 
line through A and B. 8 
This angle may be ; 
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any position of the telescope is given directly by means of the 
To measure the vertical angle between the horizontal and 


of a transit. 

of the vertical limb is _ 
In such ‘a- case. the 

reading of the index of the vernier 7’, Fig. 1, on the vertical 
a line between two points on the ground, as A and B, Fig. 34, 


If a transit is inad- D 
zero when the line 
vertical angle between the horizontal and the line of sight for 
limb 7’. 
the transit is set up over one of the points, say A, and the ver- 
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tical distance a from the ground to the center of the transverse 
axis is measured by means of a tape or a leveling rod. Then 
a pole or arod is held vertically at. B, and the point C is marked 
on it at the height a above the ground. Finally, the horizontal 
cross-wire of the telescope is set on C, and the required vertical 
angle Z is read from the vertical limb. 

If the objective of the telescope is higher than the eyepiece, 
the angle is an angle of elevation and is marked +, or is given 
without a sign. If the objective is lower than the eyepiece, 


a 5 
ad e 
(a) 
- b 
d 
e 
(b) 
Fic. 35 
the angle is an angle of depression and is marked —; the sign 


— must always be written, as a value — any Sign is 
understood to have the sign +. 


47. Index Error.—In the method of measuring vertical 
angles described in the preceding article, it is assumed that the 
reading of the vertical limb is zero when the line of sight is 
horizontal. On most transits, the vernier can be shifted 
slightly on the standard to which it is attached, and the index 
can thus be set to coincide with the zero of the vertical limb; 
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but it may not be possible, or perhaps not always convenient, 
to make this adjustment. In case the vernier is not adjusted, 
its reading when the bubble of the telescope level is centered is 
called the index error. Suppose, for instance, that the tele- 
scope in Fig. 1 is clamped in a horizontal position, as indicated 
by the fact that the bubble of the telescope level k’ is in the 
center of its tube, but the index of the vernier 7’ is not opposite 
the zero of the vertical limbz’. Let ab, Fig. 35, represent part 
of the vertical limb, with the zero point at c; and d e, the vernier, 
with the index at f. It is assumed that the telescope is normal 
and the eyepiece is to the right beyond b. 

If the zero of the vernier lies between the zero of the limb 
and the eyepiece of the telescope in its normal position, as in 
(a), the index error is marked +; if the zero of the vernier is 
between the zero of the limb and the objective of the telescope, 
as in (b), the index error is marked —. When there is an 
index error, readings of the vertical limb must be corrected by 
an amount, called the index correction, which is equal to the 
index error. This correction is applied as follows: 


Rule I.— Jf the error is +, the correction 1s subtracted from an 
angle of elevation or added to an angle of depression. 


Rule Il.—Jf the error is —, the correction is added to an angle 
of elevation or subtracted from an angle of depression. 


In performing the addition or subtraction, the signs of the 
angle and of the error are disregarded. For example, if the 
observed angle is +10° 45’ and the error is +4’, the corrected 
value of the angle is, by rule I, 10° 45’—4’=10° 41’. If the 
angle is —10° 45’ and the error is +4’, the corrected numerical 
value is 10° 45’+-4’ =10° 49’; of course, the negative sign is 
retained to indicate that the angle is an angle of depression. 
Again, if the observed angle is +10° 45’ and the error is —4’, 
the corrected angle is, according to rule II, 10° 45’+4’ 
=10°49’. Finally, if the angle is —10° 45’ and the error is —4’, 
the corrected numerical value is 10° 45’—4’=10° 41’. 

Observations of the index error should be made at intervals 

during the day, or at least at.the beginning and the end of the 
day’s work. It is best to record the actual limb readings and 
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the index error; then the corrected values can be determined in 
the office at the end of the day. 


48. General Formulas.—In Fig. 34, BC is parallel and 
equal to AD. Hence, ABCD is a parallelogram and DC is 
parallel and equal to AB. The difference in elevation between 
A and B is, therefore, represented by the distance CE. From 
the right triangle CDE, 


CIDSIDIG cin Z eine! C IF ID) JB see 


In general, let 
h= difference in elevation between two points; 
1=length of inclined line between points; 
Z=vertical angle that line makes with horizontal; 
s=horizontal distance between points. 
Then, h=IlsinZ (1) 
h=s tan Z (2) 
If the vertical distance is desired with great accuracy, the 


inclined or the horizontal distance should be measured carefully. 
Alsc, the vertical 


fe ee IC---- angle should be meas- 
: tine toy f iw! ured in both direc- 
Sa kn ee Sale : reef st 1 : A 
T it — f=" \* tions; for instance, 
i] t 


a | B} With the transit at A, 
iy? YY), Fig. 34,asightistaken 
MMM Os Yi J J to B, and with the 

: transit at B, the read- 

eee eens ae ee i | es ing from B to A is 
* nN bine o Spx 7 ao observed. If the two 
\ /\ ie vertical angles differ 


\ 
ty I Povey slightly, the average 
Yj 4/77 Yj Tm A the valuesis taken 
(b) in calculating the dif- 
Fie. 36 2 < ; 
ference in elevation 
between the points; thus, if the value with the transit at A is 
+15° 17’, and with the transit at B, it is —15° 19’, the correct 
15° ile! ° , 
a Mee ad BS ke 


value is taken as 5 
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Occasionally, it is more convenient to sight on a point which 
is not at the same height above the ground as the transverse 
axis of the instrument; thus, in Fig. 36, BC is not equai 
to AD. 


Let h’=difference in elevation between two points; 
a=height of transverse axis above ground at first point; 
h=distance computed by formula 1 or formula 2 3 
k=rod reading at second point. 

If the vertical angle is an angle of elevation, as shown in (a), 
the difference in elevation between A and B is found by the 
formula 

'=a+h—k (3) 

If the vertical angle is an angle of depression, as in (b), 

the formula is 
'=a—h—k (A) 

Examp.e 1.—(a) If, in Fig. 34, the distance DC is equal to 186.32 

feet, the vertical angle from A to Bis +18° 2’, and the angle from B to A is 


—18° 3’, what is the difference in elevation between A and B? (6) Ifthe 
elevation of A is 110.2 feet, what is the elevation of B? 


° , ° 
SoLuTION.—(a) The average value of the vertical angle is 18 2 oe 3’ 


=18° 2’ 30”. By formula 1, 
h=I sin Z=186.32Xsin 18° 2’ 30’ =57.7 ft. Ans. 

(b) Since Bis higher than A, the elevation of B is equal to 110.2+-57.7 
=167.9 ft. Ans. 

EXampLe 2.—The transit is set up over a point A, Fig. 36 (6), with 
the center of the transverse axis 4.9 feet above the ground; and, with 
the horizontal cross-wire reading 7.5 feet ona leveling rod held at B, 
the vertical angle is —3° 41’. If the horizontal distance from A to B is 
361.74 feet, and the elevation of A is 98.3 feet, find the elevation of B. 

SoLuTION.—By formula 2, 

h=s tan Z=361.74 tan 3° 41’=23.3 ft. 

Since the angle Z is negative, C is below E. Then, in formula 4, 
a=4.9, h=23.3, and k=7.5; hence, 

h’ =4.9—23.3—7.5= —25.9 ft. 

This means that B is 25.9 ft. below A; the elevation of B is, therefore, 
equal to 98.3—25.9=72.4 ft. Ans. 


49. Elevations of Inaccessible Points.—A very useful 
application of trigonometric leveling is in determining the 
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difference in elevation between two points when one of them is 
inaccessible. Such a case is shown in Fig. 37, where it is 
required to find the difference in elevation between A and B, 
direct leveling and the method explained in Art. 48 being 
impracticable. If the ground is fairly level for some distance 
from A, the following procedure is convenient. Set the transit 
over A, bring the horizontal cross-wire on B, and determine 
the vertical angle b that the line of sight CB makes with the 
horizontal line CD; measure also the vertical distance a from 
the ground to the transverse axis. Next, select a point & on 
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line between A and B, and measure the horizontal distance c. 
Then, set the transit over E, bring the horizontal wire on B, 
and determine the vertical angle d between the line of sight 
FB and the horizontal. Finally, with the transit still at £, 
find the vertical distance e by setting the line of sight along the 
horizontal line FGand reading a leveling rod heldat A. The 
difference in elevation between C and F, denoted by f, is equal 
to a—e, and h, the required difference in elevation between 
A and B, may be computed by the formula 


c+f cot d 
cot b—cot d (1) 


This relation is derived as follows: The line of sight FB 
intersects the horizontal line CD at H, the vertical distance 


h=a+ 
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between F and H being equal to f, and the horizontal distance g 
being equal to fcotd. From the figure, CD=CH+HD; 
but CH=c+g=c+f cotdand HD=BDcotd. Hence, 
C D=c+f cot d+ B Dcotd 
Also, in the right triangle BCD, 
CD=BD cot b 


Thus, c+f cot d+BD cot d=BD cot b 
whence, __ otf cot d 
cot b—cot d 
d 
d s ee cole 
ro eee) Scot b—cot d 


In case the point F is above C, as indicated by the fact that e 
is greater than a, the value of f is e—a and the formula for the 
difference in elevation between A and B is 
c—f cot d- (2) 
cot b—cot d 
If the horizontal distance C D is required, it may be found 
by the formula 


h=a+ 


C D=(h—a) cot b (3) 


The point E shouldbe not more than 4 feet vertically below A 
and not more than 6 feet above A in order that the distance e 
may be obtained from the set-up at E by reading arodheldon A. 
In case this is not possible because the ground is too steep, 
the distance f must be found by direct leveling, a turning point 
being established between A and F. It is assumed in formulas 
1 and 2 that the point B is higher than A; this is almost 
always the case in practice, because it is hardly possible that 
B would be visible from both A and E when B is below A. 

ExampLe.—In order to determine the elevation of a point B, Fig. 37, 
on the top of a cliff, a transit having an index error of +3’ was set over a 
point A, the elevation of which was known to be 161.8 feet; the height a of 
the transverse axis was 5.0 feet, and, when the horizontal wire was brought 
on B, the vertical limb read +16° 32’. A point E was next located at a 
horizontal distance c from A equal to 200 feet. Then the transit was set 
over E, the horizontal wire brought on B, and the vertical limb reading 
observed as +24°48’. Finally, with the telescope horizontal, the reading e 
on a leveling rod held on A was 7.8 feet. Find the elevation of B. 
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So.uTIoN.—Since the index error was +3’, the corrected vertical angle b 
was 16° 32’—3’, or 16° 29’, and the corrected angle d was 24° 48’—3’, or 
24° 45’. The value of f, which is equal to e—a, is 7.8—5.0=2.8 ft. Then, 
the difference in elevation between A and Bis found by formula 2. Here, 

200—2.8 cot 24° 45’ 
cot 16° 29’—cot 24° 45’ 


200 — 2.8 X 2.16917 
3.37955 — 2.16917 


h=5.0+ 


=5.0+ 


= Goennbs 
Hence, the elevation of B is 161.8-+165.2 =327.0 ft. Ans. 


50. Often, the method of the preceding article cannot be 
applied because a suitable point cannot be established between 
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the two given points. In such a case, the following method 
may be used: Let it be required to determine the difference 
in elevation between A and B, Fig. 38. First, select a point C 
several hundred feet from A and in such a position that the 
point B is visible and the distance A C may be readily chained. 
Then set the transit over A and, with the vernier reading zero, 
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sight to C. Next, unclamp the upper plate and bring the 
intersection of the cross-wires on B; for this setting, read 
the horizontal limb and the vertical limb. Also measure the 
horizontal distance AC and the vertical distance a from 
the ground to the transverse axis. Now, set the transit over C 
and, with the vernier reading zero, sight to A. Finally, 
loosen the upper clamp, sight to B, and read the horizontal 
limb. The required difference in elevation is then computed 
as follows: In the figure, D is a point vertically beneath B 
and at the same elevationas A. The reading of the horizontal 
limb when the transit is at A measures the angle between AD 
and the horizontal projection of AC, and the reading with the 
transit at C indicates the angle between the horizontal projec- 
tions of AC and CD. In the triangle ACD, angle ADC is 
180°—C A D—ACD and 


_ AC sin ACD 
sin ADC 
The reading of the vertical limb when the transit is at A gives 


the vertical angle Z between the line of sight EB and the hori- 
zontal line E F; from the figure, E F is equal to AD and 


FB=EF tanZ=ADtanZ 


If Z is an angle of elevation, as in Fig. 38, the difference in 
elevation between A and B, which is equal to BD and is denoted 
by h, is FB+a or AD tan Z+a. When the value of AD is 
substituted, this becomes 
AC sin ACD tan Z 
sin ADC 

If Z is an angle of depression, 

AC sin ACD tan Loses 
sin ADC 

If, in formula 2, h is positive. B is below A; but if h is 
negative, B is above A. 


ExaMpLe.—The horizontal distance A C, Fig. 33, is 500 feet, angle 
DA Cis 89° 15’, angle AC D is 60° 28’, a is 5.0 feet, and the vertical 
angle Z is +29° 44’. Find the difference in elevation between A and B. 


AD 


h= +a (1) 


h= (2) 
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SoLtution.—Angle A DC is equal to 180°—89° 15’—60° 28’=30° 17°. 
Then, by formula 1, 
ae C sin ACD tan Z 


TWN be 
__ 500 sin 60° 28’ tan 29° SEsvae 
T; sin 30° 17’ 


= 492.7+-5=497.7 ft. Ans. 


EXAMPLES FOR PRACTICE 


1. The distance between two points M and N, measured parallel 
to the ground, is 214.69 feet, and the line of sight parallel to the ground makes 
a vertical angle of —11° 33’ from M to N and an angle of +11° 35’ from 
Nto M. If the elevation of M is 81.6 feet, what is the elevation of N? 

Ans. 38.6 ft. 

2. The horizontal distance from C to D is 811.6 feet; with the trans- 
verse axis 5.2 feet above the ground at C and the horizontal cross-wire set 
at 4.0 feet on a rod held at D, the vertical angle is +2° 56’. Ifthe elevation 
of C is 816.5 feet, what is the elevation of D? Ans. 859.3 ft. 


3. In Fig. 37, the angle bis +7° 51’, the height a is 4.8 feet, the distance 

c is 250 feet, the angle d is +12° 14’, and the height e is 3.6 feet. If the 
elevation of the point A is 37.9 feet, what is the elevation of B? 
: 3 Ans. 139.5 ft. 

4; A base line AB has a horizontal length of 400 feet. The transit is 
set up at A with the transverse axis 4.7 feet above the ground; the horizontal 
angle from AB to an inaccessible point C is 87° 45’, and the vertical angle 
between a horizontal line and the line of sight from A to Cis —35° 24’. The 
transit is then set up at B and the horizontal angle A BC is found to be 
65° 30’. If the elevation of A is 1,214.7 feet, what is the elevation of C? 


Ans. 644.7 ft. 


ADJUSTMENTS OF TRANSIT 


51. Conditions of Adjustment.—When a transit is in 
adjustment, the three following conditions are fulfilled: 

1. When the bubbles of the plate levels are in the centers 
of the tubes, the plates are horizontal, the axis of the instru- 
ment is vertical, and the transverse axis of the telescope is 
horizontal. 

2. The line of sight is perpendicular to the transverse axis 
of the telescope, and, therefore, remains in a vertical plane as 
the telescope is rotated on the transverse axis. 
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3. When the bubble of the telescope level is in the center 
of the tube, the line of sight is horizontal and the vertical limb 
reads zero. 

There are five adjustments that must be made in the 
same order as they are described in the following articles. 
An open space which is nearly level and which affords an 
unobstructed sight of about 450 feet should be chosen; and, in 
setting up, the tripod legs should be planted firmly in solid 
ground that is not subject to jars from heavy machinery or 
other causes. 


52. First Adjustment.—First, it is necessary to make the 
axes of the plate levels perpendicular to the vertical axis of the 
instrument in order that, when the bubbles are centered by the 
leveling screws, the axis will be vertical and the plates will 
revolve in a horizontal plane. This adjustment, which is 
substantially the same as for the compass, is performed as 

_follows: With the upper clamp set and the lower clamp loose, 
turn the instrument so that each plate level will be parallel to 
the line determined by a pair of opposite leveling screws; then 
bring each bubble to the middle of its tube by means of the 
corresponding pair of leveling screws. Next, revolve the 
instrument on its vertical axis through 180°. If the levels are 
in adjustment, the bubbles will remain in the centers of the 
tubes. If either bubble runs toward one end of the tube, bring 
it half-way back to the center of the tube by means of the 
capstan-headed screw at one end of the tube; then bring the 
bubbles to the centers by means of the levelingscrews. Repeat 
the operation until both bubbles remain in the centers of the 
tubes in both positions of the instrument. 


53. Second Adjustment.—The next operation is to make 
the line of sight perpendicular to the transverse axis of the 
telescope. Set up the transit near the center of the open space, 
as at A in Fig. 39. Then with the telescope normal, sight on 
some well-defined point B, a few hundred feet distant, using 
the point of intersection of the cross-wires. Both plates being 
clamped, plunge the telescope and set another point a few 
hundred feet from the instrument: a mark ona wall or fence 
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is very convenient, or a wide stake can be driven on line and the 
point marked onit. If the line of sight is perpendicular to the 
transverse axis, this point will be at C in the prolongation 
of BA. 

In order to ascertain whether this is the case, unclamp either 
plate, rotate the instrument in azimuth with the telescope still 
reversed, and sight to B again; then plunge the telescope back 
tonormal. Ifthe line of sight strikes the same point as before, 
no adjustment is necessary. If the line of sight does not pass 
through the first point, mark a second point on the same object 
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so that the two points will be very nearly the same distance 
from the instrument. Suppose D is the point set after the 
first plunging and E is the second point. Then on the line 
between D and E, mark point F, making the distance E F from 
the second point E equal to one-quarter of DE. Move the 
cross-wires by means of the capstan-headed screws on the 
sides of the telescope, as described for the wye level, until the 
line of sight passes through F. For an erecting telescope, 
loosen the screw toward which the image of the wire should be 
moved and tighten the opposite screw; for an inverting 
telescope, loosen the screw away from which the image is to be 
moved and tighten the other. Thus, for the assumed con- 
ditions, loosen the left-hand screw for the erecting telescope 
or the right-hand screw for the inverting telescope. Repeat 
the operations until the line of sight after the second plung- 
ing passes through the point marked after the first sight. 


54. Third Adjustment.—Now the transverse axis of the 
telescope is made perpendicular to the vertical axis of the 
instrument in order that, when the instrument is leveled, 
the transverse axis will be horizontal. This adjustment is 
made best by sighting, with the telescope normal, to some well - 
defined point on a high object such as a church spire. In this 
case, also, the point of intersection of the cross-wires must be 
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used for all sights. Having clamped both plates, depress the 
objective and set a point on the ground in the line of sight and 
as far as possible from the. instrument. Unclamp one plate, 
revolve the instrument on its vertical axis, and, with the tele- 
scope reversed, sight again to the high point. If, when the 
telescope is depressed, the line of sight passes through the first 
. point on the ground, no adjustment is required. Otherwise, 
set a second point near the first one. Suppose that A, Fig. 40, 
is the high point, B is the first point on the ground, and Cis the 
second point on the ground. Then mark point D half-way 
between B and C and bring the line of sight to pass through 
the point D by rotating the telescope on the vertical axis. 
Next. point the telescope upwards; the line of 
sight will not pass through A, but will strike to 
one side, say at E. Finally, bring the vertical wire 
on A by adjusting the capstan-headed screw under- 
neath one end of the transverse axis. If the line 
of sight is to move to the right, as from E to A 
in Fig. 40, lower the right end of the axis or raise 
the left end, keeping the telescope in its reversed 
position; if the line of sight is to move to the 
left, raise the right end or lower the left end. 
Repeat the operation until the line of sight in the 
second position of the telescope passes through 
the point on the ground determined by the first posi- 
tion. Since the vertical cross-wire is in adjust- 
ment, the transverse axis is adjusted in the same 
manner for both an erecting and an inverting 
telescope. In case the position of the transverse axis is 
altered, it is necessary to test again the adjustment of the 
vertical cross-wire. 


55. Supplementary Test.—In order to make the cross- 
wires vertical and horizontal, and thus make it unnecessary 
to bring the point of intersection of the cross-wires on the point 
sighted at, the following test is convenient: Level the instru- 
ment carefully. Then bring one end of the vertical wire on— 
some well-defined point, and revolve the telescope on its trans- 
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verse axis so that the point appears to move along the wire. 
If the point does not remain on the wire throughout the motion, 
loosen two adjacent screws and rotate the ring holding the 
wires. Then, repeat the operations. This test should be 
performed after the transverse axis has been adjusted. 


56. Fourth Adjustment.—The line of sight should be 
horizontal when the bubble of the telescope level is centered, 
in order that the transit may be accurate for leveling and for the 
measurement of vertical angles. The adjustment consists of 
two parts; first the horizontal cross-wire is adjusted, and then 
the telescope level is tested. 

To adjust the horizontal cross-wire, set up at a point A, 
Fig. 41, and drive pegs at points B and C ina straight line from 
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A, and respectively about 15 and 200 feet from A in the same 
direction. Clamp the transverse axis of the telescope so 
that the line of sight is about parallel to the ground, and read 
a leveling rod held on the pegs at Band C. Then plunge the 
telescope, revolve the instrument on its vertical axis, and clamp 
the transverse axis so that the horizontal cross-wire cuts the 
same reading on the rod at B asit did before. If the rod read- 
ing on the peg at C agrees with the reading previously obtained, 
no adjustment is necessary. Ifthe two readings do not agree, 
bring the horizontal cross-wire to read the average of the two 
values by means of the capstan-headed screws on top and 
bottom of the telescope, keeping the telescope itself clamped ' 
in position. The method of moving the cross-wire is the 
same as described for a level. 

For the sake of clearness, the conditions are shown greatly 
exaggerated in Fig. 41, and the telescope of the transit is 
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omitted. Suppose that ab represents the theoretical line of 
sight for an instrument in adjustment; cd, the actual line of 
sight for the first position of the telescope, e being the point 
cut on the rod at B; and f g, the line of sight for the second 
position of the telescope, this line being made to pass throughe. 
Then the point 6, midway between d and g, is marked, and the 
horizontal wire is set on that point by means of the capstan- 
headed screws.. 

The adjustmerit is tested by taking new readings on the rods 
at B and C for the two positions of the telescope. If the read- 
ings at C do not agree yet, the wire must be movedagain. The 
operations are repeated as often as necessary. 


57. The telescope level is adjusted by the peg method 
described for the dumpy level. All rod readings are taken with 
the bubble of the telescope level in the center of its tube. 
Suppose the rod readings on the pegs from the first set-up are 
r, and 72, and the rod readings from the second set-up are 
rs and rs. Then if r3—714=171—12, the level is in adjustment. 
If rs—1r4 is not equal to r1—72, the corrected value of r4 is deter- 
mined as explained in Leveling. The telescope is then rotated 
on its transverse axis so that the horizontal cross-wire reads 
the corrected value of 74; the telescope bubble will, therefore, 
move from the center of its tube. With the telescope clamped 
in that position, the bubble is brought to the center of the 
tube by means of the capstan-pattern nuts l’, Fig. 1. The 
operation is repeated until r3-—14=71—12. 


58. Fifth Adjustment.—The final adjustment is to make 
the vernier of the vertical limb read zero when the line of sight 
is horizontal. Set up the instrument and bring the bubble of 
the telescope level to the center of the tube. Then, if the 
vernier does not read zero, set it to zero by shifting it on the 
standards by whatever means are provided for the purpose. 
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OFFICE WORK IN ANGULAR 
SURVEYING 


Serial 3070-2 a Edition 1 


LATITUDES AND DEPARTURES 


PRELIMINARY EXPLANATIONS 


1. Introduction.—Office work in angular surveying consists 
of the solutions of three main problems: (1) balancing a 
survey, or correcting the field measurements to distribute 
unavoidable errors among the courses; (2) plotting the courses 
of a survey; and (3) computing the area of the land bounded 
by a closed traverse. 


2. Reference Axes.—For the purposes of calculating and 
plotting, it is convenient to refer the directions of survey courses 
and the locations of survey points to two lines at right angles 
to each other; these lines are called reference axes. In Fig. 1, 
TT’ and GG’ are reference axes intersecting at the point O. 
Usually, the axis T 7’ represents either the true or the mag- 
netic meridian through some point of the survey, and the axis 
GG’ is an east-and-west line. If 77” is not a true or magnetic 
meridian, it is called an assumed meridian. 


3. Latitudes and Departures of Courses.—Ordinarily the 
relative locations of two points are determined by the length 
and direction of the straight line between the points. For 
instance, in Fig. 1, the point Q may be located with respect 
to P by the length and direction of the line PQ. But the 
point Q may also be located from the point P by laying off from 
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P a given distance PD parallel to TT’ and from D a given 
distance DQ parallel to GG’. Thus, one point may be located 
from another by constructing a right triangle, the legs of 
which are parallel to a pair of mutually perpendicular reference 
axes. 

In the case of the courses of a survey, the legs of all the right 
triangles are drawn parallel to the same pair of reference axes. 
For example, in Fig. 1, let TT’ and GG’ represent reference 
axes at right angles to each other, and PQ and P’Q’ two courses 
of a-survey. _ Then?) the 
lines P.D OLE. PD awe 
Q’E’ are drawn parallel to 
the axis TT’, and the 
lines QD, PE, Q’D’, and 
P'E’ are made parallel to 
GG’. In the triangle con- 
structed for a given course, 
the length of the leg par- 
allel to the meridian is 
called the latitude of the 
course and the length of 
the leg at right angles to 
the meridian is the depar- 
ture of the course. In Fig. 
1, PD or EQis the late 
tude of PQ, and PE or 
DQ is the departure of PQ. “Similarly, \P’D” or iO Mae 
the latitude of P’Q’, and P’E’ or DQ’ is the departure 
oreo 

The latitude and the departure of PQ are also represented 
by the distances MN and HK. Likewise, M’N’ and H’K’ 
are the latitude and the departure of P’Q’. In other words, 
the latitude of a course is the distance measured along the 
meridian, between lines drawn through the ends of the course 
at right angles to the meridian; the departure of a course is the 
distance measured along a line perpendicular to the meridian, 


between lines drawn through the ends of the course parallel 
to the meridian. 
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Latitude is sometimes called latitude range or latitude dtf- 
ference, and departure is sometimes referred to as longitude 
range or longitude difference. 


4. Signs of Latitude and Departure.—In order to indicate 
the direction of a course with respect to a pair of reference axes, 
positive and negative quantities are used. If the bearing of a 
course with respect to the reference meridian is northeast or 
northwest, the latitude of the course is considered positive 
and is called a northing. If the bearing of a course is south- 
east or southwest, the latitude is negative and is known as a 
southing. For instance, in Fig. 1, the latitude of PQ 1s 
+MN or simply MN, and the latitude of P’Q’ is —M’'N’. 

If the bearing of a course is northeast or southeast, the 
departure of the course is assumed to be positive, and is 
designated as an easting. If the bearing of a course is north- 
west or southwest, its departure is negative and is called a 
westing. Thus,in Fig. 1, the departure 
of PQ is HK and the departure of P’Q’ 
is —H’'K’. 


g B 


COMPUTATIONS INVOLVING LATITUDES 
AND DEPARTURES 


5. General Formulas.—In Fig. 2, let f 
AM represent the direction of a refer- 
ence meridian; MB, a line. at right 
angles to the meridian; AB, a given 
course; and G, the angle that the course 
makes with the meridian. Then, from 4 
trigonometry, 

AM=AB cosG, and MB=AB sinG 


‘But AM may be considered as the latitude of the course, and 
MB, its departure. Thus, the latitude and the departure ofa 
course may be found by the following rules: 


Fie. 2 


Rule I.— The latitude of a course is equal to the product of the 
length of the course and the cosine of the angle between the meridian 
and the course. 
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Rule Il.—-The departure of a course is found by multiplying 
the length of the course by the sine of the angle that the course makes 
with the meridian. 


In general, let 
1=length of course; 
G=angle between meridian and course: 
t=latitude of course; 
g=departure of course. 
Then, 
i=l cos G (1) 
g=1 sin G (2) 
When the latitude and the departure of a course are given, 
the angle between the meridian and the course, and the length 
of the course can be computed by the following formulas: 


tan G=" (3) 
eens 
gat ae 
t 
ae (5) 


I-VFte (6) 
These relations hold good for any direction of the course 


aad also apply whether the angle G is given by a bearing or 
by an azimuth. 


6. Given Length and Bearing.—In the case of bearings, the 
angle between the meridian and a course is always given as 
less than 90°. Hence, the functions of G are readily found. 
The numerical values of ¢ and g may then be calculated by 
formulas 1 and 2, Art. 5. They should contain the same 
number of decimal places as the given value of |. The signs of 


t and g are determined from the quadrant of the bearing by 
the following rules: 


Rule I.—If the bearing is northeast, both the latitude and the 
departure are positive 
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Rule II.— If the bearing ts southeast, the latitude is negative 
and the departure ts positive. 


Rule UI.—/Jf the bearing is southwest, both the latitude and 
the departure are negative. 


Rule IV.—/f the bearing ts northwest, the latitude 1s positive 
and the departure 1s negative. 


It is a common mistake to reverse the latitude and the 
departure. This will be avoided, or easily detected, if it is 
kept in mind that for angles less than 45°, the cosine is greater 
than the sine, and for angles greater than 45°, the sine is greater 
than the cosine. Therefore, for bearings less than 45°, the 
latitude of a course is greater than its departure; and for 
bearings greater than 45°, the departure is greater than the 
latitude. It is obvious that the latitude of a north-and-south 
line is equal to the length of the line, and its departure is 
zero; likewise, the departure of an east-and-west line is equal 
to the line itself, and the latitude is zero. It will be noticed 
that the latitude and the departure depend only on the direc- 
tion of the meridian. They are, therefore, the same for any 
pair of axes that are parallel and perpendicular to the meridian. 


ExampLe.—The length of a course is 896.7 feet and its bearing is N 39° 
15’ W;; find the latitude and the departure. 


So.ution.—Here 1=896.7 and G=39° 15’. Then, by formulas 1 and 
2, Art. 5, the numerical values of ¢ and g are 


t=896.7 cos 39° 15’ 
_ g=896.7 sin. 39° NS 


If natural functions are used, 


t=896.7 X.77439 = 694.4 ft. 
g=896.7 X .63271 = 567.4 ft. 


Since the bearing of the course is northwest, rule IV is used for determining 
the signs of ¢ and g; thus, ¢ is positive and gis negative. The latitude is, 
therefore, 694.4 ft. and the departure is —567.4ft. Ans. 

Unless the numbers are comparatively easy to multiply, it is preferable 
to use logarithms. The logarithmic work is conveniently arranged by 
writing the logarithm of the length with the logarithmic sine of the bearing 
above it and the logarithmic cosine of the bearing below it, then the addi- 
tion is performed upwards in one case and downwards in the other. In 
this problem the work will appear as follows: 
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log g=2.75385 g=567.4 ft. 


log sin 39° 15’=9.80120 
log 896.7 =2.95265 
log cos 39° 15’=9.88896 


log £=2.84161 ¢4=694.4 ft. 


The signs of ¢ and g are found by applying rule IV. Thus, ¢=694.4 ft. 
and g= —567.4 ft. Ans. 


%. Given Length and Azimuth.—When the angle between 
the meridian and a course is given by the azimuth of the 
course, the angle may be greater than 90°. In this case, the 
latitude and the departure may be determined in two ways. 

In one method, the azimuth is changed to a corresponding 
bearing, and the latitude and the departure are then computed 
from the length and the bearing of the course. The various 


s Ss 
(a) (0) 


Fre. 3 


conditions are shown in Fig. 3. Let NS represent the merid- 
ian; AB, a given course; Z, its azimuth; Z’, its bearing; I, its 
length; ¢, its latitude; and g, its departure. In (a), the azimuth 
is less than 90°; thus, the bearing is northeast and the angle is 
also equal to Z. In (b), the azimuth is between 90° and 180°; 
for this case, the bearing is southeast and the angle Z’ is 
180°—Z. In (c), the azimuth is between 180° and 270°; the 
bearing is southwest and the angle Z’ is Z—180°. In (d), the 
azimuth is between 270° and 360°; here, the bearing is north- 
west and the angle Z’ is 8360°—Z. In each case the latitude 
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and the departure with the proper signs may be determined as 
explained in the preceding article. 

In the second method, the latitude and the departure are 
calculated directly from the length and the azimuth by apply- 
ing the principles of trigonometry. In Fig. 4, the plane around 
the point O is divided into quadrants by the meridian N S and 
the east-and-west line EW. When azimuths are considered, 
the northeast quadrant NOE is the first quadrant; the south- 
east quadrant EOS, the second; the southwest quadrant SOW, 
the third; and the northwest quadrant WON, the fourth. 
Thus, the course OA, the 
azimuth Z, of which is less 
than 90°, is in the first 
quadrant; the course OB, 
having an azimuth Z2 be- 
tween 90° and 180°, is in 
the second quadrant; the 
azimuth Z; of OC is between ™ 
180° and 270°, and the 
course is in the third quad- 
rant; and, since the azi- 
muth Z, of OD is between 
270° and 360°, the course 
is in the fourth quadrant. 
Although this method of 
numbering the quadrants differs from that adopted in trig- 
onometry with regard both to the starting line and to the 
direction in which the numbers increase, the functions of 
angles have the same signs in both systems because distances 
to the right and distances upwards are considered as positive 
in each case. The values of ¢ and g for the conditions shown 
in Fig. 3 will now be determined by trigonometry. 

In (a), the course AB is in the first quadrant and the angle Z 
is acute; sin Z and cos Z are both positive, and, therefore, the 
latitude and the departure of AB are also positive. In (5), 
AB is in the second quadrant, and the acute angle from which 
the functions of Z are derived is equal to Z ’—180°—Z. Then, 
sin Z=sin (180°—Z’)=sin Z’, and cos Z=cos (180° —2’) 
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= —cos Z’; consequently, the departure is positive and the lati- 
tude is negative. In (c), A B is in the third quadrant and 2’ 
=Z—180°. In this case, sin Z=sin (180°+2Z’) = —sin Z’, and 
cos Z=cos (180°+Z’) = —cos Z’; the latitude and the depar- 
ture are both negative. In (d), AB is in the fourth quadrant 
end Z’=360°—Z. Here, sin Z=sin- (3860°—Z’)=-—sin 2’, 
and cos Z=cos (360°—Z’) =cos Z’; therefore, the latitude is 
positive and the departure is negative. 

The calculations in both methods are practically the same 
but the reasoning is slightly different; it is unimportant which 


Co 


is used. As in the case of bearings, the number of decimal 
places in the values of ¢t and g should be taken the same as in 
the given length. 


EXAMPLE.—Find the latitude and the departure of a course having a 
length of 431.45 feet and an azimuth of 231° 9’. 


SOLUTION By BEARINGS.—Since the azimuth is between 180° and 270°, 
the bearing is southwest. Hence, the latitude and the departure are both 
negative. The angle G is equal to 231° 9’—180°=51° 9’. Then, by 
formulas 1 and 2, Art. 5, 


t=1 cos G=431.45 cos 51° 9’=270.64 ft 
g=/ sin G=431.45 sin 51° 9’=336.01 ft. 
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‘Therefore, the latitude is — 270.64 ft. and the departure is — 336.01 ft. Ans. 
It will be noticed that the departure is greater than the latitude because 
G is greater than 45°. 


SOLUTION By TRIGONOMETRY.—The course lies in the third quadrant 
and the acute angle from which the functions of the given angle are derived 
is equal to 231° 9’—180°=51° 9’. Thus, sin 231° 9’=sin (180°+51° 9’) 
= —sin 51° 9’ and cos 231° 9’=cos (180°-+51° 9’) = —cos 51°9’.. Then, by 
formulas 1 and 2, Art. 5, 

t=1 cos 231° 9’= —431.45 cos 51° 9’= — 270.64 ft. Ans. 
g=l sin 231° 9’= — 431.45 sin 51° 9’= —336.01 ft. Ans. 


8. Values for Survey Courses.—The latitudes and the 
departures of the courses of the transit survey shown in Fig. 5, 
with other necessary data, are recorded in Table I. In the 
first three columns are given the courses, the azimuths, and 


TABLE I 
LATITUDES AND DEPARTURES 


Latitude Departure 
Course Azimuth Length 
N Ss E W 
AB Serle 659.43 651.59 101.45 
BC 70° 42’ 897.46 296.62 847.02 
CD 132° 45" 594.01 403.22 436.20 
DE 170° 31’ 628.37 619.79 103.53 
EF 228° 36’ 387.52 256.27 290.68 
FG SBer Say 547.55 499.89 223.44 
GA 260° 13’ 988.99 168.05 974.60 


the lengths, which are copied from the field notes. In the 
fourth and fifth columns are the latitudes of the courses, and 
in the last two columns are the departures. In order to avoid 
confusion of signs and also for convenience in balancing the 
survey, the northings and the southings are placed in separate 
columns; similarly, the eastings and the westings are separated. 


9. Given Latitude and Departure, To Find Length and 
Direction.—Frequently, the latitude and the departure of a 
course are known and it is required to determine the length 
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and the bearing or azimuth of the course. If the values of ¢ 
and g are easy to square or if the direction is not needed, the 
length may be found conveniently by formula 6, Art. 5, 
which is ]= ¥#-+¢2. In other cases, the angle G is found first 


by formula 8, which is tan G=* ; then 1 is determined from 


either formula 4, which is I=— 8 or formula 5, which is 


inG’ 
t 
~ cosG 
When formula 3 is used, the value of the acute angle G is 
first computed by temporarily disregarding the signs of ¢ and 
g, that is, by considering that both are positive. Then the 
quadrant in which the course lies is determined by considering 
the given signs of t and g and applying the following rules: 


Rule I.— Jf ¢ and g are both positive, the bearing 1s northeast, 
and the azimuth 1s equal to G. 


Rule II.— Jf g is positive and t 1s negative, the bearing is 
southeast, and the azimuth ts equal to 180° —G. 


Rule Il.—Jf t and g are both negative, the bearing ts south- 
west, and the azimuth is equal to 180°+G. 


Rule IV.— If ¢ ts positive and g is negative, the bearing ts 
northwest, and the azimuth is equal to 360°—G. 


In formulas 4, 5, and 6, the signs of g and ¢ are unimportant 
since the length of the course is always considered positive. 
When an angle is small, a little difference in the value of the 
angle has practically no effect on the cosine but changes the 
sine considerably. Therefore, for values of G less than 20°, 
formula 5 is more accurate than formula 4. On the other 
hand, for angles near 90°, a small difference in the value of the 
angle affects the cosine much more than the sine. Conse- 
quently, when G is greater than 70°, formula 4 is to be used 
rather than formula 5. For values of G between 20° and 70°, 
formula 4 or formula 5 may be employed. 

When the given latitude and departure are measured to 
hundredths of a foot, it is sufficiently accurate to take G 
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to the nearest minute. Ifthe given distances are to thousandths 
of a foot, G should be taken to the nearest 10 seconds. In any 
case, the number of decimal places in the calculated length 
should be taken the same as in the given latitude and depar- 
ture. 


EXAMPLE 1.—The latitude and the departure of a course are, respec- 
tively, —13.71 chains and 9.38 chains. What are the bearing and the 
length of the course? 


SoLuTION.—To find G, disregard the signs of g and tand use formula3, 
Art. 5. In this case, g is 9.388 and # is taken as 13.71, the negative sign 
being neglected temporarily. Then, 


oaGe go 9.38 
# 13.71 
By rule II, the bearing is southeast, because ft is negative and g is positive. 
Hence, the bearing is S 34° 23’ E. Ans. 
Finally, by formula 4, Art. 5, 


g 9.38 
eee 16 Gl cha An: 
b= nG ain 34° 23’ a am 


The logarithmic work is as follows: 


, and G=34° 23’ 


log 9.38=0.97220 log 9.38 =0.97220 

log 13.71 =1.13704 log sin 34° 23’ =9.75184 

log tan G=9.83516 log /=1.22036 
G=34° 23’ 7=16:61ich. 


First, the difference between the logarithm of 9.38 and the logarithm 
of 13.71 is the logarithmic tangent of G, from which G is determined. At 
the same time that G is taken out of the table, its logarithmic sine is 
obtained. It is subtracted from the logarithm of 9.38 to get the logarithm 
of l. For the purpose of finding /, Gis taken to the nearest minute; however, 
in a compass survey, where bearings are estimated to the nearest 5 minutes, 
the bearing of the line would be given as S 34° 25° Bs 


EXAMPLE 2.—The latitude of a course is +125.04 feet and the departure 
is —216.81 feet; find the azimuth and the length. 


SoLutTion.—By formula 3, Art. 5, 
216.81 
dG=6052" 
tan G= 125.08 an 
Since ¢ is positive and g is negative, rule IV applies; hence, the azimuth 
is 360°--60° 2’=299° 58’. Ans. 


By formula 4, Art. 5, 
pe 210 8F 950.26 tt. Ans 
sinG sin 60° 2’ 
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The logarithmic work is as follows: 


log 216.81 = 2.33608 
log 125.04 = 2.09705 


log tan G=0.23903 
G— G02 


log 216.81 = 2.33608 
log sin 60° 2’=9.93768 


log 1=2.39840 
1=250.26 ft. 


10. Total Departures and Total Latitudes.—In the fore- 
going articles, the lengths of the courses of a survey and their 
directions with respect to reference axes are given by means 
of departures and latitudes. 


vy 
Reference axes are also 
“ used for the purpose of 
ba Nae ae ne ? locating the points of a 


survey. In Fig.6, the point 
A may be located by the 
distance CA perpendicular 
to the meridian TT’ and 
the distance DA perpen- 
dicular to the axis GG’. 
The perpendicular distance 
from the meridian to a 
point is called the total 
oeaa departure of the point, and 
the perpendicular distance 
trom the east-and-west axis to the point is its total latitude. 
Thus, the total departure of B is the distance EB perpendicu- 
lar to TT’, and the total latitude of B is the distance F B 
perpendicular to GG’. 

The total latitude and the total departure of A are also equal 
to the distances OC and OD, respectively; and the values for 
BareOQEandOF. That is, the total latitude of a point is the 
distance measured along the meridian from the intersection of 
the reference axes to the foot of the perpendicular from the 
point to the meridian. The total departure of a point is 
the distance measured along the east-and-west axis from the 
intersection of the axes to the foot of the perpendicular from 
the point to the axis. 

The departure and latitude of a course are distances parallel 
to the reference axes; and the totai departure and total 
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latitude of a point are also distances parallel to the axes. 
It must be kept in mind, therefore, that the terms departure 
and latitude refer to a line, whereas total departure and total 
latitude refer to a point. 

The total departure is said to be east or west according as 
the point is east or west of the meridian; the total latitude is 
north or.south according as the point is north or south of the 
east-and-west axis. North total latitudes and east total 
departures are considered positive, and south total latitudes 
and west total departures are negative. In Fig. 6, the total 
latitude of A is OC or DA, and that of B is —OE or —FB; 
the total departure of A is OD or CA, and the total departure 
of Bis —OF or —EB. 


11. Determination of Total Latitudes and Total Depar- 
tures.—For computing the total latitudes and the total 
departures of the points of a survey, the reference axes are 
chosen through some corner of the survey; both values for 
this point are, therefore, equal to zero. For example, in Fig. 7, 
the axes GG’ and TT’ T 
pass through the corner 
A; the total latitude and 
the total departure of A 
are then equal to zero. 
The total latitude of the 
point Bis EB, which is e 
equal to the latitude of 
the course AB. The 
total latitude of the 
point C is HC, which is 
equal to HK+KC; but 
since HK is equal to 
EB or the total latitude of the point B, and KC is the latitude 
of the course BC, the total latitude of C is equal to the total 
latitude of B plus the latitude of the course BC. The total 
latitude of D is — LD, which may be considered as equal to HC 
—CM;; thus, the total latitude of D is equal to the total lati- 
tude of C minus the latitude of CD./ The total departure of 

321B—6 


Fic. 7 
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a point can be found in a similar manner. The computations 
may, therefore, be made by applying the following rules: 


Rule I.— The total latitude of a point 1s equal to the total 
latitude of the preceding point plus or minus the latitude of the 
course between them. If the latitude of the course ts a northing, 
it is added; and if it 1s a southing, its numerical value 1s sub- 
tracted. 


Rule II.—The total departure of a point is equal to the total 
departure of another point plus or minus the departure of the 
course between them. If the departure of the course ts an easting, 
it 1s added; and tf it 1s a westing, it 1s subtracted. 


The following rules for addition and subtraction will be 
helpful: 


Rule III.— Jf both numbers have the same sign, add the 
numerical values and prefix the common sign. 


Rule IV.—If the numbers have different signs, subtract the 
smaller numerical value from the larger and prefix the sign of 
the larger. 


For example, according to rule III, +3+2=+5 and —4—6 
=—10. By rule IV, +5—3=+2, —3+6=+3, and +5—6 
=—1. 

Computations for determining total latitudes and total 
departures are shown in the following example. In all cases, 
it is advisable to make a diagram of the conditions. 

EXAMPLE.—The latitudes and the departures of the courses in Fig. 8 


are given in the following table. Find the total latitudes and the total 
departures of B, C, D, and E with respect to axes GG’ and TT’ through A. 


Course Latitude Departure 
AB +216 +153 
Bie — 97 +271 
Gp — 244 — 59 
DE —100 — 500 


SOLUTION.—The total latitude and the total departure of A are evi- 
dently equal to zero. 
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The total departure of B is, by rule II, equal to the total departure of A 
plus the departure of A B, or 0+153=153. Ans. 

The total departure of C is equal to the total departure of B plus the 
departure of BC, or 158+-271=424. Ans. 

The total departure of D is equal to the total departure of C minus the 
departure of C D, or 424—59=365. Ans. 

The total departure of E is equal to the total departure of D minus the 
departure of DE, or 365—500. The difference between the numerical 
values is 500—365=135; since the larger number has a negative sign, the 
result is —135. Ans. 


This negative sign indicates that E is west of the meridian through A. 
The total latitudes are found in a similar manner by applying rule I. 


For B, 0+216=216. Ans. 

For C, 216—97=119. Ans. 

For D, 119—244=—125. Ans. 
For £, —125—100=—225. Ans. 


The negative signs for D and E indicate that these points are south of A. 


12. In order to compute the total latitude and the total 
departure of E, Fig. 8, by the preceding method, it was neces- 
sary to determine the rT 
values for the points B, 

C, and D also. Often, B 

the locations of these 

intermediate points are Cc 
not needed. In such a 

case, it is more conve- @”’ er) 
nient to apply the follow- 

ing rules: In 


Rule I.—To find the 
total latitude of any point, 
take the sum of the north- 
ings and the sum of the i 
southings of the courses ini 
between the starting point 
and the point in question; find the difference between these sums. 
If the northings exceed the southings, add this difference to the 
total latitude of the starting point; if the southings are greater 
than the northings, subtract the difference from the given total 


latitude. 
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Rule II.—To find the total departure of a point, take the 
difference between the sum of the eastings and the sum of the 
westings. Add the difference to, or subtract 1t from, the total 
departure of the starting point according as the eastings or the 
westings are greater. 


EXAMPLE.—Using the values given in the example in Art. 11, find the 
total latitude and the total departure of E with respect to axes through A. 


SoLuTION.—The only northing is 216, and the sum of the southings is 
97+244+100=441. The difference between these sums is 441 —216 = 225. 
Since the southings are greater than the northings, the difference is sub- 
tracted from the total latitude of A, which is zero. Hence, the total lati- 
tude of E is O—225=—225. Ans. 

The sum of the eastings is 153-++271=424, and the sum of the westings 
is 59+500=559. The difference between the sums, which is 559—424 
=135, is subtracted because the westings are greater. Hence, the total 
departure of # is O-135=—135. Ans. 


13. Latitude and Departure of Line From Total Latitudes 
and Total Departures of Its Ends.—In many cases, the total 
latitudes and the total 
departures of two points 
are known, and it is 
required to find the lati- 
tude and the departure 
of the course between 
the points. For these 
calculations, the follow- 
ing rule may be applied: 


Rule.— The latitude, or 
the departure, of a course 
ts equal to the difference be- 
tween the total latitudes, or 
the difference beiween the 

aes total departures of the 
extremities of the course. 

For example, in Fig. 9, the latitude of the course AB is equal 
to the total latitude of B minus the total latitude of A; that is, 
CD=OD—OC. Similarly, the latitude of the course A’B’ is 
equal to the total latitude of B’ minus the total latitude of A’, 
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or C’D’=OD’—OC’. To find the latitude of a course one end 
of which is north of the reference axis and the other end of 
which is south of the axis, the negative sign of one of the values 
must be considered. Thus, to determine the latitude of AA’ 
by the preceding rule, the total latitude of A is taken as +OC 
and that of A’ as —OC’. Their difference may then be indi- 
cated as OC—(—OC’). The rule for subtracting a negative 
number from a positive one is to change the sign of the sub- 
trahend and add it to the minuend. Hence, OC—(—OC’) 
=OC+0C’. Since OC+O0C’ is equal to CC’, which is the 
latitude of AA’, the foregoing rule applies to this condition 
also. 

The departure of a course may be found in a similar manner. 
For instance, the departure of AB is equal to OF—OE; the 
departure of A’B’ is equal to O F’— OE’; and the departure of 
AA’ is OE—(—OE’)=0OE-+0E’. 

When the reference axes pass through one end of a course, 
the total latitude and the total departure of this end are zero 
and the latitude and the departure of the course are equal, 
respectively, to the total 7 
latitude and the total 
departure of the other 
end of the course. 


14. Inthe preceding 
article, the numerical 4&* 
values of the latitude 
and the departure of a 
course were found, but 
the direction of the : 
course was not consid- a - 
ered. This is determined 
by inspection of the given values for the ends of the course 
or by means of a sketch showing the relative positions of the 


ends. 


EXAMPLE 1.—In Fig. 10, the total latitude and the total departure of 
the point A are, respectively, 28 and —85; and, for the point B, the total 
latitude is —114 and the total departure 66. Find the latitude and the 
departure of the course AB. 


114 
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SoLuTION.—The difference between the total latitudes of A and B is 
28—(—114) =28+114=142. Since B is evidently south of A, the lati- 
tude of AB is a southing and is, therefore, —142. Ans. 

The difference between the total departures of A and B is 66—(—85) 
=66+85=151. In this case B is east of A and the departure of AB is an 
easting. Hence, its valueis 151. Ans. 


s 
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EXAMPLE 2.—In Fig. 11, A and B are two points on opposite sides of a 
hill, between which it is necessary to construct a tunnel for a railroad. In 
order to locate a straight line from A to B, the random survey ACDEB 
was run around the hill. From the field notes given in the following 
table, compute the length and the azimuth of AB. 


Course Length Azimuth 
AG 122.14 ADS ASS 
GP 118.60 58° 10’ 
DE 120.48 103° 20’ 
EB 136.91 BBuhe By 


SoLUTION.—First, the azimuths are changed to bearings and the lati- 
tudes and the departures of the courses are computed. The results are 
tabulated as follows: 


Latitude Departure 
Course Length Bearing =< 
N SS) E W 
AC 122.14 S 58°15’ E 64.27 103.86 
CD 118.60 N 58° 10’ E 62.55 100.76 
DE 120.48 S 76° 40’ E 27.79 | 117.23 
EB 136.91 N 25° 57’ W 123.10 59.91 


The reference axes are taken through A. The sum of the northings is 
62.55+ 123.10=185.65; ‘of the southings, 64.27-+27.79=92.06; of the 
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eastings, 103.86+100.76+ 117.23 =321.85; and of the westings, 59.91. 
The difference between the northings and the southings is 185.65—92.06 
= 93.59; the total latitude of B is, therefore, +93.59. Similarly, the total 
departure of B is 321.85—59.91=261.94. Since the total latitude and the 
total departure of A are equal to zero, the latitude of AB is equal to the 
total latitude of B and the departure of AB is the total departure of B, 
Thus, the latitude ¢ of AB is +93.59 ft. and its departure g is +261.94 ft. 
Then, by formula 3, Art. 5, 
g 261.94 
t. 93.59 

Since both g and # are positive, the azimuth of AB is equal to G, or 
70° 20’. Ans. 

By formula 4, Art.5, 


g 261.94 
j=—2—=——~__ = 978.16 ft. Ans. 


, whence G=70° 20’ 


EXAMPLES FOR PRACTICE 


1. In the second and third columns of the following table are the 
lengths and the azimuths of the courses in the first column. (a) Compute 
the latitudes and the departures of the courses and compare the results with 
those given in the fourth and fifth columns. (0) Assuming the reference 
axes to pass through A, determine the total latitude and the total depar- 
ture of each corner; the values are given in the last columns. 


Cor- Total Total 


Course] Length Azimuth Latitude Departure = alll eparitade Depa 


AB | 638.85 | 35° 16’ | +-521.60 | +368.86 
BC | 943.32 | 119° 43’ | —467.62 | +819.26 
CD } 719.98 | 171° 58’ | —712.92 | +100.62 
DE | 620.20 | 260° 38’ | —100.94 | —611.93 
EF | 649.07 | 352° 56’ | +644.14 | — 79.85 


+521.60 | + 368.86 
+ 53.98 | +1,183.12 
—658.94 | +1,288.74 
—759.88 | + 676.81 
—115.74 |+ 596.96 


saw | 


2. Determine (a) the length and (b) the azimuth of the line from A to 
F in example 1. i 608.05 
ADS.) (5) 100° 58’ 
3. The latitude of a course is —317 feet and its departure is 425 feet. 
Determine (a) the length and (b) the bearing of the line to the nearest five 
minutes. ee (a) 530 ft. 
ANG) S 532 157 &, 
4. Find the latitude ¢ and the departure g of the line from C to E in 
example 1. t= —813.86 
ae ae —511.31 
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BALANCING SURVEYS 


ERROR OF CLOSURE 


15. Total Error of Closure.—If the lengths and the bear- 
ings of all the courses of a survey were measured with absolute 
exactness, and those measurements were plotted with equal 
accuracy, the courses of a survey that starts and ends at the 
same point would form a closed polygon. However, no matter 
how carefully a survey is made, all sources of error cannot be 
entirely eliminated. Therefore, if the courses are plotted 
according to the field measurements, the end of the survey 
never coincides exactly 
with the starting point. 
In Fig. 12, ABCDEA, 
is the plot of a closed 
traverse made accord- 
ing to the recorded field 
notes. The starting 
point A and the end A; 
represent the same point 
on the ground but do 
not coincide on the map 
because of errors in the 
work (the distance be- 
tween A and Ai is shown 
exaggerated for clear- 
ness). The length of 
the line joining the beginning of the first course of a closed 
traverse and the end of the last course determined by the field 
measurements is called the total error of closure. In Fig. 12, 
the length of AA, is the total error of closure. 


HrG., 12 


16. Relative Error of Closure.—It is to be expected that 
in long surveys the total error of closure will be greate: than in 


° 
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short surveys, if the same precautions are taken in both cases. 
Therefore, the total error of closure does not indicate the rela- 
tive degrees of accuracy of two surveys of different lengths. 
As a basis for determining the degree of accuracy of a survey 
of any length, the error should be reduced to the amount in a 
unitlength. Thisis found by dividing the total error of closure 
by the total length of the courses of the survey, and is called 
the relative error of closure. For example, if the sum of the 
lengths of the courses is 3,575 feet and the total error of 
2.5 1 
3,575’ 1,430" 
The relative error of closure is commonly expressed as a frac-: 
tion having a numerator equal to unity, or as a ratio such as 
1 in 1,430, although it is sometimes given as a decimal, such as 
0007. In an ordinary compass survey, the relative error cf 


closure is 2.5 feet, the relative error of closure is 


1 : 4 ; s 
closure should be less than 300° and in ordinary transit work 


it should be not greater than In some cases, the limit 


5,000 


Ss —, and in very accurate work, the error should be less 
10,000 


i 


than 20,000" 

17. Formulas for Error of Closure.—In Fig. 12, let the 
line TT’ represent the meridian through A, and GG’ the east- 
and-west reference axis. Draw AH parallel to fe peel nen 
the total latitude of A, which is HAi, is equal to the difference 
between the sum of the northings and the sum of the south- 
ings of the courses. The total departure of Au, which is AH, 
is equal to the difference between the sum of the eastings and 
the sum of the westings. 

From the right triangle AMA1, 


AAr= VHA1 + AH 
Let E=total error of closure; ; 


S, == difference between sums of northings and southings; 
S,=difference between sums of eastings and westings. 
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Then, E=VS2+S; (1) 
Also, let e=relative error of closure; 
S;=sum of lengths of courses. 
E 
Then, e=— 2) 
en S ( 


In Fig. 12, the reference axes were taken through A but 
formula 1 is true for any positions of the axes. 


18. Determination of Error of Closure.—The calculations 
for finding the error of closure from the notes in Table I will 
be given for illustration. The sum of the northings is 651.59 
+296.62+499.89 = 1,448.10; of the southings, 403.22+619.79 
+256.27+168.05 = 1,447.33; of the eastings, 101.45+847.02+ 
436.20+103.53 = 1,488.20; and of the westings, 290.68 + 223.44 
+974.60=1,488.72. The difference between the northings 
and the southings is S;=1,448.10—1,447.33=0.77 foot; and 
the difference between the eastings and the westings is S, 
= 1,488.72 —1,488.20 =0.52 foot. The total error of closure is, 
therefore, 

E=VS2+S2= V.77?+.522=.93 foot 

The sum of the lengths of the courses is S;=4,703.33, say 

4,703, and the relative error of closure is 
Ee 93 1 
Od 704 oat eoae ee OD 

19. In computing the error of closure for a survey, only 
the courses that form boundaries of the field should be con- 
sidered; lines locating objects, or courses that were taken for 
reference, should be omitted. On the other hand, the courses 
considered must form a closed figure in the field. 

If the error of closure is very small, say less than 1 in 20,000, 
it may be disregarded and the measurements assumed to be 
correct. If the error of closure indicates that the work is 
sufficiently accurate but not very exact, the field measurements 
are corrected to eliminate the error and thus balance the 
survey. If the error of closure is greater than the allowable 
value for the kind of work, the measurements and the calcula- 
tions should be checked to locate any mistakes. 
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EXAMPLE FOR PRACTICE 


The field notes and the calculated latitudes and departures for a survey 
fellow. Determine (a) the total error of closure and (6) the relative error 
of closure. 


Course Length Azimuth | Latitude Departure 
AB 638.85 Bs NG | +521.60 +368.86 
BG 943.32 119° 43’ — 467.62 +819.26 
CD 719.98 able —712.92 +100.62 
DE 620.20 260° 38’ — 100.94 — 611.93 
EF 649.07 352 567 +644.14 — 79.85 
FA 607.36 280° 57’ +115.37 — 596.30 

(a) .76 
Ans.{ (b) .00018 


METHODS OF BALANCING 


20. Explanation.—In Fig. 12, A and A; represent the same 
point on the ground. Hence, in a closed traverse the sum 
of the northings of the courses should equal the sum of the 
southings, and the sum of the eastings should equal the sum of 
the westings. In order to make each of the values, S; and S,, 
in the formula E= VS?24+S,? equal to zero, and thus reduce 
the error of closure to zero, it is necessary to revise the notes. 
The adjustment, which consists of applying corrections to the 
latitudes and the departures of the courses, is called balancing 
the survey, although it might be called balancing the notes. 


21. Correcting Measurements.—There are two general 
methods of correcting the measurements of the courses. One 
is based on the fact that the chances of error are greater in 
making a difficult measurement than in making one under more 
favorable conditions. In the other method, it is assumed that 
all lines are measured under similar conditions. For ordinary 
surveys, the second method is usually preferred, as it is con- 
sidered an unnecessary refinement to apply the first method. 


22. Transit and Compass Methods.—In a transit survey, 
it is commonly assumed that the instrument work and the 
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chaining are done with equal accuracy, but in a compass 
survey the angular error is necessarily larger than that per- 
missible in transit work. Therefore, the method of balancing 
for a transit survey differs from that for a compass survey. 


23. Angular Error.—In a transit survey, it is customary 
to test the accuracy of the instrument work before an attempt 
is made to balance the survey. The error in the measurement 
of the angles of a closed traverse is determined as follows: 

If the method of direct angles is employed, the measured 
angles are the interior angles of a polygon, and, therefore, their 
sum should be equal to 180° X (w—2), in which is the number 
of courses in the traverse. Thus, the sum of the interior angles 
of a field having six sides should be 180° (6--2) =720°. 
If the sum of the measured angles is 720° 1’, the angular error 
is 1 minute or 60 seconds. 

If the method of deflection angles is used, the difference 
between the sum of the deflections to the right and the sum of 
the deflections to the left should be equal to 360°. The amount 
by which the actual difference varies from 360° is the angular 
error. 

If the method of azimuths is used, the azimuth of one course 
is found both at the beginning and at the end of the survey; 
the second value should agree with the first. Thus, in Fig. 7, 
the azimuth of A D may be determined from A when the survey 
is started and then the azimuth of DA may be found when the 
transit is set at D. The back azimuth of DA should be equal 
to the azimuth of A D; the difference between the two values is 
the angular error. 

The allowable angular error is generally assumed to be 
proportional to the square root of the number of angles 
measured. 

Let Eq=total allowable angular error; 

N=number of angles measured; 
€a=allowable error in one angle. 

Then, a 6a VN 

The value of eg may be taken as about one-half of the least 
reading of the transit vernier. 
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If the actual angular error is not much greater than the allow- 
able error, the transit work may be assumed to be correct. 
Nevertheless, some of the angles are corrected so that no 
angular error remains. The angles where errors probably 
occurred can usually be determined by inspection of the survey. 
In other cases, the errors should be assumed to be in the angles 
adjacent to short lines, since any error in sighting or setting up 
causes a greater angular error when the sides of the angle are 
short than when they are long. 

If the actual error exceeds the total allowable error by more 
than 1 or 2 minutes, the angles must be measured again to get 
more accurate results. It is, therefore, advisable to test the 
accuracy of the transit work while the party is yet in the field. 


24. Balancing Transit Surveys.—After the angles of a 
transit survey have been adjusted, the latitudes and the 
departures of the courses are corrected. The corrections to 
be applied are determined by the following formulas: 


a=) (1) 


G=EX— (2) 


in which ra hilar of course; 
=correction to latitude; 
ae difference between sum of northings and sum of 
southings of courses of survey; 
R,=sum of numerical values of northings and south- 
ings; 
g=departure of course; 
Cy =correction to departure; 
S,=difference between sum of eastings and sum of 
westings; 
R,=sum of numerical values of eastings and westings. 
If the northings exceed the southings, the corrections are to 
be subtracted from the north latitudes and added to the south 


latitudes; if the southings are greater, the corrections are 
added to the north latitudes and subtracted from the south 
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latitudes. Similarly, if the eastings are greater than the 
westings, the corrections are subtracted from the east depar- 
tures and added to the west departures; if the westings are 
greater, the corrections are added to the east departures and 
subtracted from the west departures. 

The lengths and the azimuths of the courses to be used in the 
description of the survey are calculated from the corrected 
latitudes and departures. Occasionally, the azimuth of a 
course is changed again by the changes in the latitude and the 
departure but, usually, the direction of the line is not affected. 


Let g’=corrected departure; 
t’=corrected latitude; 
G’ =corrected bearing; 
l’=corrected length. 


, 


Then, tanG = = (3) 
i 
g’ 
]’ =—— 4 
sin G’ en 
re 
|'= 
cos G’ (5) 


V=W2+g% (6) 
The azimuth can be found from the bearing. 


25. In Table II are shown the calculations for balancing the 
transit survey for which the notes are given in Table I. It 
is assumed that the transit work is correct. The azimuths 
and the lengths of the courses, without parentheses, are copied 
from the field notes, and the latitudes and the departures, with- 
out parentheses, are calculated from them. The difference 
between the northings and the southings is S;=.77 and their 
sum is R,;=2,895.43. Similarly, S,=.52 and R,=2,976.92. 


The relative error of closure was found to be ; therefore, 


tate 

5,060 

the work is sufficiently accurate for balancing the survey. 
Next, the corrections to the latitudes and departures are 


computed by means of formulas 1 and 2, Art. 24. Since 
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the northings exceed the southings, the corrections will be 
subtracted from the north latitudes and added to the south 
latitudes; since the westings are greater than the eastings, the 
corrections will be subtracted from the west departures and 
added to the east departures. The corrections are tabulated 


Sear tie S 
as follows, — b OG ’ : he 
R eing equal to 2.895 or .00027, and R being 


52 
eee OL OO00L7.) Si ing i 
2977 or te, ince the method of balancing is 
approximate, the values of t and g may be taken to the nearest 
10 feet. A slide rule will prove convenient for these computa- 


tions. 


equal to 


CouURSE Ct GF 
AB 650 X .00027 = —.17 100 X .00017 = +.02 
BC 300 X .00027 = —.08 850 X .00017 = +.15 
GD 400 X .00027 = +.11 440 x .00017 = +.07 
DE 620 X .00027 = +.17 100 X .00017 = +.02 
EF 260 X .00027 = +.07 290 x .00017 = —.05 
FG 500 X .00027 = —.13 220 X .00017 = —.04 
GA 170 X .00027 = +.04 970 X .00017 = —.17 


In order to make the error of closure zero, the sum of the 
numerical values of the corrections to the latitudes must equal 
S, and the sum of the corrections to the departures must equal 
S,. For this reason, the computed values are adjusted slightly ; 
thus, c, for AB is called .17 although it is a little nearer .18, 
c for GA is taken as .04, c, for BC is made .15, and c, for GA 
is called —.17. The corrected latitudes and departures are 
written in parentheses above the calculated values. In 
practice, the calculated values are crossed out, but not erased, 
and no parentheses are used around the corrected values. 

The corrected lengths and azimuths are then determined 
from the corrected latitudes and departures. For instance, the 


/ 
corrected angle G’ for BC is found by the relation, tan G’ == 


847.17 


=---"— whence G’ =70° 42’. Since g’ and ¢’ are both positive, 
296.54 
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the azimuth of BC is 70° 42. 
| =——_ = ——— = 897.62 feet. 


sinG’ sin 70° 42’ 
It will be noticed that in some cases the corrected lengths 
are greater than the corresponding measured distances. Since 
lengths are likely to be measured too long rather than too short, 


TABLE II 


The corrected length of BC is 


COMPUTATIONS FOR BALANCING TRANSIT SURVEY 


Course Azimuth Length 
(659.27) 

AB So Ele 659.43 
(897.62) 

BC 70° 42’ 897.46 
(594.11) 

GD Hew Lasy 594.01 
(628.55) 

DE (Oma 628.37 
(228° 35’) | (387.56) 

EF 228° 36’ 387.52 
(547.41) 

FG 33857 05° 547.55 
(988.80) 

GA 260° 12’ 988.99 
4,703.33 


Latitude Departure 
N iS) E WwW 
| (651.42) (101.47) 
651.59 101.45 
(296.54) (847.17) 
296.62 847.02 
(403.33) | (486.27) 
403.22 436.20 
(619.96) | (103.55) 
619.79 103.53 
(256.34) (290.63) 
256.27 290.68 
(499.76) (223.40) 
499.89 223.44 
(168.09) (974.48) 
168.05 974.60 
1,448.10 | 1,447.33 | 1,488.20 | 1,488.72 
1,447.33 | 1,448.10 | 1,488.72 | 1,488.20 
77 | 2,895.43 | 2,976.92 02 


unless the tape is too long, some engineers prefer to make the 
adjustments entirely by subtracting from the greater values so 
that no lengths will be increased. 


26. Balancing Compass Surveys.—The method of balanc.. 
ing a compass survey differs from that employed for a transit 
survey only in the formulas for determining the corrections 
which are applied to the latitudes and the departures. Fora 
compass survey, the following formulas are used: 
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Let /=length of course; 
¢:=correction to latitude; 
Cg =correction to departure; 
S:=sum of lengths of courses; 
S:=difference between sum of northings and sum of 


southings; 
S, = difference between sum of eastings and sum of west- 
ings 
> 
Then, ca ay CL) 
Si 
So 
=i X— 2 
Cg=lX e (2) 


Since the bearings in a compass survey are accurate only to 
the nearest 5 minutes, they are seldom affected by the adjust- 
ment of the latitudes and the departures. The lengths of the 
courses, however, must usually be changed to agree with the 
corrected latitudes and departures. The new bearings may be 
determined by applying formula 3, Art. 24. The new lengths 
may be found by formula4, 5, or 6, Art. 24, but they 
can be determined more easily by applying corrections to the 
measured lengths. The corrections may be calculated by 
means of the formula 

a=tx 5,78 S, 
in which c¢=correction to length of course; 
t=latitude of course; 
g=departure of course; 


Si, S:, and S, have same meanings as in formulas 1 and 2. 


It will be noticed that the signs of all the terms in the formula 
are plus, but that is the case only when the corrections are 
added to both the latitude and the departure of the course in 
question. The method of applying the formula under other 
conditions is shown in the following calculations. 


27. In the first three columns of Table III are given the 
courses, the bearings, and the lengths (without parentheses), 
321B—7 
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which are copied from the field notes for a compass survey. 
In the other columns are the calculated latitudes and depar- 
tures (also without parentheses). It is required to balance 
the survey. The corrections to the latitudes and the depar- 
tures are found by formulas 1 and 2, Art. 26. Here, the 
sum of the northings is 545.1, the sum of the southings is 547.8, 
and S, is 547.8—545.1=2.7. The sum of the eastings is 441.1, 
the sum of the westings is 439.2, and S, is 441.1—439.2=1.9. 


The sum of the lengths, S;, is 1,614.3. Then, 5 aot 
Ss, 19 Si 1,614 
=.0017 and S161 4 — 0012. The computations may be 
arranged as follows: 
CouRSE Ct Ge 
AB 300X.0017= .5 300 X .0012 = —.4 
BC 220 0017 = » .4 220 X .0012 = —.3 
CD 190 X .0017 = —.3 190 X .0012 = —.2 
DE 270 X .0017= —.5 270X.0012= 3 
EF 370 X .0017 = —.6 370X.0012= 4 
FA. . 250X.0017= 4 250X .0012=. <3 


Since the southings exceed the northings, the corrections 
are added to the north latitudes and subtracted from the south 
latitudes, as indicated by the signs. Similarly, since the east- 
ings exceed the westings, the corrections are added to the 
west departures and subtracted from the east departures. 
Here the corrected values are written in parentheses above the 
computed values; but in practice the computed values would 
be crossed out and the corrected values would not be enclosed 
in parentheses. 

The corrections to the original lengths are found by using 
formula 8, Art. 26. For AB, c.=260X.0017—150X .0012 
=.3. Since the correction was added to the latitude of AB, 


Sie ; ‘ ; 
the term X= is plus; but since the correction was subtracted 
1 
5. 
from the departure of AB, the term sxe is minus. The 


U 
value of c is plus and is added to the original length of AB 
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For BC, «=37X.0017 —220.0012=—.2. The value of 
¢ is minus and is subtracted from the original length of BC. 
For CD, «=—180X.0017—72X.0012=—.4. The cor- 
rections were subtracted from both the latitude and the depar- 


Ss 
ture of CD; hence, both Se and sxe are minus. 
t 


ui 


For DE, a= —270X.0017+ 58x.0012=—.4. 


For EF, «= —100X.0017+360X.0012= 3. 
For FA,q= 250X.0017+ 20x.0012= .4. 
TABLE III 
COMPUTATIONS FOR BALANCING COMPASS SURVEY 
Latitude Departure 
Course Bearing Length 
N S) E Ww 
(N 30° 15’ E) (300.3) | (259.4) (151.1) 
AB N 30° 20’ E 300.0 258.9 151.5 
(N 80° 15’ E) (220.4) (37.4) (217.2) 
BC N 80° 20’ E 220.6 37.0 217.5 
(193.4) (179.6) | (71.9) 
CD S217 50" E 193.8 179.9 72.1 
(S25 15.) (274.6) (268.3) (58.3) 
DE S 12° 10’ W 275.0 268.8 58.0 
(S 74° 45’ W) (375.2) (98.5) (362.0) 
EF S 74° 40’ W 374.9 99.1 361.6 
(250.4) | (249.6) (19.9) 
FA N 4°30’ W 250.0 249.2 19.6 
1,614.3 545.1 547.8 441.1 439.2 
545.1 439.2 
2.7 1.9 


Approximate values of ¢ and g are close enough for these 


calculations. 


The corrected lengths and bearings are written 


here in parentheses over the original values in the table. 


28. Supplying Omissions.—It is sometimes impossible 
to determine by direct measurement the lengths and the direc- 
tions of all the ‘sides of a closed field; moreover, omissions 


sometimes occur in the notes from accident. 


In a closed 
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survey in which there are two omissions, the missing parts can 
be supplied from the other parts by calculation. Suppose, 
for example, that very thick woods make it impracticable to 
measure the length and the azimuth of the side CD in the 
survey for which the notes are given in Table I. Then D 
would be taken as the starting point of the survey and the 
notes would be arranged in the following form: 


Latitude Departure 
Course Azimuth Length 
N iS) E WwW 
DE ida Gall! 628.37 619.79 103.53 
EF 228° 36’ 387.52 256.27 290.68 
FG Bn way 547.55 499.89 223.44 
GA 260° 13’ 988.99 168.05 974.60 
AB Seok? 659.43 651.59 101.45 
LG 70° 42’ 897.46 296.62 847.02 


The length and the azimuth of CD may be found from the 
total latitude and the total departure of C with respect to axes 
through D. The sum of the northings is 499.89+651.59 
+296.62 = 1,448.10; of the southings, 619.79+256.27+ 168.05 
= 1,044.11; of the eastings, 103.53-++ 101.45 + 847.02 = 1,052.00; 
and of the westings, 290.68-+223.44+974.60=1,488.72. The 
total latitude of C with respect to D is 1,448.10—1,044.11 
= 403.99, and its total departure is 1,488.72 — 1,052.00 =436.72. 
Since C is north of D, the latitude of CD is a southing; and 
since C is west of D, the departure of C D is an easting. Then, 
by formula 3. Art. 5, 

tan Gaf 1802 
t 403.99 
Whence G=47° 14’ 


Since g is positive and ¢ is negative, the azimuth of CD is . 
equal to 180°—G=180°—47° 14’=132° 46’. The length of 
CD is, by formula 4, Art. 5, 


OFFICE WORK IN ANGULAR SURVEYING’ 33 


The case shown in Fig. 11 is another in which it is necessary 
to supply omissions. The line AB may be considered asa side 
of the closed survey ACDEBA; and its length and azimuth 
may be found from the measurements of the other sides as 
previously shown. 

The surveyor should make every measurement that is prac- 
ticable so as to avoid the necessity of supplying omissions by 
computation; for, when values are determined in this manner, 
it must be assumed that the remaining field notes are exactly 
correct. Consequently, there are no means of balancing the 
survey, and all errors are thrown in the part or parts supplied, 


EXAMPLES FOR PRACTICE 


1. In the following table are given the latitudes and the departures 
of the courses of a closed transit traverse as computed from the field 
measurements. (a) Calculate the total error of closure. (b) Verify the 
corrected latitudes and departures and the corrected azimuths and lengths. 


Ans. (a) .70 
Calculated | Calculated | Corrected | Corrected | Corrected {Corrected 
Course Latitude | Departure | Latitude | Departure Azimuth | Length 


AB +521.60 | +368.86 | +521.51 | +368.94 | 35°17’ | 638.87 


BC — 467.62 | +819.26 | —467.70 | +819.43 | 119° 43’ | 943.54 
(Gad) —712.92 | +100.62 | —713.04 | +100.64 | 171° 58’ | 720.10 
DE —100.94 | —611.93 | —100.96 | —611.80 | 260° 38’ | 620.07 


EF +644.14 | — 79.85 | +644.03 | — 79.84 | 352° 56’ | 648.97 
FA +116.18 | —597.50 | +116.16 | —597.37 | 281° 00’ | 608.56 


2. The following table contains the lengths and the bearings of the 
courses of a compass survey, the values of the latitudes and the departures 
as computed from the original notes, and the corrected values of the lati- 


: h Corrected | Corrected | Corrected 
Course| Bearing | Length t g t g Length 


AB |N 41° 30’ E} 10.47 | + 7.84 | + 6.94] + 7.85] + 6.96} 10.49 
BC IN 75° 15’ E| 11.86 | + 3.02 | +11.47 | + 3.03 | +11.49| 11.89 
CD|S 20° 45’ E| 11.64 | —10.88 | + 4.12 | —10.87| +.4.14}) 11.64 
DE |S 57° 45’ W| 15.78 | — 8.42 | —13.35 | — 8.40 | —13.82]| 15.74 
EA|N 48° 00’ W| 12.52 | + 8.38 | — 9.30] + 8.39] — 9.27) 12.51 
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tudes, the departures, and the lengths. (a) Verify the original values of 
the latitudes and the departures, and the corrected values of the latitudes, 
the departures, and the lengths. (6) Calculate the relative error of closure. 

Ans. (5) .002 


3. From the following notes, determine (a) the length and (6) the 


bearing of the line PQ. yee (a) 823.0 ft. 
“| (0) N 74°5’E 
Course Length Bearing 
PA 300.0 N 45° E 
AB 200.0 S 70° E 
BC 250.0 due east 
cQ 163.4 N 60° E 


PLOTTING SURVEYS 


INTRODUCTION 


29. Definition and Methods.—A plot of a survey shows 
on paper the relative locations of points and objects on the 
ground. The plot is constructed by drawing lines to represent 
the courses whose lengths and directions have been determined 
by measurement and have been recorded in the notes. Although 
there are many methods of plotting, the points of a survey are 
commonly located either by latitudes and departures, or by 
lengths and bearings or azimuths. In a compass survey, the 
method of lengths and bearings is always used. Ina transit 
survey, the method of latitudes and departures is generally 
employed for locating important points and the method of 
lengths and azimuths is used for filling in details. 


30. Instruments.—The instruments commonly used in 
plotting are a drawing board, a sharp hard pencil, a scale, a 
protractor, two triangles, anda T square, all of which have been 
described in connection with Geometrical Drawing. Special 
forms of the T square and the protractor will be described here. 
A long straightedge, preferably of steel, is sometimes con- 
venient. A parallel ruler is often used instead of a T square. 
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31. TSquare.—In one style of T square, the blade is fixed 
at right angles to the head, and, therefore, only parallel lines 
at right angles to the edge of the board can be drawn. For 
drawing parallel lines not perpendicular to the edge of the 
board, the type of T square shown in Fig. 13 is convenient. 


Fre. 13 


The head is divided into two separate parts, which are held 
together by means of a bolt and a nut. 

When the nut is loosened, one part can be rotated to the right 
or to the left with respect to the other section; the two pieces 
are then held in position by tightening the nut. The upper 
part of the head, c, is rigidly fixed at right angles to the blade d, 
and, when the lower part of the head is kept against the edge of 
the drawing board, the blade moves parallel to itself as the 
instrument slides. 


32. Parallel Ruler.—The type of parallel ruler generally 
used is shown in Fig. 14. It consists of a metal straightedge 
which is mounted on milled rollers of equal diameter attached 


to a common shaft. If the ruler is carefully rolled over a 
surface without lifting either roller, the straightedge will move 
parallel to itself. Hence, if one edge of the ruler is placed 
along a given line, a parallel line through any point can be 
obtained by rolling the instrument until an edge passes through 
the desired point, and then drawing a line along that edge. 
Owing to the greater cost of parallel rulers and to the fact that 
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more care must be exercised to give as good results, parallel 
rulers are not used so much as T squares. 


33. Protractors.—The simple semicircular protractor has 
been described in a preceding Section. The type shown in 
Fig. 15 is an ordinary metal protractor with a rotating arm, or 
blade, a, which extends from the center of the graduated 
circle. In order that the center may be set accurately at the 
desired point on the paper, it is marked by cross lines on a 


transparent celluloid disc in the joint b by which the blade is 
attached. For laying off angles in transit work, the arm of the 
protractor is supplied with a vernier c, by means of which 
settings can be made to the nearest minute. In Fig. 15 the 
half-degree graduations are omitted to make the illustration 
clearer. 

In using protractors such as those already described, it is 
necessary to move the protractor for every new point where 
angles are measured; thus, much time is required and there is 
likely to be some error in placing the protractor in the proper 
position at each point. The form of protractor often used in 
plotting lines by bearings or azimuths is the paper protractor, 
which can be tacked to the drawing board and kept in one 
position for plotting many lines. The paper protractor is a full 
circle printed from accurately engraved plates on a sheet of 
drawing paper, tracing paper, or bristol board. ‘The circle is 
from 8 to 14 inches in diameter and is graduated to half or 
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quarter degrees; the numbers of the graduations are not printed 
on the sheets but are written on by the draftsman in the manner 
most convenient for his purpose. For bearings, the gradua- 
tions are numbered in quadrants from 0° to 90° in each direc- 
tion, similar to those on the needle circle of a compass, so 
that bearings can be readily found. For azimuths the 
numbers increase from 0 to 360 clockwise, as on the horizontal 
limb of atransit. The center of the graduated circle is marked 
by a cross. 


PLOTTING BY LENGTHS AND BEARINGS 


34. Preliminaries to Plotting.—Bcfore plotting is started, 
it is necessary to select the scale, the direction of the meridian, 
and the location of the first point of the survey, so that the 
plot will not run off the paper. It is a slight advantage in 
plotting with a T square to have the meridian parallel to the 
edge of the paper, but there is no objection to having the 
meridian in any other direction. However, north should 
always be toward the top of the paper. The best scale and the 
location of the first point can be determined from the latitudes 
and departures, or by careful examination of the field notes 
and a rough sketch of the survey. 

In ordinary work the scale used is so small that the cor- 
rections to the measurements that are required to balance the 
survey do not affect the plotting. Hence, the plot can be 
drawn from the measurements in the notes, and it is not neces- 
sary to balance the survey before plotting. A considerable 
error of closure in the plot indicates a mistake either in the 
field measurements or in the plotting, and should be investi- 
gated. 


35. Plotting Bearings With Paper Protractor.—When 
a paper protractor is used, a long line representing the direction 
of the meridian is drawn in a convenient position on the paper, 
and at any place along this line the protractor is tacked to 
the board so that the zero points coincide with the line. In 
Fig. 16, the meridian is indicated by the line with a half 
arrowhead. ‘The starting point A of the survey is marked by a 
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pinhole with a small circle around it. For making this hole, 
a needle inserted in a small piece of wood as a handle is very 
convenient. If a parallel ruler is used, one edge of itris 
set on the protractor to read the bearing of the first course. 
In Fig. 16, the bearing of A Bis N 40° E and the ruler is, 
therefore, placed in the position aa. Then, it is rolled to 
the position a’a’, where the edge passes through A, and an 
indefinite line is drawn. On this line, the length of the 
course AB is laid off to the proper scale, and the point B 
is located and marked with a pinhole and a circle. The 


Fie. 16 


parallel ruler does not have to extend across both parts 
of the graduated circle, but may be set to pass through 
the center mark and the proper graduation in one quadrant. 
Next the ruler is set on the protractor in the position bb to 
read the bearing of BC, which is N 70° E, and is rolled to the 
position b’b’ so that the edge passes through B. An indefinite 
line is drawn along the edge and, on this line, the length of BC 
is laid off to scale to locate C. Point D is located in a similar 
manner. ‘The ruler is first placed in the position cc to read 
a bearing of S 30° E, and is then rolled to the position c’c’ to 


pass through C; the distance CD is laid off in the direction of 
the ruler. 
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In case it becomes impossible to transfer a direction from the 
protractor to the required position of the line by means of the 
parallel ruler, the protractor can be shifted to any other position 
on the paper. When the protractor is to be moved, a line is 
drawn parallel to the meridian, and the zero points of the 
protractor are set on this line. 

If no parallel ruler is at hand, the directions of the lines 
can be transferred from the protractor to the required points by 
means of an adjustable T square, or better, by means of two 
triangles used for drawing parallel lines as 
explained elsewhere. If the triangles have long 
edges, as 12 or 14 inches, the direction of a line 
can be transferred with great rapidity after a 
little practice; of course, smaller triangles can 
also be used but they require more shifting than our 
the larger ones. Azimuths can be laid off with 
a protractor in the same way as bearings 4 


36. Plotting With Other Protractors. 
When an angle is to be laid off with a metal or 
celluloid protractor, the center of the protractor 
must be set over the vertex of the angle. There- 
fore, the protractor must be placed at each 
point over which the transit was set in the field. 

The direction of the meridian is marked by a long line at 
some convenient position on the paper and the starting point of 
the survey is located. Ifa semicircular protractor without a 
rotating arm is used, a meridian is drawn through the starting 
point and the protractor is set with its center at that point and | 
its zero graduations on the meridian. If the bearing of the 
line is northeast or southeast, the protractor is placed to the 
right of the meridian, and if the bearing is northwest or south- 
west, the protractor is placed to the left of the meridian. In 
Fig. 17, A is the starting point and NS is the meridian. Then 
a point is marked at the edge of the protractor opposite the 
graduation corresponding to the bearing of the first course. 
In Fig. 17, the bearing of AB is taken as N 45° E and the 
point M is marked at the edge of the protractor opposite the 


Ss 
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45° graduation to the east from the north. The protractor 1s 
moved out of the way and an indefinite line is drawn through 
Aand M. The length of AB is laid off to scale on this line 
und the point B of the survey is located and marked. A 
meridian is then drawn through the point B, and the operations 
are repeated to locate the next point of the survey. 

If a semicircular protractor with an arm is used, the bearings 
can be laid off in less time and with less trouble. There is no 
necessity of drawing the meridian through each station since 
the straight part of the protractor can be placed against the 
edge of the T square, parallel ruler, or triangle, which is parallel 
to the meridian. By shifting the T square and by moving 
the protractor along the edge of the T square, the center of 
the protractor can be brought over the desired point. Then 
the blade of the protractor is set at the required bearing, and 
an indefinite line is drawn along the edge of the blade. The 
length of the course is laid off on this line to locate the next 
point of the survey. When only one bearing is laid off from a 
point, it is probably better to set the blade of the protractor at 
the desired bearing first, and then to shift the protractor to the 
proper position by bringing any part of the blade to the station 
from which the bearing is measured. 


PLOTTING BY LATITUDES AND DEPARTURES 


37. Introduction.—The first step in plotting by latitudes 
and departures is to select the scale of the map, the direction 
of the meridian, and the location of the starting point on the 
paper. Then the reference axes, to which the total latitudes 
and the total departures are referred, are drawn parallel and 
perpendicular to the meridian. In order to facilitate plotting, 
the paper is divided into a number of squares by drawing lines 
parallel to the axes and exactly 10 inches apart in both direc- 
tions. These lines should be drawn very carefully, and the 
lengths of the diagonals of each square should be measured as a 
a check to see that they are 14.14 inches long. Then, points 
may be located by measuring from the nearest line rather than 
from a reference axis. For instance, if the scale of the map is 
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1 inch to 100 feet, the distance between the lines represents 
10100, or 1,000, feet. A point whose total departure is 
2,300 feet may, therefore, be located by measuring 300 feet 
from the 2,000-foot line instead of 2,300 feet from the 
meridian. 


38. Locating Points.—The values in Table IV are the 
total latitudes and the total departures of the points of the 
traverse for which the notes are given in Table I. The refer- 
ence axes are assumed through A, and the corrected latitudes 
and departures taken from Table II are used. 

The plot of the points by total latitudes and total departures 
is shown in Fig. 18. Station B is found by measuring 651.42 


TABLE IV 
TOTAL LATITUDES AND DEPARTURES 


Station Total Latitude Total Departure 

A 0 Br) 

B +651.42 + 101.47 
GC +947.96 + 948.64 
D + 544.63 +1,384.91 
E — 75.33 +1,488.46 
F — 331.67 +-1,197.83 
G +168.09 + 974.43 


feet from A along the meridian to B’ and then 101.47 feet 
from B’ at right angles to the meridian. Point Cis located by 
measuring 947.96 feet from A to C’ and then 948.64 feet from 
C’ at right angles to the meridian or parallel to the east-and- 
west axis. Point C’ should not be located by measuring 296.54 
feet from B’, because any mistake in B’ would also be carried 
to C’. All distances should be measured from one of the care- 
fully drawn lines that divide the paper into 10-inch squares. 
In locating a point, it is always convenient to measure the 
longer distance along one of these lines and the shorter distance 
from that line. Thus, point E can be located best by measur- 
ing along the east-and-west axis 488.46 feet from the auxiliary 
line 1,000 feet east of the meridian to E", and then from E”. 
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75.33 feet at right angles to the east-and-west axis. The work 
can be checked by measuring the lengths of the courses. 
After the important points have been located by latitudes 
and departures, the details can be filled in by means of a pro- 
tractor. The complete plot of the survey from the notes in 
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Fig. 19 is shown in Fig. 20. The directions of lines on a map 
are generally given by bearings, even though azimuths were 
measured in the field. The numbers of the points locating 
objects would not be shown on the finished map but are given 
here for reference. In some surveys, the lengths and the bear- 
ings of the courses would not be shown either. When they 
are written on the map, however, the corrected values, and 
not the measured ones, should be used. Thus, the corrected 
values taken from Table II are used in Fig. 20. 
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CALCULATING AREAS 


DOUBLE MERIDIAN DISTANCES 


89. Explanation.—The most common method of caiculat- 
ing the area of a field bounded by straight lines is known as the 
_ double-meridian-distance method. The double meridian dis- 
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tance of a course, abbreviated D. M. D., is equal to the sum 
of the total departures of the extremities of the course. For 
example, in Fig. 18, the double meridian distance of CD is 
equal to C’C+ D’D, and that of A Bis B’B+0, or B’B. Just: 
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as the total departures of the points of a traverse can be 
measured from any axis, the double meridian distances of the 
courses can be referred to any convenient meridian. If, in 
Fig. 18, the reference meridian is taken through F, the total 
departure of C is —CH and the total departure of D is +K D. 
Hence, the double meridian distance of CD is equal to KD 
—CH. The numerical value of the double meridian distance 
of GA is equal to GL+4A P; but, since the total departures of 
G and A are both negative, the double meridian distance of 
GA must be taken as —(GL+AP). In order to make the 
calculations of double meridian distances easier and to avoid 
negative values, the reference meridian is usually taken through 
the most westerly corner of the field. 

If the field has been plotted, the most westerly corner is 
readily selected. Sometimes, however, a study of the depar- 
tures of the courses is sufficient to determine the proper corner. 
Occasionally, it may be necessary to assume a point as the 
most westerly and to calculate the total departures of the 
other corners from it. If all the values come out positive, 
the assumption is correct; otherwise, the corner having the 
greatest west total departure is the one to be selected. In 
Fig. 18, A is the most westerly corner. 


40. Calculation of Double Meridian Distances.—The 
double meridian distances of the courses of a traverse may be 
calculated by determining the total departures of the corners 
and taking the sum of the total departures of the extremities of 
each course as explained in the preceding article. The survey 
should be balanced before the area is computed, and the cor- 
rected departures should be used in calculating the double 
meridian distances. If, in Fig. 18, the reference meridian is 
taken through A, the double meridian distance of BC, which 
is equal to the departure of B plus the departure of C, equals 
101.47+ 948.64 = 1,050.11. 

The calculations may be made more easily by means of the 
following rule: 


— Rule.—The double meridian distance of any course 1s equal 
to the sum of the double meridian distance of the preceding course, 
321B—8 
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the departure of the preceding course, and the departure of the 
course itself. East departures are added and west departures 
are subtracted. 

In this method the courses must be taken in order, starting 
from the reference meridian. The double meridian distance of 


CALCULATIONS FOR DETERMINING DouBLE MERIDIAN DISTANCES 


First METHOD SECOND METHOD 
Total Dep. A = 0 
Total Dep. B = 101.47 
ID Ml, IDY, abe = 10147 D.M.D. AB= 101.47=Dep. AB 


101.47 Dep. AB= 101.47 
948.64 Dep. BC= 847.17 


Total Dep. B 
Totaly Dep. C 


Nod 


ID} Nl, 1D, Lex: 1,050.11 D. M. D. BC =1,050.11 


ll 


Total Dep. C 
Total Dep. D 


948.64 Dep. BC= 847.17 
1,384.91 Dep. CD= 436.27 


De MesDAeCD = 2,333.55 D. M. D. CD=2,383.55 
Total Dep. D =1,384.91 Dep. CD= 436.27 
Total -Dep. E = 1,488.46 Dep. DE= 103.55 

ID), Wh, 1D, 1ONa, = 2,873.37 D. M. D. DE=2,873.37 

Dep. DE= 103.55 

Total Dep. £E = 1,488.46 Sum =2,976.92 

Total Dep. F =1,197.83 Dep. EF=—290.63 

D.M.D. EF = 2,686.29 D. M. D. EF =2,686.29 

Dep. EF=—290.63 

Total Dep. F =1,197.83 Diff. =2,395.66 

Total Dep. G = 974.43 Dep. FG=-—223.40 

DEMS DIAG = 2,172.26 DoM. DE FG'=2.1,72:26 

Dep. FG=—223.40 

Total Dep. G = 974.43 Diff. =1,948.86 

Total Dep. A = 0 Dep. GA =—974.43 
D. M.D. GA = 974.43 D. M. D. GA = 974.43 = —Dep.GA 
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the first course of the traverse is equal to the departure of the 
course, and, as a check on the work, the double meridian dis- 
tance of the last course should be equal to the departure of 
the course with its sign changed. The corrected departures 
for the survey plotted in Fig. 18 are given in Table II. The 
double meridian distance of the course AB is equal to its 
departure, or 101.47. The double meridian distance of BC is 
equal to the double meridian distance of AB, which is 101.47, 
plus the departure of AB, which is 101.47, plus the departure 
of BC, which is 847.17; the result is 101.47+101.47+847.17 
= 1,050.11, as obtained by taking the sum of the total depar- 
tures of B and C. 

The calculations for determining the double meridian dis- 
tances of all the courses by both methods are conveniently 
arranged in the accompanying tabulation. Since the depar- 
tures of EF, FG, and GA are westings, they are subtracted in 
applying therule. The computed value of the double meridian 
distance of the last course GA is 974.42, and the departure of 
the course is —974.43. The computations are, therefore, correct 
because these values are numerically equal and have different 
signs. Since the meridian is taken through A, which is the 
most westerly corner, all the double meridian distances are 
positive in thiscase. However, if the meridian had been taken 
through any other corner, some of the values would have been 
negative. 


COMPUTATION OF AREA 


41. Thearea of any polygon can be computed by dividing 
the given figure into triangles, rectangles, and trapezoids, 
finding the area of each portion, and taking the sum of these 
partial areas. Sometimes, it is more convenient to compute 
the area of a figure that encloses the given polygon and then 
deduct from it the areas not included in the given polygon. 

For instance, in Fig. 18, the area of the field ABCDEFGA 
may be taken as equal to the area C’C DEF F’C’ minus the area 
C'CBAC' minus the area AGFF’A. But area C’CDEFF'C' 
is equal to C'CD D/+D'DEE'+E’EFF’; area C’'C BAC’ is 
equal to C/CBB’+B’BA; and area AGF F'A is equal to 
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G'GFF'—G'GA. Hence, area ABCDEFGA is equal to C’CDD’ 
+ D'DEE'+E'EFF'—C'CBB'—B'BA-GGFF'+GGA. 

The area of a triangle is equal to one-half the product of 
the base and the altitude, and the area of a trapezoid is equal 
to one-half the product of the altitude and the sum of the bases: 
thus, area B’BA is equal to } AB’X B’B, and area C’CBB’ is 
equal to 4 B’C’X(B’B+C’'C). But AB’ and BB’ are, respec- 
tively, the latitude and double meridian distance of AB; B’C’ 
is the latitude of BC, and B’B+C’'C is its double meridian 
distance. Hence, area B’BA is equal to one-half the product 
of the latitude and the double meridian distance of AB, and 
area B’BCC’ is equal to one-half the product of the latitude 
and the double meridian distance of BC. Similarly, the other 
areas are equal to one-half the products of the latitudes and 
the double meridian distances of the other courses. If the 
latitude and the double meridian distance are multiplied, the 
product is the double area, since the area itself is equal to one- 
half the product. It is convenient to consider double areas 
and then, after they have been combined, to divide the result 
by 2. 

In the preceding expression for area ABC DEFGA, it will 
be noticed that areas C’C DD’, D/DEE’, E'EFF’', and G’GA 
are to be added, and the courses CD, DE, EF, and GA, which 
form the inclined sides of the respective areas, all have south 
latitudes. On the other hand, areas C’C BB’, B’BA, and 
G’GFF' are to be subtracted and the courses BC, AB, and 
FG have north latitudes. Therefore, if all the double merid- 
ian distances are positive, the area may be computed by the 
following rule: 


Rule.—Multiply the double meridian distance of each course 
by the latitude of the course. Take the sum of the products for 
the courses having north latitudes and the sum of the products for 
the courses having south latitudes. Subtract the smaller result , 
from the larger and divide the remainder by 2. The area is taken 
as positive in every case. 


‘The calculations for the area of the field in Fig. 18 are 
shown in Table V. North latitudes and east departures are - 
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indicated +, and south latitudes and west departures are 


TABLE V 
CALCULATION OF AREA 


indicated —. 

Course Latitude 
AB +651.42 
BC +296.54 
GD — 403.33 
DE — 619.96 
EF — 256.34 
FG +499.76 
GA — 168.09 


Double Area 


Departure D. M. D. 
North South 
+101.47 101.47 66,100 
+847.17 1,050.11 311,400 
+436.27 2,333.55 941,191 
+103.55 2,873.37 1,781,374 
— 290.63 2,686.29 688,604 
— 223.40 2,172.26 1,085,608 
—974.43 974.43 163,792 
1,463,108 3,574,961 
1,463,108 
2)2,111,853 
1,055,926 sq. ft. 
= 24,241 acres 


EXAMPLES FOR PRACTICE 


1. Verify the double meridian distances of the courses for the follow- 


ing notes: 
Course Latitude Departure D. M. D 
AB +621.55 +368.79 368.79 
BG — 467.51 +819.20 1,556.78 
Cp —712.99 +100.57 2,476.55 
DE 4112.01 —596.25 1,980.87 
EF — 97.30 — 612.49 772.13 
FA + 644.24 — 79.82 79.82 


2. Calculate the area of the field in example 1. 


Ans. 24.140 acres 


CIRCULAR AND PARABOLIC 
CURVES 
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SIMPLE CURVES 
PRELIMINARY EXPLANATIONS 


TYPES OF CURVES 


1. Horizontal Curves.—The ideal location for a railroad 
or a highway is along a straight and level line from end to end. 
However, it is seldom practical or economical to achieve this 
ideal condition because hills and valleys are encountered along 
the route and it may be necessary either to cross them or to go 
around them; sometimes it is found most economical to follow 
the bank of a river. Since automobiles on the highway, or 
locomotives and cars on the railroad, cannot abruptly change 
their direction of travel when 
moving at high speed, it is im- 
practical to construct a road 
consisting of a series of straight Hq 
lines with sharp changes of 
direction at the points of inter- 
section. In order that the road may follow an economical 
route without sudden changes in direction, the straight portions 
are connected by curves. The straight portions of the route 
are commonly called tangents, because they are tangent to the 
connecting curves. The horizontal curves used in railroad and 
highway work may be divided into the following four general 
classes: simple curves, compound curves, reverse curves, and 
easement curves. 
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2. When two tangents are connected by a single circular 
arc, the curve is called a simple curve. Thus, in Fig. 1, the 
tangents AB and CD are joined by the simple curve BC whose 

center is at E and whose 

E Cc radius is EB or EC. 

In some cases, par- 

D ticularly in rough hilly 

country, the cost of con- 

structing a railroad or 

A re highway can be reduced 

\ v considerably by connect- 

a ing two tangents by 

il means of a compound 

curve, which is a continuous curve composed of two or more 

‘circular arcs curving in the same direction but with different 

radii. In Fig. 2, the tangents AB and CD are joined by the 

compound curve BEC, which consists of the two circular arcs 

BEand EC. The center of the arc BE is at F and its radius is 

FB or FE; also, the center of the arc EC is at G and its radius is 
GE or GC. 

Occasionally it is necessary to use a reverse curve, which 
consists of two circular arcs curving in opposite directions, 
as shown in Fig. 3. Here, the tangents AB and CD are con- 
nected by the reverse curve BEC, which is composed of the 
circular arc BE, whose center is at F, and the circular arc EC, 
whose center is at G. The radii FE and GE of the two arcs 
may be either equal or unequal. Reverse curves should never 
be used on 
trunk high- 
ways or rail- 
road main 
lines, and if 
possible 
should be 
avoided even 
on roads of less importance. 

The abrupt change in direction from a tangent to a sharp 
circular curve or from a curve to a tangent is not considered. 
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desirable in modern railroad and highway construction. Hence, 
easement curves, or spirals, along which the curvature changes 
gradually, are usually introduced at the ends of sharp curves. 
Such easement curves are also inserted between the parts of a 
compound curve where one part is much sharper than the other, 
and between the two curves of a reverse curve. Easement 
curves are treated in another lesson. 


3. Vertical Curves.—The vertical profile of a road usually 
includes a number of straight lines with different slopes. In 
order to avoid a sudden change in inclination, it is generally 
necessary to insert a vertical curve between two adjacent 
slopes. Such curves are commonly parabolic, because the cal- 
culations for establishing the elevations of points along a para- 
bolic vertical curve are especially simple; also, for an ordinary 
vertical curve, which is extremely flat, a parabola approaches a 
circular curve in form, and theoretically provides a better 
transition. 

RADIUS AND DEGREE OF CIRCULAR CURVE 

4. Designation of Curve by Radius.—The form of a simple 
circular curve, or the sharpness with which it turns, may be 
designated by its radius. As the radius is decreased, the curva- 
ture becomes sharper. If the radii of highway and railroad 
curves were relatively short distances, each curve could be 
conveniently laid out by locating its center point and swinging 
the tape about the center. However, the curves used in prac- 
tice are very flat and, consequently, the radii are so large that 
it is impractical to attempt to lay out a curve in the field by 
this simple method. Nevertheless, the value of the radius is 
used for computing other values needed in laying out the curve. 


5. Degree of Curve Based on 100-Foot Chord.—In railroad 
or highway work, the usual term for stating the sharpness of a 
curve is the degree of curve. The American Railway Engi- 
neering Association, railroad engineers in general, and some 
highway engineers consider the degree of curve as the central 
angle subtended by a chord of 100 feet, that is, the angle formed 
at the center of the curve by two radii passing through the 
extremities of a 100-foot chord. 
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In Fig. 4, the tangents AB and CE are connected by the 
simple curve FG, and it is assumed that each of the chords HJ, 
JK, and KL is 100 feet long. The degree of curve is the angle 
formed at the center O by the radii to the ends of any of the 
100-foot chords. Thus, the angle D, formed by the radii HO 
and JO, is the degree of curve. Ifthe angle HO/ is 4°, the curve 
is called a 4-degree curve, or 4° curve; and, if the angle is 1° 30’, 
the curve is a 1° 30’ curve. 


Fie. 4 


The relation between the radius of a curve and the degree 
of curve may be derived as follows: If a line is drawn from 
the center of the circle to the mid-point M of the 100-foot 
chord HJ, the line OM is perpendicular to the chord and the 
angle HOM is 3HOJ or 3D. Hence, in the right triangle HOM, 


sin HOM ate or, since HM =50 feet, 
OH 
50 


sin}D= (1) 


in which D=degree of curve; 
R=radius of curve, in feet. 


CIRCULAR AND PARABOLIC CURVES, PARTI 5 


If the degree of curve is known, the radius may be deter- 
mined by rewriting formula 1, which becomes 
50 
~ sin 2D (2) 
For small angles the values of }D, in radians, and sin 3D 
are very nearly equal, or sin 3D is approximately equal to 


at 
a7 or 0.00872D. When this value is substituted in formula 2, 
the result is R=50+0.00872D, from which 

R= sh (3) Approx. 


The values of R computed by this formula can be advanta- 
geously employed in certain approximate calculations. How: 
ever, in making computations to establish data for laying out 
circular curves, it is necessary to use the precise value Oikesas 
found by formula 2. 

In Table I, at the end of this lesson, are given the values of 
the radii for various degrees of curve up to 20°, the degree of 
curve being taken as the central angle subtended by a chord of 
100 feet and the radius being computed by applying formula 2 
and using seven-place logarithmic tables. In the case of a curve 
whose degree is listed in the table, the corresponding radius may 
be found directly; the radius for any intermediate degree that 
is not listed can be found by interpolation. 


EXAMPLE 1.—The degree of a simple circular railroad curve is 4° 30’: 
Compute the radius (a) accurately and (b) approximately. 


° , 
SoLution.—(a) In this case, formula 2 is applied and ne 3 
=2° 15’. Ifthe natural sine of 2° 15’ is taken to only five decimal places, 


50 oa 0 
“sin }D sin 2° 15’ 


From Table I, R is found to be 1,273.57 ft. 
(b) By formula 3, 


R = 1,273.56 ft. Ans. 


5,730 _5,730_ 
=a ae = 1,273.3 ft. Ans. 


EXAMPLE 2.—Find the degree of curve corresponding to a radius of 600 
feet. 
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SoLUTION.—By formula 1, 


; 5OmaOO 
bi p yee ae = ‘ 
sin 4D R 600 0.08333 


Thus, 1D=4° 47’ and D=9° 34’. Ans. 


6. Degree of Curve Based on 100-Foot Arc.—In most high- 
way work, the degree of curve is considered as the central angle 
subtended by an arc of 100 feet, that is, the angle between two 
radii passing through the ends of.a 100-foot arc. Since the 
degree of curve D is then subtended by an arc of 100 feet, and 
the total central angle for a circle, or 360°, is subtended by the 
circumference of the circle, or 27R, the following exact propor- 


aS : 20, 100; ; _ 100X360 
tion is obtained: 360 ~ ack’ from which ee, wOL 
5,729.58 
Saves Fopeneate 


When the radius of a curve is given, the degree can be computed 


by the relation aret 
pao! a (2) 


It will be seen that the exact formula 1 is very nearly the same 
as the approximate formula 3 of the preceding article. Although 
the methods used for computing and laying out curves are quite 
similar for the two definitions of degree of curve, the various 
distances used in the work will differ in value for the same 
degree of curve. For example, if the degree of curve is taken 
as the angle subtended by a chord of 100 feet, then the radius 
of a 4° curve is 1,432.69 feet; whereas, if the degree of curve is 
the angle subtended by an arc of 100 feet, the radius of a 4° 
curve is 1,432.40 feet. 

In Table II, at the end of this lesson, are given the radii 
for various degrees of curve up to 20°, the degree of curve being 
taken as the angle subtended by an arc of 100 feet. 

ExAMPpLe.—The degree of a simple circular highway curveis 8°. Deter- 
mine the radius. 


SoLuTION.—In this case, it is assumed that the degree of curve is based 
on an arc of 100 ft. Then 


Re te ft. Ans. 
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EXAMPLES FOR PRACTICE 


1. Ifthe degree of curve is taken as the angle subtended by a 100-foot 
chord, what is the radius of a 5° railroad curve as determined by the use 
of a 5-place table of natural sines? Ans. 1,146.26 ft. 


2. Compute the radius of a 15° highway curve, assuming that the 
degree of curve is based on a 100-foot arc. Ans. 381.97 ft. 


3. The radius of a curve is 800 feet. What is the degree of curve, 
based on a 100-foot chord? Ans. 7° 10’ 


LOCATING ENDS OF CURVE 


7. Required Data for Laying Out Curve.—Before a curve 
can be laid out on the ground, it is necessary to know the posi- 
tions of the two adjacent straight portions, or tangents, that 
are to be connected by the curve and also the degree of the 
curve. The general procedure is first to locate the tangents 
as a continuous zig-zag line, and then to select the degree of 
curve at each change in direction so as to suit the topographic 
conditions and to satisfy any other requirements that may be 
important in the particular case. From the degree of curve 
and the angle between the tangents, may be determined the 
values that are required in locating first the ends of the curve 
and then the various intermediate points on the curve. In this 
lesson, distances are computed to hundredths of a foot, but such 
accuracy is not always necessary in practice. When the dis- 
tances are to be laid off in the field only to tenths of a foot, the 
values should also be computed to tenths. 


g. Intersection of Tangents.—The point at which two 
tangents of a route line intersect is known as the vertex, point of 
intersection, or P. I.; on drawings, this point is commonly 
designated by the letter V. In Fig. 4, the two tangents AB 
and CE are shown intersecting at the vertex V. The external 
angle formed by the intersecting tangents, as angle BVC, is 
called the intersection angle, or the angle of intersection, and is 
commonly denoted by the letter J. However, some engineers 
denote the intersection angle by the Greek letter A (delta). 

Since the tangent AB is perpendicular to the radius OF and 
the tangent CE is perpendicular to the radius OG, the intersec- 
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tion angle BVC between these tangents is equal to the total 
central angle FOG between the radii passing through the 
extremities of the curve. In general, the intersection angle 
between the tangents through the extremities of any curve 1s equal 
to the total central angle of the curve. 


9. Tangent Distance-——The point where the curve begins, 
or where the first tangent meets the curve, is called the point 
of curve or simply the P. C.; the point where the curve ends, 
or meets the second tangent, is called the point of tangency 
or the P. T. From geometry, it is known that the lengths of 
two tangents to a circle from any point outside the circle are 
equal; hence, the P. C. and P. T. are equidistant from the P. I. 
The distance from the P. C. or the P. T. to the P. I. is called 
the tangent distance, and is usually designated by the letter T. 
In Fig. 4, the P. C. is at F and the P. T. is at G; and the tangent 
distance is FV or GV. 

The tangent distance bears a direct relation to the radius 
and the central angle of the curve. In Fig. 4, the line OV 
from the center of the curve to the vertex bisects the angle FOG 
and is the hypotenuse of right triangle FVO. Thus, tan FOV 
=tan yroG=*% and FV=FO tan 3FOG. Since FV is the 
tangent distance T, FO is the radius R, and FOG is the total 
central angle, or the angle J, 


=F tans 
This formula applies to all curves, whether the degree of 
curve is based on a 100-foot chord or a 100-foot arc. 


EXAMPLE.—Two tangents intersecting at an angle of 32° 42’ are to be 
joined by a 7° 30’ curve. Compute the tangent distance (a) for a curve 
whose degree is measured by a 100-foot chord, and () for a curve whose 
degree is determined by a 100-foot arc. 


SoLuTion.—(a) From Table I, the radius of a 7° 30’ curve is 764.49 ft. 
Also, in this case, }=16° 21’. Hence, 
T=R tan 37=764.49 tan 16° 21’=224.28 ft. Ans. 


(b) From Table II, R=763.94 ft. For this value, 
T= 763.94 tan 16° 21'=224.12 ft. Ans. 
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10. Length of Curve.—The method of measuring the length 
of a curve depends on whether the basis for the degree of curve 
is a 100-foot chord or a 100-foot arc. Where the degree of 
curve is based on a chord of 100 feet, the length of the curve 
is the distance from the P. C. to the P. T. measured along a 
series of successive chords connecting points on the curve. The 
first chord is from the P. C. to the first 100-foot station on the 
curve; then follow a number of chords, each 100 feet long, 
between the first and last 100-foot stations on the curve; the 
final chord is from the last 100-foot station on the curve to the 
P. T. Thus, in Fig. 4, the length of the curve FG would be 
measured along the chords FH, HJ, JK, KL, and LG. The 
end chords FH and LG are usually less than 100 feei long, but 
each of the intermediate chords HJ, JK, and KL must be 
exactly 100 feet in length. 

The central angle subtended by a 100-foot chord is, by 
definition, equal to the degree of curve D, and therefore the 
angles HOJ, JOK, and KOL are each equal to D. In the 
case of a chord less than 100 fect long, it may be assumed (for 
the curves ordinarily encountered in railroad practice) that 
the central angle subtended by the chord is in the same ratio 
to D as the difference between the station numbers of the 
extremities of the chord is to 100 feet. For example, if the 
P. C. in Fig. 4 is at Sta. 9+11, the point H is at Sta. 10+00, 
and the degree of curve is 4°, the distance between F and H 
is taken as 1,000—911=89 feet, and the central angle FOH is 
found from the relation FOH : 4°=89:100. Hence, FOH 
=89,X4=3.56°. Similarly, if the P. T. is at Sta. 13+96 
and the point L is at Sta. 13+-00, the distance LG is 96 feet 
and the central angle LOG is 0.96X4=3.84°. It therefore 
follows that, for each chord considered in measuring the length 
of the curve, the central angle is proportional to the difference 
between the station numbers of the extremities of the chord. 
Conversely, the difference between the station numbers at any 
two points on the curve is proportional to the central angle 
subtended by the chord joining those points. 

Since the total central angle FOG is equal to the sum of 
the angles FOH, HOJ, JOK, KOL, and LOG that are subtended 
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by the various chords along which the total length of the 
curve is measured, this total central angle is equal to the 
product of the degree of curve and the difference, in stations 
of 100 feet, between the station numbers of the P. C. and P. T. 
Therefore, the length of the curve in stations can be obtained 
by. dividing the total central, or intersection, angle J by the 
degree of curve D. Also, the length of curve in feet may be 
found by the formula 


I 
L= 10055 


in which L=length of curve, in feet; 
I=total central, or intersection, angle; 
D=degree of curve. 


In applying this formula, it is convenient to express the angles 
I and D either in minutes or in degrees and a decimal part of a 
degree rather than in degrees and minutes. Although the for- 
mula is approximate, the error involved is negligible for all curves 
flatter than about 8 degrees, and the formula is therefore much 
used in practice. 

When the degree of curve is considered to be the angle sub- 
tended by an arc of 100 feet, the length of the curve is taken 
as the actual distance along the circular arc. Obviously, the 
distance between any two points on such a curve is propor- 
tional to the central angle subtended by the arc joining the 
points. Therefore, the preceding formula may be applied for 
finding the length of any simple curve, whether the degree of 
curve is based on a chord or an arc of 100 feet. 


Examp_e.—Determine the length of the curve considered in the example 
of Art. 9. 


SoLuTION.—Here, I =32° 42’ =32.7° and D=7° 30’=7.5°. Whether the 
degree of curve is based on a 100-ft. chord or a 100-ft. arc, the length of 
the curve is found by the formula 
Saat 
15 

11. Stationing of P. I., P. C., and P. T.—A curve can be 
laid out without locating the P. I. on the ground, but it is 


=436 ft. Ans. 


I 
L=100 p— 100x 
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advisable, wherever possible, to determine the station of the 
P. I. by continuing the straight-line stationing along the first 
tangent, just as if there were no curve. As a matter of fact, 
in planning the route, the P. I. is generally established on a map 
and a suitable curve is then selected, and the station of the P. C. 
is computed by subtracting from the station of the P. I. the 
tangent distance for the adopted curve. In any case, the sta- 
tion of the P. T. is found by adding the length of curve to the 
station of the P.C. The station of the P. T. cannot be deter- 
mined by adding the tangent distance to the station of the P. I., 
because the distance from the P. C. to the P. T. along the curve 
is considerably less than the sum of the distances from the P. C. 
to the P. I. and from the P. I. to the P. T. 


EXAMPLE 1.—If the station of the P. I. for the curve in the examples 
of Arts. 9 and 10 is 9+31, and the degree of curve is based on a 100-foot 
chord, determine the station (a) of the P. C. and (6) of the P. T. 


So_uTron.—(a) As calculated in Art. 9, the tangent distance for the 
curve is 224.28 ft. The distance from Sta. 0+00 to the P. C. is, there- 
fore, 931 — 224.28 = 706.72 ft., and the station of the P. C. is 7+06.72. Ans. 


(b) The length of the curve, as determined in Art. 10, is 436 ft., and 
706.72+-436 =1,142.72 ft. Consequently, the station of the P. T. is 
11+-42.72. Ans. 

EXAMPLE 2.—Solve example 1 for the case in which the degree of curve 
is based on a 100-foot arc. 

SoLtuTION.—(a) Here the tangent distance, as found in Art. 9, is 224.12 
ft. Since 931—224.12=706.88 ft., the station of the P. C. is, in this case, 
7+06.88. Ans. 

(b) As determined in Art. 10, the length of this curve is 436 ft. Since 
706.88-+- 436 = 1,142.88 ft., the station of the P. T. is 114+42.88. Ans. 


12. Setting P. C. and P. T.— Usually, the first step in laying 
out a railroad or highway curve on the ground is to set stakes 
at the P. C. and the P. T. Whenever possible, the P. C. and 
P. T. are located by measuring the tangent distances along each 
tangent from the P. I. The position of the P. T. is then estab- 
lished more accurately than if that point were located by run- 
ning in the curve from the P. C. Stakes at the P. C. and P. T. 
ate driven flush with the ground and the points are accurately 
marked by tacks on the heads of the stakes. The positions of 

321B—9 
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the P. C. and P. T. are indicated by guard stakes driven about 
15 inches off line and left protruding. On these guard stakes 
are marked the letters P. C. or P. T., as the case may require; 
and beneath those letters is marked the station number. 


13. Summary.—When the intersection angle between two 
tangents and the degree of the curve that is to connect the tan- 
gents are known, the procedure in setting the P. C. and the P. T. 
on the ground is the same whether the degree of curve is taken 
as the angle subtended by a 100-foot chord or the angle sub- 
tended by a 100-foot arc. In either case, the first step is 
to determine the radius corresponding to the degree of curve 
and’ to compute the tangent distance. Then the tangent dis- ~ 
tance is laid off from the P. I. along each tangent in turn, 
and the P. C. and P. T. are located at the ends of these measure- 
ments. If the degree of curve is determined by a 100-foot 
chord, the radius either is taken from a table like Table I or 
is computed by formula 2, Art. 5; and the tangent distance is 
found by the formula of Art. 9. For a curve whose degree is 
determined by a 100-foot arc, the radius either is taken from a 
table like Table II or is calculated by formula 1, Art. 6; and 
the tangent distance is also computed by the formula of Art. 9. 

For either definition of degree of curve, the length of curve 
is found by the formula of Art. 10, the station number of the 
P. C. is found by subtracting the tangent distance from the 
station number of the P. I., and the station number of the P. T. 
is found by adding the length of curve, in feet, to the station 
number of the P. C. 


EXAMPLES FOR PRACTICE 


1. A 6° 30’ railroad curve, whose degree is determined by a 100-foot 
chord, connects two tangents that intersect at an angle of 37° 18’. Calcu- 
late (a) the tangent distance, taking the radius from Table I, and (b) the 
length of curve. ree {@ 297.67 tae 

M8") (b) 573.85 ft. 

2. If the station number of the P. I. for the curve in the preceding 
example is 12+-13, what is the station number (a) of the P. C. and (8) 
of the P. T.? 

pees ne 9415.33 
(6) 14+89.18 
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3. Two tangents that intersect at an angle of 24° 48’ are joined by a 
4° 15’ curve whose degree is based on a 100-foot are. Find (a) the tangent 
distance and (b) the length of curve. ee Ke 296.40 ft. 

> (((G)" 583153) £t: 


LOCATING INTERMEDIATE POINTS ON CURVE 
MEASUREMENT OF DISTANCES 


14. Station Numbers of Intermediate Points.—On curves, 
as well as on tangents, a stake is generally set at each full sta- 
tion of 100 feet, such as 16+00, 17+00, 18+00, and so on. 
On sharp curves, it is common practice to set stakes also at 
50-foot or 25-foot stations, that is, at stations such as 16+50, 
17+25, 17-+-50, or 17+-75 whose numbers are multiples of 50 
or 25 feet. 

If an obstruction on the curve prevents the setting of a 
stake at a 100-foot station, a stake is set instead on the curve 
at a point that is as near as possible to the inaccessible 100- 
foot station, and the point is denoted by the proper plus sta- 
tioning. Similarly, where stakes are to be set at intervals 
of 50 or 25 feet, and for some reason a point at the desired 
plus station cannot be established, a different point that is on 
the curve and close to the inaccessible point may be located 
instead. 

There is no general rule for determining what interval should 
be adopted between successive points on a curve, but a com- 
mon practice is to use 100-foot intervals for any curve whose 
degree of curve is less than 8°; 50-foot intervals for curves from 
8° to 16°; and 25-foot intervals for curves sharper than 16°. 


15. Measurements on Curve Whose Degree is Based on 
100-Foot Arc.—As previously explained, the length of a curve 
whose degree is based on a 100-foot arc is taken as the distance 
along the arc from the P. C. to the P. T. Also, the distance 
between any two intermediate points on the curve is understood 
to be the distance along the arc. However, in laying out the 
curve on the ground, it is customary to measure the distances 
along the chords that join the points on the curve rather than 
along the arcs. Therefore, the length of chord corresponding to 
the desired length of arc must be determined in each case. 
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16. Chord Length for 100-Foot Arc.—Where the distance 
between successive points on a curve is 100 feet and this dis- 
tance is understood to be along the arc, the corresponding 
length of chord may be determined by means of a formula that 
is based on the following considerations: In general, a chord 
is shorter than the arc that it subtends. For instance, the 
length of the chord HJ, Fig. 4, is somewhat less than the length 
of the arc HJ. Also, if a line is drawn from the center of a circle 
so as to bisect a chord and is continued until it intersects the 
arc, the line will likewise bisect the arc. Thus, if the line OM 
that bisects the chord HJ is continued to intersect the curve 
at N, the point N will bisect the arc HJ and the angle HON 
or HOM willbe }HO/J. If the length of the arc HJ is 100 feet, 
the angle HO] will be equal to the degree of curve D and, conse- 
quently, the angle HOM willbe 3D. Since the line OM bisects 
the chord HJ, it is also perpendicular to that chord. In the 

HM HM 


right triangle HOM, sin HOM = ee If the length of 
the chord HJ is denoted by C, HM is $C, and the preceding 
equation becomes sin a=". Hence, 

C=2R sin $D 


in which C=length, in feet, of chord for 100-foot arc; 
R=radius of curve, in feet; 
D=degree of curve. 
In Table IT at the end of this lesson are given the chord lengths 
for 100-foot arcs for various degrees of curve up to 20°. 


Examp_Le.—Calculate the chord length for a 100-foot arc on an 8° curve. 


SOLUTION.—From Table II, R=716.2 ft. Then 
C=2R sin ,D=2X716.2Xsin 4°=99.92 ft. Ans. 
This value can also be taken directly from Table II. 


17. Chord Length for Arc Less Than 100 Feet Long.—It is 
seldom that the P. C. of a curve comes at a full station. When, 
as is usually the case, the P. C. is located at a plus station, 
the first full station on the curve will be less than 100 feet 
from the P. C. Also, when the P. T. is at a plus station, the 
distance from the last full station on the curve to the P. T. 
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will be less than 100 feet. For example, if the P. C. of the 
curve shown in Fig. 4 is at Sta. 9+11, and the point H is at 
Sta. 10+00, the arc from F to H is 89 feet long; and, if the 
P. T. is at Sta. 13+-96 and the point L is at Sta. 13+00, the 
arc from L toG is 96 feet long. Arcs less than 100 feet in length 
are also used wherever stakes are set at intervals of 50 or 25 
feet, or where they are set at plus stations instead of full stations 
on account of obstructions. An arc is often called a subarc 
if its length differs from the normal interval between the inter- 
mediate points that are located on the curve in the field. 

A formula for determining the length of chord for any length 
of arc can be derived as follows: If the length of the arc H Th 
in Fig. 4 is assumed to be any distance a, and not 100 feet 
as in the preceding article, the central angle HOJ will be equal 
to “tee or a because the central angle is proportional 
to the length of arc, and the central angle for a 100-foot arc is 
the degree of curve D. Then, if the length of the chord HJ is 
denoted by c, HM is 3c, and it follows from the relations in the 


: Ses GDE ke 
triangle HOM that sin 2X00 007 R: Hence, 
we 0B) 
6=2F sini 200 


in which c=length of chord for any given arc, in feet; 
R=radius of curve, in feet; 
a=length of arc, in feet; 
D=degree of curve. 


In Table II are given the chord lengths for 25- and 50-foot arcs 
for various degrees of curve up to 20°. 


EXAMPLE.—In an 18° curve, whose degree is based on a 100-foot arc, 
what is the length of the chord subtended by an arc 25 feet long? 


5729.58 _ 5729.58 
SoLuTion.—According to formula 1, Art. 6, Swe ia 


; € aD_25X18_ 5 aR, 
=318.31 ft. Also, since a=25 ft., 300 ~ 200 Oe hOia 2 oe . Hence, 


the required length of chord is 


c=2R sin go =2X318.31Xsin 2215’ =24.99 ft. =_Ans? 


This value can also be taken directly from Table II. 
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18. Measurements on Curve Whose Degree is Based on 
100-Foot Chord.—Where the degree of curve is understood to 
mean the angle subtended by a 100-foot chord, the length of the 
chord between two successive full stations on the curve is 100 
feet. However, where the P. C. or P. T. is not at a full sta- 
tion, the length of the chord at the end of the curve is less 
than 100 feet. Also, in case it is necessary to set stakes at 
intermediate points on the curve that are not at full stations, 
chord lengths of less than 100 feet must be used. Any chord 
that is less than 100 feet long is known as a subchord. 

Most curves whose degrees are determined by 100-foot chords 
are comparatively flat and, therefore, it is generally sufficient to 
set intermediate stakes only at full stations. On these flat 
curves, the only subchords are at the P. C. and the P. T. The 
length of the subchord from the P. C. to the first full station 
on the curve is assumed to be the difference between 100 and 
the plus in the station number of the P. C. For example, if 
the station number of the P. C. is 9+11, the subchord from the 
P. C. to Sta. 10+00 would be made 89 feet long. Also, the 
length of the subchord from the last full station on the curve 
to the P. T. is assumed to be equal to the plus in the station 
number of the P. T. Thus, if the station of the P. T. is 13+-96, 
the length of the subchord from Sta. 18+00 to the P. T. would 
be 96 feet. 


19. As previously stated, where the degree of curve 
exceeds 8°, it is customary to set intermediate stakes between 
the regular 100-foot station points. On a sharp curve whose 
degree is based on a 100-foot chord, it is necessary to make 
allowance for the difference between the length of each sub- 
chord and the station interval between the ends of the sub- 
chord. When points on a curve are to be located at intervals of 
50 feet, each 50-foot station must be at the center of the arc 
between adjacent full stations; and, if stakes are to be set at 
intervals of 25 feet, the arc between each two stakes must be 
one-quarter of the arc between two 100-foot stations. For 
example, if the chord AB in Fig. 5 is 100 feet long and stakes 
are to be set on the curve at 25-foot intervals, the 25-foot 
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station points C, D, and E must be located so as to divide the 
arc AB into four equal parts, or so that all four chords AC, 
CD, DE, and EB will be of equal length. Since the sum of the 
lengths of these four chords is obviously greater than the 
length of the long chord AB, or 100 feet, it is evident that 
the length c of each short chord is greater than 25 feet. How- 


ever, the stations at C, D, and E are numbered as if each chord 
is exactly 25 feet long. In general, the actual length of any sub- 
chord of a curve whose degree is based on a 100-foot chord is 
greater than the difference between the station numbers at the 
extremities of the subchord. The actual length of the subchord 
between any two stations may be found in the following manner: 

For all practical purposes it may be assumed that the dif- 
ference c’ between the station numbers at the two extremities 
of the subchord is in the same ratio to 100 feet, or the difference 
between two adjacent full stations, as the central angle sub- 
tended by the subchord is to the degree of curve D. T hus, for 

if 

the curve shown in Fig. 5, on and it follows that the 


central angle AOC subtended by the subchord is equal to 


Uy: 
700% Also, if a perpendicular bisector OF is drawn from O 
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to the subchord AC, and the right triangle AOF is solved as in 
Art. 16 or 17, it is found that 


/ 


i ae 
G—2 kasi 300 


in which c=actual length of subchord, in feet; 
R=radius of curve, in feet; 
c’=difference between station numbers at extremities 
of subchord, in feet; 
D=degree of curve. 


EXAMPLE 1.—What is the actual length of the subchord between 
Stas. 18 and 18+50 on a 12° curve whose degree is based on a 100-foot 
chord? 


SoLuTION.—From Table I, it is found that the radius of a 12° curve is 
cD 50X12 _ 


; : fos —19° ese fd == 30 
478.34 ft. Also, in this case, c’=50 ft., D=12°, and 500 200 3°. 


Therefore, the required length of chord is 
/ 
c=2R sin a =2X478.34Xsin 3°=50.07 ft. Ans. 


EXAMPLE 2.—TIf the P. C. of the curve in example 1 is at Sta. 38+-77, 
what is the actual length of the chord from the P. C. to Sta. 39+00? 
Sener s ania cD _23X12 
SoOLUTION.—Here, c’=23 ft., D=12°, R=478.34 ft., and 300 ~ 200 
=1.38°, or 1° 22.8’. Then, the actual length of the chord is 


c=2X478.34Xsin 1° 22.8’ =2X 478.34 X 0.02408 = 23.04 ft. Ans. 


EXAMPLES FOR PRACTICE 


1. Calculate the chord length for an arc 100 feet long on a 6° 10’ 
curve whose degree is based on a 100-foot arc. Ans. 99.95 ft. 


2. Ifthe P. C. of the curve in the preceding example is at Sta. 7+28, 
what is the length of the chord from the P. C. to Sta.8 +00? Ans. 71.99 ft. 


38. The P. T. of a 15° curve whose degree is based on a 100-foot chord 
is at Sta. 16+87. Determine the actual length of the chord from Sta. 16 
+50 to the P. T. Ans. 37.10 ft. 


DEFLECTION ANGLES WITH TRANSIT AT P. C. 


20. Methods of Locating Points on Simple Curves.—Five 
commonly used methods of locating points on simple curves 
are as follows: (1) by deflection angles; (2) by tangent offsets, 
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or offsets from the tangent; (3) by ordinates from the long chord; 
(4) by deflection distances, or offsets from chords produced; 
and (5) by middle ordinates. 

The method by deflection angles is generally the simplest 
and most convenient, and is used whenever possible. However, 
where thick woods make the method by deflection angles diffi- 
cult, either the method of offsets from the tangent or the 
method of offsets from the long chord is generally used. Another 
factor that limits the use of the method of deflection angles is 
the necessity of employing a transit for locating points on the 
curve. A transit is not essential for the other methods, as the 
curve may be located with a tape and plumb-bobs. When the 
curve is to be laid out in open country without the use of a 
transit, and the degree of curve is based on a 100-foot chord, 
the method commonly used for locating the points is either by 
middle ordinates or by deflection distances, but neither of these 
two methods is well adapted for laying out a curve whose degree 
is based on a 100-foot arc. 


21. Deflection Angles From Tangent at P. C.—The angle 
between the tangent at any point on a curve and the chord from 
that point to any other point on the curve is commonly known 
as the deflection angle from the tangent to the second point. 
In other words, the deflection angle is the angle by which 
the chord is deflected from the tangent. In Fig. 6, the tan- 
gents AB and CD, which intersect at V, are connected by a 
simple curve BC, whose center is at O; the PeGiissates,- ce 
P. T. is at C, and the intermediate 100-foot stations are at E, 
F,G,and H. The deflection angle from the tangent AV at the 
P. C. to the point E is the angle VBE between that tangent 
and the chord BE. Also, the deflection angles from the 
tangent AV to the other 100-foot stations on the curve and 
to the P. T. are VBF, V BG, VBH, and VBC. 

From geometry, the angle between a tangent to a circle 
and any chord through the point of tangency is equal to one- 
half of the central angle subtended by the chord. Hence, 
the deflection angle from the tangent at the P. C. to any 
station on the curve, or the angle between that tangent and 
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the chord from the P. C. to the station, is equal to one-half 
of the central angle subtended by that chord. 


22. General Method for Calculating Deflection Angles 
From Tangent at P. C.—Whether the degree of curve is defined 
as the central angle subtended by a 100-foot chord or as that 
subtended by a 100-foot arc, the central angle subtended by any 
chord of a simple curve ts equal to the product of the degree of curve 
and the difference, in stations of 100 feet, between the station num- 


bers of the extremities of the chord. Thus, if D represents the 
degree of curve and s represents the distance in stations between 
the extremities of the chord, the central angle subtended by the 
chord is equal to sD. Since the deflection angle from the tan- 
gent at the P. C. to any station on the curve is equal to one-half 
the central angle subtended by the chord from the P. C. to the 
point, that deflection angle may be computed by the formula 
epee 
2 
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in which d=deflection angle from tangent at P. C. to any point 
on curve; 
s=difference, in stations of 100 feet, between station 
numbers of P. C. and point on curve; 
D=degree of curve. 


For given values of s and D, the deflection angle is the same 
whether the degree of curve is based on a 100-foot chord or a 
100-foot arc. 


EXxaMpLe.—The P. C. of a 6° curve is at Sta. 15+27. Determine the 
deflection angle from the tangent at the P. C. to each of the following points 
on the curve: (a) Sta. 16400, (b) Sta. 17+-00, and (c) Sta. 20-98. 


SoLutiIon.—(a) The distance in 100-ft. stations from the P. C. to Sta. 
16+00 is 16—15.27 =0.73, and the required deflection angle is 
_sD_0.73X6 
Se ae 
(b) The distance from Sta. 15+27 to Sta. 17+00 is 17—15.27 =1.73 
sta., and in this case the deflection angle is 


=2.19° or 2° 11.4’. Ans. 


a TSS = 5.19° or 5° 11.4". Ans. 
(c) Here, s=20.98—15.27 =5.71 sta., and 
a= 2S = 17.13" or 17° 7.8’. Ans. 


23. The method of computing deflection angles explained in 
the preceding article is correct for any stationonacurve. How- 
ever, the deflection angle to each station is computed inde- 
pendently, so that there is no convenient check on the calcula- 
tions as a whole; also, for each point it is necessary to find the 
difference between the station number of that point and the 
station number of the P. C., and usually each value of s con- 
tains a decimal part. For these reasons, the following method 
has been developed for computing deflection angles for consecu- 
tive points on curves. 

In Fig. 6 it is assumed that the P. C. at B and the P. T. at C 
are at plus stations, and that E, F, G, and H are at the inter- 
mediate 100-foot stations. The deflection angle VBE from the 
tangent BV at the P. C. to the first full station E is determined 
by the formula of the preceding article. To determine the 
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deflection angle VBF to the second station, it is convenient to 
take the sum of the angles VBE and EBF. This latter angle is 
an inscribed angle of the circle; that is, the vertex B is on the cir- 
cumference of the circle and the sides BE and BF are chords of 
the circle. Hence, the angle EBF is measured by one-half 
of the arc EF and is equal to one-half of the central angle EOF. 
Since E and F are 100-foot stations, the angle EOF is equal to 
the degree of curve and the angle EBF is one-half of the degree 
of curve. Consequently, the deflection angle to point F is 
equal to the sum of the deflection angle to E and one-half of 
the degree of curve. 

Similarly, the deflection angle VBG to the third station G 
is equalto VBF+FBG. Since FBG is an inscribed angle and is 
measured by one-half of the arc 7G, it is equal to one-half of 
the central angle FOG, or to one-half of the degree of curve. 
Therefore, the deflection angle to G is equal to the deflection 
angle to F plus one-half of the degree of curve. Since this 
procedure may be continued for each full station on the curve, 
it may be concluded that the following general rule applies to 
any simple curve: 

Rule.— The deflection angle from the tangent at the P. C. to 
any 100-foot station on a simple curve ts equal to the sum of the 
deflection angle to the preceding 100-foot station and one-half of 
the degree of curve. 

The deflection angles to all full stations on the curve can be 
readily found by applying the preceding rule. Also, a simple 
and reliable check on these values can be obtained by continu- 
ing the computations to determine the deflection angle to the 
P. T. and then finding that angle by another method. It is 
obvious from Fig. 6 that the deflection angle VBC to the P. T. 
is equal to VBH+HBC, and HBC is equal to one-half of the 
central angle HOC. Hence, the deflection angle to the P. T. 
may be found by obtaining the sum of the deflection angle 
previously computed for the last 100-foot station on the curve 
and one-half of the central angle subtended by the chord 
between that station and the P. T. It is also evident from 
Fig. 6 that the deflection angle VBC is equal to one-half of 
the total central angle BOC, or 4I. Therefore, the deflection 


CIRCULAR AND PARABOLIC CURVES, PART 1 23 


angle to the P. T. as found by the longer method is compared 
with 4J and, if the values agree, the computations for the deflec- 
tion angles to all intermediate 100-foot stations may be assumed 
to be correct. 

EXAMPLE.—Determine the deflection angle from the tangent at the 
P. C. to each 100-foot station on the curve in Art. 22 and check the calcula- 


tions by determining the deflection angle to the P. T., which is at Sta. 
22+47. The angle of intersection between the tangents is RI de 


SoLtution.—As found in Art. 22, the deflection angle to Sta. 16+00 is 
2° 11.4’. Since 3D =3X6°=3°, the deflection angles to the other full sta- 
tions on the curve are: 

To Sta. 17--00, 2° 11.4’4+3°= 5° 11.4 
To Sta. 18+00, 5° 11.4’+3°= 8° 11.4’ 
To Sta. 19+-00, 8° 11.4’+3°=11° 11.4’ 
To Sta. 20-+00, 11° 11.4’+3°=14° 11.4’ 
To Sta. 21+-00, 14° 11.4’+3°=17° 11.4’ 
To Sta. 22+00, 17° 11.4’+3°=20° 11.4’ 

The central angle subtended by the chord from Sta. 22 to the Pie at 

Sta. 22+47 is © 
sD =0.47X6=2.82° or 2° 49.2’ 
Hence, the deflection angle between the tangent at the P. C. and the 


chord from the P. C. to the P. T. is 
Dette te 2049.0) — 21 36 


Since 1[=4X43° 12’=21° 36’, the values of the deflection angles 
previously computed may be assumed to be correct. 


24. The principle of the method described in the preceding 
article can also be applied when stakes are set on the curve 
at intervals of 50 feet or 25 feet. However, the increment to 
be added to the deflection angle of the preceding point for each 
50-foot interval is 1D, or one-half of the increment for a 100- 
foot interval; and the increment to be added to the deflection 
angle for each 25-foot interval is 2D. If, for example, in a 
12° curve the deflection angle to Sta. 16+00 is 8° 14’, then 
1D=3° and the deflection angle to Sta. 16+50 is 8° 14’ cod 
=11° 14’, 


25. In the case of a subchord or subarc at the beginning 
of a curve, it may be convenient to compute the deflection angle 
directly in minutes. Then, since a station length contains 100 
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feet and a degree contains 60 minutes, the required angle may 
be found by substituting in the formula of Art. 22 the following 


, 


values: & for d and aaa for s, where d’ is the required deflec- 


tion angle in minutes and c’ is the difference in feet between the 
station numbers of the extremities of the subchord. Thus, 
/ 
S 
—< D 
a’_100"" from which 
60 See 
d=U5 620 
EXAMPLE.—If the P. C. of a 3° curveis at Sta. 37+84, what is the deflec- 
tion angle, in minutes, to Sta. 38+00? 


SoLuTIon.—In this case, c’=16 ft., and 
d'=0.3 c D=0.3X16X3=14.4’. Ans. 


26. Length of Chord at Extremity of Curve.—When the 
P. C. is not at a full station, as is usually the case, the length 
of the chord from the P. C. to the next station may be found 
by applying the formula of Art. 17 or 19. However, when the 
curve is located by deflection angles, it is generally more con- 
venient to use a formula involving the deflection angle to the 
first station, because that angle will be known. Such a formula 
may be derived in the following manner: In Fig. 7, the tangent 
AV at the P. C. and the tangent BV at the P. T. intersect at V, 
the center of the curve is at O, the first 100-foot station is at C, 
and the last 100-foot station is at D. If the chord AC 
and its perpendicular bisector OE are drawn, then the angle 
AOE will be equal to the deflection angle VAC from the 
tangent at the P. C. to the point C, because the sides of one 
angle are perpendicular to the sides of the other angle. If c 
denotes the length of the chord AC, R the radius of the curve, 
and d the deflection angle VAC, it follows from the relation 
AE=OA sin AOE that 4c=R sind, or 


(GS VAR Sin (6! 


The perpendicular bisector OF of the chord BD from the 
P. T. to the last 100-foot station on the curve also bisects the 
central angle DOB subtended by that chord. Then, BF 
= OB sin BOF=R sin 2DOB, or the length of the subchord from 
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the last 100-foot station on the curve to the P. T. equals twice the 
product of the radius of the curve and the sine of one-half the 
central angle subtended by that subchord. When the values of the 
deflection angles are checked by calculating the deflection angle 
to the P. T., it is necessary to determine one-half the central 
angle subtended by the subchord from the last full station to 
the P. T. Therefore, in computing the length of that subchord, 
one-half the central angle subtended by the subchord is known 
and need not be recalculated. 


27. Setting 100-Foot Stations by Deflection Angles.—When- 
ever possible, it is desirable to lay out the entire curve with 
the transit set at the P. C. Before the field work for locating 
the intermediate points on the curve is started, the deflec- 
tion angles from the tangent at the P. C. to the various stations 
on the curve are computed. Then, the transit is set up at the 
P. C. and, with the vernier reading zero, the line of sight is 
brought into the tangent through the P. C. For this purpose, 
the line of sight should preferably be directed to ther. is 
but, in case that point is not visible from the P. C., any point 
on the tangent may be used instead. For instance, caches 
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desired to lay out the curve BC in Fig. 6, the transit is set up 
at B, the vernier is turned to zero, the telescope is directed to V 
or to any other point on the tangent BV, and the lower plate 
of the instrument is clamped. 

Whether the degree of curve is based on a 100-foot chord or 
on a 100-foot arc, the 100-foot stations on the curve can then 
be located as follows: To set the point E, the telescope is 
turned—in this case clockwise, because the curve lies to the 
right of the tangent BV—so that the vernier reading is equal to 
the computed deflection angle from the tangent BV to point E; 
and, along the line of sight thus obtained, the required length 
of the chord BE is measured from the P. C. A stake, which 
has the station number written on it, is driven part way into 
the ground at the end of the chord thus measured. 

In order to locate the point F, the vernier is set to read the 
deflection angle V BF, and the line of sight is thereby directed 
along the chord BF; one end of a tape is then held at E while 
the tape is stretched taut and swung so that a point at a distance 
from E equal to the required length of the chord EF is brought 
exactly into the line of sight. A stake marked with the proper 
station number is driven at the point thus located. The point G 
is located in a similar manner by setting the vernier to read 
the deflection angle VBG and measuring from F a distance 
equal to the required length of the chord FG so that the end of 
the measurement is in the line of sight from the transit. Like- 
wise, the point H is established by setting the vernier to read 
the deflection angle VBH and measuring the chord GH. 

Although the P. T. has already been located, it is always 
advisable to turn off the total deflection angle VBC on the 
vernier and to measure the final chord HC, in order to see how 
closely the point thus determined comes to the previously 
established position of the P. T. If the two points do not 
coincide exactly, but the error is reasonably small, the posi- 
tion of the P. T. as determined from the P. I. should be used as 
the final point on the curve, and the positions of the inter- 
mediate 100-foot stations as determined from the P. C. need 
not be changed. In case the error at the P. T. is comparatively 
large, the curve shoyld be rerun from the P. C., and the 
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100-foot stations that were at first located inaccurately should 
be moved. An additional check on the work may be had by 
setting up at the P. T. and measuring the angle BCV between 
the chord CB to the P. C. and the tangent CV to the P. I. 

EXAMPLE 1.—Two tangents that intersect at an angle of 32° 42’ at 
Sta. 9+31, as shown in Fig. 8, are to be connected by a 7° 30’ curve whose 


degree is based on a 100-foot arc. Explain how the curve would be laid 
out on the ground by deflection angles from the tangent at the P. C. 


Fic. 8 


SoLuTION.—The first step is te determine the station numbers of the P. 
C. and the P. T., and to establish those points on the ground by measure- 
ments from the P. I. In this case, the radius of the curve, which may be 
taken from Table II or computed by formula 1, Art. 6, is 763.94 ft.; and, by 
the formula of Art. 9, the tangent distance is 
T=R tan 47=763.94 tan 16° 21’=224.12 ft. 
Hence, the P. C. will be at Sta. 7+06.88. Also, by the formula of Art. 10, 
the length of the curve is 
L= 1004 = 100 xo 436 ft. 
and the P. T. will be at Sta. one The conditions are represented in 
Fig. 8, but for convenience the curve is shown much sharper than the true 
curve. 
The deflection angles to the successive 100-ft. stations on the curve are: 
Sta. 8, 0.3 c/D=0.3X93.12X7.5= 209.5’, or 3° 29.5’ 
Sta. 9, 3° 29.5'+3° 45’= 7° 14.5’ 
Sta. 10, 7° 14.5’+-3° 45’=10° 59.5’ 
Sta. 11, 10° 59.5’+8° 45’=14° 44.5’ 
The central angle subtended by the subchord from Sta. 11 to the P. T. 
is 0.4288 X7.5=3.216°, or 3° 18’, and 43° 13’=1° 36.5’; then the deflec- 
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tion angle to the P. T. is 14° 44.5’+1° 36.5’=16° 21’. This value is equal 
to 1I, or 4X32° 42’, and the preceding calculations may therefore be 
assumed to be correct. 

As this curve is one whose degree is based on a 100-foot arc, it is neces- 
sary to determine the chord length from the P. C. to Sta. 8; the chord 
length for a 100-foot arc; and also, for checking the position of the P. T., 
the chord length from Sta. 11 to the P. T. By the formula of the pre- 
ceding article, the length of the chord from the P. C. to Sta. 8 is 


c=2R sin d=2X763.94 Xsin 3° 29.5’ =93.06 ft. 
Also, by the formula of Art. 16, the length of chord for a 100-foot arc is 
C=2R sin 4D=2X 763.94 Xsin 3° 45’=99.93 ft. 


To find the length of the subchord from Sta. 11 to the P. T., the principle 
of the preceding article is applied. As previously determined, the value 
of one-half of the central angle subtended by the subchord is 1° 36.5’. 
Hence, the length of the subchord is 


2763.94 Xsin 1° 36.5’ =42.88 ft. 


The intermediate 100-ft. stations on the curve may now be established 
onthe ground in the following manner: The transit is set up attheP.C.and, 
with the vernier reading zero, the telescope is brought into the tangent at 
the P. C. by sighting to the P. I. Here, the length of the subchord to Sta. 
8 is 93.06 ft., and the deflection angle to Sta. 8 is 3° 29.5’. Hence, to 
locate Sta. 8, the vernier is turned, in the proper direction, so as to read 
3° 29.5’ and a length of 93.06 ft. is laid off along the line of sight. The 
deflection angle for Sta. 9 is 7° 14.5’ and the length of the chord from Sta. 
8 to Sta. 9 is 99.93 ft. Therefore, Sta. 9 is located by setting the vernier 
at 7° 14.5’, and measuring 99.93 ft. from Sta. 8 so that the end of the chord 
is on the line of sight from the transit. In a similar manner, Sta. 10 is 
located by making the vernier reading 10° 59.5’ and measuring 99.93 ft. 
from Sta. 9; and Sta. 11 is established by setting the vernier at 14° 44.5’ 
and measuring 99.93 ft. from Sta. 10. Ifthe work is correct, the deflection 
angle to the P. T. at Sta. 11+42.88 should now be found to be 16° 21’, 
and the length of the chord from Sta. 11 to the P. T. should be 42.88 ft. 


EXAMPLE 2.—If the tangents in the preceding example are to be con- 
nected by a 7° 30’ curve whose degree is based on a 100-foot chord, how 
would the curve be laid out on the ground by deflection angles? 


SoLuTION.—The general method of procedure is exactly the same as 
that described in the preceding example. For this curve, however, the 
radius is taken from Table I and is 764.49 ft., and T=764.49 tan 16° 21’ 
= 224.28 ft. Hence, the P. C. is at Sta. 7+06.72. The length of the curve 
is 436 ft., as in the preceding example, and the P. T. is then at Sta. 11 
+42.72. The conditions are as shown in Fig. 9. 

In this case, the deflection angles from the tangent at the P. C. to the 
various 100-ft. stations on the curve are as follows: 
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Sta. 8, 0.3 c’D=0.3X 93.28 X7.5=209.9’, or 3° 29.9’ 
Sta. 9, 3° 29.9'+3° 45’=7° 14.9’ 

Sta. 10, 7° 14.9’-+3° 45’=10° 59.9’ 

Sta. 11, 10° 59.9’+3° 45’=14° 44.9’ 

Also, the central angle subtended by the subchord from Sta. 11 to the 
B. L. is 0.4272X7.5=3.204° or 3° 12.2’; 43° 12.2’=1° 36.1’; and the 
leflection angle to the P. T. is 14° 44.9’+1° 36.1’=16° 21’, which is equal 
bO.5 I. 

Since the degree of curve is less than 8°, the length of the chord from 
the P. C. to Sta. 8 is made 93.28 ft. and the length of the subchord from 
Sta. 11 to the P. T. should be 42.72 ft. 

After the transit has been set up at the P. C. and the line of sight has 
seen brought into the tangent with the vernier reading zero, as described in 
the preceding example, Sta. 8 is located by turning off the deflection angle 
of 3° 29.9’ and measuring 93.28 ft. along the line of sight. Then, Sta. 9 is 


Fig. 9 


stablished by setting the vernier to read 7° 14.9’ and measuring 100 ft. 
rom Sta. 8; Sta. 10, by turning the vernier to 10° 59.9’ and measuring 100 ft. 
rom Sta. 9; and Sta. 11, by turning the vernier to 14° 44.9’ and measuring 
00 ft. from Sta. 10. Finally, as a check on the work, the deflection angle 
o the P. T. should be 16° 21’, and the chord from Sta. 11 to the P. T. 
hould be 42.72 ft. long. 


28. Setting Plus Stations——The procedure for locating 
tations on a curve at intervals of 50 or 25 feet is the same 
s that for locating only 100-foot stations. Before any field 
ocation is started, the deflection angles to all points that are to 
marked on the ground are computed. After the P. C. and 
». T. have been established, the transit is set up at the P. C. and 
he first point on the curve is located by turning off the proper 
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deflection angle and measuring the required length of chord 
along the line of sight of the telescope. The next point is 
located by turning off the deflection angle for that station and 
measuring from the previously located station the correct length 
of chord; at the point where the chord measurement intersects 
the line of sight of the transit, the new station is established. 
In each case, the true length of chord, as determined by the 
formula in Art. 17, 19, or 26, must be used. 


; ; Description | Deflection 
Station Point Chord Arc 


N 
KD 
Qo 


rr 


06.88 


29. Field Notes.—It is customary to record the field notes 
for curves in the type of notebook commonly used for ordinary 
transit surveys. Various methods of arranging the notes are 
in general use, but the data included are essentially the same 
in all. In Fig. 10 is shown a typical set of notes for a portion: 
of a route line containing the simple curve considered in 
example 1, Art. 27. The degree of this curve is based on an 
arc of 100 feet and the entire curve was laid out from the P. C. 
Only the left-hand page of the notebook is illustrated. The 
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right-hand page is used for sketches and notations in connec- 
tion with crossings of streams, fences, etc., and for information 
concerning topography and other features that may seem impor- 
tant to the engineer. 

In the first column of the left-hand page of the notebook are 
recorded the station numbers, which increase from the bottom of 
the page upwards. In the second column are the descriptions 
of the ends of the curve; also, in this column is frequently 
recorded the station number of the vertex, as determined by 
continuing the stationing along the first tangent, although this 
point is not on the curve. The third column contains descrip- 
tive data for the curve, which include the intersection angle J; 
the degree of curve D, followed by the abbreviation R or L to 
show whether the curve turns to the right or to the left; the 
radius Rk; the tangent distance 7; and the length of curve L. 
The fourth column is for the deflection angles to the stations on 
the curve. In the sample notes the values of R, T, and L, and 
the stations of the P. C. and P. T. are computed to hundredths 
of a foot. However, as previously stated, it often is suffi- 
ciently accurate to express each of these values only to the 
nearest tenth. 

In the form of notes here illustrated, the last two columns 
contain, respectively, the chord and arc lengths in feet between 
the adjacent points on the curve. The bearing of each tangent, 
both as observed on the compass circle of the transit and as 
calculated from the bearing of the preceding tangent and the 
measured intersection angle,must also be included in the notes. 
As there are only six columns on a page of the notebook, the 
bearings are often written vertically in the columns headed 
Chord and Arc, as indicated in Fig. 10. This arrangement is 
entirely satisfactory, because the lengths of chords and arcs are 
given only at stations on curves, whereas the bearings of tan- 
gents are shown only between curves. However, the values of 
the chord and arc lengths are sometimes omitted from the notes, 
and the last two columns are used only for the observed and 
calculated bearings. Those columns are then given appropriate 
headings and the values of the bearings are written on horizontal 
lines just above the station of each P. T. | 


32 CIRCULAR AND PARABOLIC CURVES, PART 1 


30. The notes for a curve whose degree is based on a 100- 
foot chord are similar to those for a curve whose degree is based 
on a 100-foot arc. In Fig. 11 is shown a typical set of notes for 
a portion of a railroad line containing a curve whose degree 
is determined by a 100-foot chord and for which the angles and 
distances are given or found in example 2, Art. 27. The first 
four columns in this case contain the same kind of information 


= : 
Station Point | Description | Deflection Magnetic Bearing 
of Curve Angle Observed | Ca/culated 
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as do the corresponding columns in Fig. 10. In the last two 
columns are given the observed and calculated bearings of the 
tangents. As explained in the preceding article, the last two 
columns of the notes for a curve whose degree is based on a 
100-foot arc may also be similar to those shown in Fig. 11 instead 
of as shown in Fig. 10. When this method is used the two sets 
of notes are similar. 


CIRCULAR AND PARABOLIC CURVES, PART 1 33 


EXAMPLES FOR PRACTICE 


1. The P. C. of a 3° curve, whose degree is based on a chord of 100 
feet, is at Sta. 19-+39.60 and the P. T. is at Sta. 25+64.60. Calculate 
the deflection angle from the tangent at the P. C. to each 100-foot station 
on the curve and to the P. T. Ans-{ 544 2° 24.4", 3° 54.4", 5° 24.4, 

; OF ENE, TOM EME Lehi) ia 


2. The P. C. of a 14° curve, whose degree is based on an arc of 100 
feet, is at Sta. 4927.36, and the angle of intersection of the tangents is 
60° 58’. Calculate the deflection angle from the tangent at the P. C. to 
each 50-foot station on the curve. 1°35.1', 5°05.1’, 8°35.1’, 

Ans. 12 0b Le og GOs Om Oo liae 
Do Ds i, IR OR, BEY aispil” 


DEFLECTION ANGLES WITH TRANSIT AT INTERMEDIATE POINT ON CURVE 


31. General Method of Procedure.—lIt frequently happens, 
especially in hilly or timbered country, that there are obstruc- 
tions in the line of vision along a curve so that only a portion 
of the curve can be run in by deflection angles with the transit 
at the P.C. Under such conditions, the procedure for running 
in the curve is as follows: First, the transit is set up at the 
P. C., and as much of the curve as possible is laid out by turn- 
ing deflection angles from that point. At the last station that 
is visible from the P. C., a hub is driven and the point is marked 
accurately by a tack. The transit is then set up at this point 
and subsequent points on the curve are located by turning 
deflection angles with the transit in the new position. Some- 
times, it is necessary to set up at more than one intermediate 
point on the curve. : 

There are two common methods of procedure in turning off 
_ deflection angles when the transit is set at an intermediate 
point on the curve. In one method, which is known as the 
method by deflection angles from an auxiliary tangent, the inter- 
mediate point is used as a second P. C. and the deflection angles 
are computed with respect to the tangent to the curve at that 
point. In the other method, called the method by continuous 
deflection angles, all deflection angles are calculated as if the 
entire curve were laid out with the transit at the P. C. To 
illustrate the procedure with either method, it is assumed that 
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the tangents AB and CD, Fig. 12, are to be connected by a 
simple curve BC, that the entire curve is not visible from the 
P. C. at B, and that the transit is set at the intermediate sta- 
tion E. Then, if the method by deflection angles from an 
auxiliary tangent is employed, the next station F is located by 
bringing the line of sight into the chord EF with the vernier 
reading the deflection angle GEF that the chord EF makes with 
the tangent EG at E. In the method by continuous deflection 
angles, the line of sight is brought into the chord EF with the 
vernier reading the deflection angle V BF that the chord BF 
makes with the tangent BV at the P. C. 


Fie. 12 


The station number of the intermediate transit point is 
not known beforehand in the office. Therefore, when the 
method by deflection angles from an auxiliary tangent is used, 
it is necessary to compute in the field the deflection angles to 
all stations beyond the first intermediate transit point. On 
the other hand, when the method by continuous deflection 
angles is employed, computations in the field are not necessary, 
because the deflection angles for locating all stations on the 
curve may be previously determined in the office. For that 
reason, many engineers prefer the method by continuous 
deflection angles. However, when the other method is used, the 
field computations for determining the deflection angles to the 


rs 
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points on the curve beyond the intermediate transit point are 
relatively simple and these values are easily set on the vernier, 
as they rarely contain decimal parts of a minute and often are 
in half-degrees or whole degrees. 


32. Laying Out Curve by Continuous Deflection Angles. 
In order to explain the fundamental principles underlying the 
method of laying out a curve by continuous deflection angles, 
the typical curve shown in Fig. 12 is considered. The line GH 
is tangent to the curve at the intermediate transit point E, 
and the line EI is the prolongation of the chord BE. If F is 
any point on the curve beyond the point E, the deflection angle 
VBF from the tangent at the P. C. to the point F is equal to 
VBE+EBF. Also, the angle [EF is equal to [EG+GEPF. 
But, the angles VBE and HEB are equal, because each is mea- 
sured by one-half of the arc BE; and the angles HEB and IEG 
are also equal, because they are vertical angles. Hence, it 
follows that IEG is equal to VBE. Moreover, EBF and GEF 
are equal angles, because each is measured by one-half of the 
arc EF. Therefore, IEG+GEF=VBE+EBF, or [EF=VBF. 
In other words, the angle between the prolongation of the 
chord BE and the chord EF is equal to the deflection angle 
between the tangent at the P. C. and the chord BF. Hence, 
with the transit at E, the point F may be located by backsight- 
ing to B with the telescope inverted and the vernier reading zero; 
plunging the telescope back to normal so that it points along 
the line EI; unclamping the upper plate and setting the vernier 
to read the deflection angle to the point F with respect to the 
tangent at the P. C.; and measuring the proper length of the 
chord EF. All other points on the curve that are visible from E 
may be located from that point by turning off the deflection 
angles previously computed for those points for location from 
the P. C. 


33. Where the curve is quite long or the ground is very 
irregular, it may be necessary to set up the transit at more than 
one intermediate point on the curve. For example, it may be 
assumed that, in laying out the curve BC in Fig. 12, it is neces- 
ary to set up the transit not only at B and E but also at J, in 


ca 


io 
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order to locate the subsequent points on the curve. With the 
transit at J, the line of sight may be brought into the chord JK 
by backsighting to E with the telescope inverted and the vernier 
set at the deflection angle VBE from the tangent at the P. C. 
to E, plunging the telescope back to normal, and then setting 
the vernier to read the deflection angle V BK from the tangent at 
the P. C. to K. This may be proved as follows: 

In the illustration, the line LM is tangent to the curve at J, 
and the line JN is the prolongation of the chord EJ. The 
angle M JE between the tangent LM at J and the chord /E is 
equal to the angle GE J and is also equal to the angle LJN 
between the tangent LM and the prolongation JN of the 
chord EJ. Therefore GEJ=LJN. Also, GEJ=IEJ—IEG. 
But, JEJ=VBJ, and IEG=VBE; hence, LJIN=VBJ—VBE. 
Finally, since NJK=LJN+L/JK, and LJK=J]BK, it follows 
that NJK=VBJ—VBE+JBK=VBJ+JBK—VBE, or NJK 
=VBK-—VBE. In other words, the angle between the pro- 
longation JN of the chord EJ and the chord JK is equal to the 
difference between the deflection angles to K and E from the 
tangent at the P. C. 


34. In general, the transit operations to be performed in 
laying out a curve by continuous deflection angles with the 
transit at any intermediate point may be outlined as follows: 
Backsight to any previously established point on the curve with the 
telescope inverted and the vernter set at the deflection angle from the 
tangent at the P. C. to the point of backsight. Plunge the telescope 
back to normal and set the vermier to read the deflection angle from 
the tangent at the P. C. to the point to be located. 

In order that the points on the curve beyond a second inter- 
mediate transit point may be correctly located, it is essential 
to set the vernier reading for the backsight on the proper side 
of the zero mark. When the method of continuous deflection 
angles is used, the vernier readings for an entire curve are on the 
same side of the zero mark. 


EXaAmpPLe.—In laying out a 4° curve to the left, whose P. C. is at Sta. 
34-+23.08 and whose P. T. is at Sta. 43-+83.08, the transit is to be set up 
at Stas. 38 and 41 and the method of continuous deflection angles is to be 
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used. Compute the deflection angle to each station, and describe the 
field work for locating Stas. 39 to 43, inclusive. 


SoL_uTIon.—The procedure in this case is indicated in Fig. 18. The 
deflection angles from the tangent at the P. C. to every station on the curve 
will be computed before any field work is begun. They will be as follows: 


STA. DEFLECTION ANGLE 

35 0.3 c'D =0.3 X 76.92 X4=92.3' or 1° 32.3’ 
36 12532132 Smogon 
37 3° 32.3'+2° = IN? GVaSy 
38 5° 32.3’-F2° = LOBES 
39 7° 32.3/4+2° = O32 oL 
40 9° 32.3’-++2° = 1G? SyBy 
41 11° 32.3’+2° = 118% S78" 
42 13° 32.3’+2° = ISS? SHA SY 
43 15° 32.3/4+-2° = mmozeon 
434-83.08, P. T. 17° 32.3’+3 X 0.8308 X 4° =19° 12’ 


S Fic. 13 “ 


With the transit at the P. C., Stas. 35 to 38, inclusive, are established 
on the ground. Then the instrument is moved to Sta. 38. Since a back- 
sight is to be taken to the P. C. and the deflection angle to the P. C. is 
zero, the first operation at Sta. 38 is to set the vernier to read zero. Then, 
with the telescope inverted, the line of sight is directed to the P. C. and 
the lower plate is clamped. To locate Sta. 39, the telescope is plunged 
back to normal, the upper clamp is loosened, and the telescope is turned 
counter-clockwise—in this case, the curve is to the left—until the vernier 
reading is equal to the deflection angle from the tangent at the P. C. to 
Sta. 39, or 9° 32.3’. Then the length of the chord between Stas. 38 and 
39 is measured along the line of sight and Sta. 39 is established at the end of 
the measurement. Sta. 40 is located by loosening the upper clamp, set- 
ting the vernier to the deflection angle for that station, or 11° 32.3’, and 
measuring the chord from Sta. 39 to Sta. 40 so that the end of the measure- 
ment comes in the line of sight from the transit at Sta. 38. Similarly, 
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Sta. 41 is established by setting the vernier to read 13° 32.3’ and measuring 
the proper chord length from Sta. 40. 

When the transit is moved to Sta. 41, the backsight is taken to Sta. 38. 
The vernier reading for the backsight is in this case the deflection angle to 
Sta. 38 from the tangent at the P. C., or 7° 32.3’. This setting is on the 
same side of the zero mark as the settings for the other deflection angles. 
With the vernier properly set and the telescope inverted, the line of sight 
is directed to Sta. 38. Then, the telescope is plunged back to normal, 
the upper plate is unclamped, and Sta. 42 is located by setting the vernier 
to read the deflection angle to that station from the tangent at the P. C., 
or 15° 32.3’, and measuring the proper chord length from Sta. 41. Since 
the vernier is set to read 7° 32.3’ when the backsight is taken along the 
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chord from Sta. 41 to Sta. 38, the angle actually turned from that chord 
to the chord from Sta. 41 to Sta. 42 is 15° 32.3’—7° 32.3’, as indicated in 
Fig. 18. Also, Sta. 43 is established by setting the vernier to 17° 32.3’ 
and measuring the chord from Sta. 42. 


35. Deflection Angles From Auxiliary Tangent.—In order to 
use the method of laying out a curve by deflection angles from 
an auxiliary tangent, it is first necessary to determine the deflec- 
tion angles from the auxiliary tangent to other points on the 
curve. In Fig. 14 the tangents AB and CD, intersecting at V, 
are connected by a simple curve BC. It is assumed that the 
transit has to be set up at the point E, and that the point F is to 
be located by the deflection angle GEF from the tangent GH at E. 
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The deflection angle GEF is measured by one-half of the arc 
EF, and is, therefore, equal to one-half of the central angle 
subtended by that arc. Thus, a formula similar to that in 
Art. 22 may be applied for finding the deflection angle from 
the tangent at any point on a curve to any other point, or 

ha 
in which d,=deflection angle from tangent at any point on curve 
to any other point; 
s,= difference, in stations of 100 feet, between station 
numbers of two points; 
D=degree of curve. 


After the deflection angle to the first 100-foot station beyond 
any intermediate transit point on the curve has been deter- 
mined by means of the preceding formula, the deflection angle to 
each subsequent station up to and including the next transit 
point may be found by applying the principle of Art. 23, or 
by adding one-half of the degree of curve to the deflection angle 
for the preceding station. | If there is more than one interme- 
diate transit point on the same curve, the computation of 
deflection angles starts anew at each such point. 

As a check on the calculations, the sum of the deflection 
angles to the intermediate transit points on the curve and to 
the P. T. should equal one-half of the angle of intersection 
between the tangents at the P. C. and P. T. 


EXAMPLE.—lIf the curve in the example of Art. 34 is to be laid out 
by the method of deflection angles from an auxiliary tangent and the same 
intermediate set-ups are required, what should be the deflection angle to 


each station on the curve? 


So.ution.—The deflection angles up to Sta. 38 are found as in the 
preceding article. They are: 


DEFLECTION ANGLE 


STA 

35 0.3 c’D=0.3X 76.92 X4=92.3’ or 1° 32.3’ 
36 OB RIBVEEO eB) Byray 

37 XO BOY EYAL Dy easT 1G yes 


38 5° 32.3/4+-2° =7° 32.3’ 
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The deflection angles to Stas. 39, 40, and 41 are referred to the tangent 
at Sta. 38. For Sta. 39 the value of s, in the formula of this article is 1 
and the required deflection angle is 
peau 
oe ae 
By Art. 23, the deflection angle to Sta. 40 is 
Dea u “4° =. 4° 
and that to Sta. 41 is 
4°+4x4°=6° 
The deflection angles from the tangent at Sta. 41 to Stas. 42 and 43 
and to the P. T. are as follows: 


sD 1X4 ° 
Sta. 42, oa oe =2 
Sta. 43, 2°+2x4°=4° 


Sta. 43-+83.08, P. T., 4°+4X0.8308 X4=5° 39.7’ 
As a check, it is desirable to find the sum of the deflection angles to 
Stas. 38 and 41 and to the P. T. Thus, 
7° 32.3’+6°-+5° 39.7’ =19° 12’ 
which is equal to 37 or }X38° 24’. 


36. Laying Out Curve by Deflection Angles From Auxiliary 
Tangent.—The procedure in laying out a curve by deflection 
angles from an auxiliary tangent is similar to that described 
for the method by continuous deflection angles, but different 
vernier readings are used in the two methods. 

If, for example, the transit is set up at the intermediate 
point E, Fig. 14, and it is desired to make the vernier read the 
deflection angle to F from the tangent GH at E when the tele- 
scope is directed along the chord EF, the vernier reading must 
be zero when the line of sight lies in the tangent GH. This zero 
reading is achieved as follows: First the inverted telescope is 
directed to B with the vernier set to the value of the angle HEB, 
which is equal to the deflection angle VBE from the tangent at 
the P. C. to the point E. Then, the telescope is plunged back 
to normal, so that the line of sight will be directed along the 
line EJ, which is the prolongation of the chord BE. Finally, 
since angle GEI is equal to angle HEB, the line of sight is 
brought into the tangent EG by setting the vernier to read zero. 
Thus, with the transit at E, the point F may be located by tak- 
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ing a backsight on the P. C. at B with the vernier reading the 
value of the angle V BE and the telescope inverted; plunging the 
telescope back to normal; setting the vernier to read the angle 
GEF on the opposite side of the zero mark, so that the line of 
sight will be directed along the chord EF; and measuring the 
required length of the chord EF along the line of sight. From 
a study of the illustration, it will be seen that the vernier read- 
ings for the backsight to B and for the foresight along the 
chord EF must be on opposite sides of the zero point. 

In case it is necessary to set up the transit at another inter- 
mediate point on the curve, as J, and the point K is to be 
located by the deflection angle from the auxiliary tangent LM at 
J, the procedure would be as follows: First, with the vernier 
reading equal to the angle M/E, or to the deflection angle ME J 
from the tangent GH to J, and with the telescope inverted, a 
backsight is taken to E. Then, the telescope is plunged back to 
normal, and the vernier is turned through zero and set at the 
deflection angle L/JK, the line of sight thus being brought in 
the chord JK. As at the first intermediate point, the readings 
for the backsight and the foresight must be on opposite sides 
of the zero mark. 


37. From the explanations in the preceding article, the 
general method of performing the transit operations at an 
intermediate point on a curve when the deflection angles are to 
be referred to the tangent at that point may be outlined as 
follows: Backsight to any previously established point on the 
“curve with the telescope inverted and the vernier set to read the 
deflection angle to the transit point from the tangent at the point of 
backsight. Then plunge the telescope back to normal, unclamp 
the upper plate, and, after passing the zero mark, set the vernier 
to read the deflection angle from the tangent at the transit point 
to the point to be located. 

If the curve turns to the left, the vernier reading for the 
backsight should be obtained by setting the vernier roughly to 
zero and then rotating the telescope clockw‘se. On the other 
hand, if the curve turns to the right, the vernier setting should 
be obtained by rotating the telescope counter-clockwise from 
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the zero position. After the telescope has been plunged back 
to normal, the proper deflection angle for the foresight is set on 
the vernier on the opposite side of zero without stopping at 
the zero mark. The chord measurements are made in the same 
way as for the method of continuous deflection angles. 
ExAMPLe.—For the curve in the example of Art. 35, find the vernier 


settings (a) for the backsight from Sta. 38 to the P. C. and (0) for the 
backsight from Sta. 41 to Sta. 38. 


Doi Description| Deflection PGES PERT 


Station of Curve Angle Observed | Calculated 
| 


Sag). LPRon & 


39422V 


eat {ofa | LRor & 


220 S 57° 25'E 
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SoLuTIon.—(a) When taking the backsight from Sta. 38 to the P. C., 
the telescope is inverted and the required vernier reading is the deflection 
angle to Sta. 38 from the tangent at the P. C., or 7° 32.3’. Since the 
curve in this case turns to the left, the setting is made by rotating the 
telescope in a clockwise direction from the position it would have when 
the vernier reads zero. 

To locate Stas. 39, 40, and 41, the telescope is plunged back to normal 
and the vernier is turned beyond zero to the deflection angles of 2°, 4°, 
and 6° in succession. 

(b) The required vernier reading for the backsight from Sta. 41 to Sta. 
38 is the deflection angle to Sta. 41 from the tangent at Sta. 38. From 
Art. 35, this angle is 6°. As for the backsight from Sta. 38 to the P. Ge 
the vernier setting at Sta. 41 is obtained by rotating the telescope in a 
clockwise direction from its position for a vernier reading of zero. 
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38. Field Notes for Curves With Intermediate Transit 
Points.—In Fig. 15 is shown a typical method of recording the 
field notes for a curve that was laid out by the method of deflec- 
tion angles from an auxiliary tangent. These notes are for a 
curve whose degree is based on a 100-foot chord, but the method 
is exactly the same for a curve whose degree is determined bya 
100-foot are. Each transit point on the curve is indicated by 


the abbreviation I. P. on€ (meaning instrument point on center 
line) in the'second column. The values of the deflection angles 


in the fourth column are computed as in Art. 35. In other 
respects these notes are similar to those for a curve that is laid 
out entirely from the P. C. 

The field notes for a curve that is located from intermediate 
points by continuous deflection angles are, in the main, similar 
to those shown in Fig. 10 or 11. However, instrument points 
on the curve are identified by the notation, I. P.on €, asin the 
second column in the form of notes shown in Fig. 15. 


EXAMPLES FOR PRACTICE 


1. Two tangents that intersect at an angle of 29° 50’ are joined by a 
3° 30’ curve. The P. C. is at Sta. 95+-76.30 and the P. T. is at Sta. 
104+-28.68 and, in order to lay out the curve in the field, it is necessary to 
set up at Stas. 98 and 103. If the method of continuous deflection angles 
is used, what should be (a) the deflection angle to each 100-foot station on 
the curve and (b) the vernier reading when the transit is set up at Sta. 103 
and the backsight to Sta. 98 is taken? : 

(a) 24.9’, 2° 9.9’, 3° 54.9’, 5° 39.9’, 7° 24.9’, 
Ans 9° 9.9’, 10° 54.9’, 12° 39.9’, 14° 24.9’ 
(b) 3° 54.9’ : 

2. In laying out a 7° curve whose P. C. is at Sta. 23-++09.53, it is found 
necessary to set up the transit at Sta. 27. Jf the method of deflection 
angles from an auxiliary tangent is to be used, what should be the vernier 
reading (a) when the backsight from Sta. 27 to the P. C. is taken, and (b) 


when the foresight to Sta. 28 is taken? poe (a) 13° 40’ 
WG) BRB 


LAYING OUT CURVE WITH TRANSIT AT P. T. 


39. When the entire curve is visible from the P. T., the 
intermediate stations on the curve may be conveniently located 
with the transit at the P. T. instead of at the P. C. Thus, it 

321B—11 
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is assumed that the curve ACDEFB, Fig. 16, is entirely visible 
from the P. T. at B and the stations at C, D, E, and F are 
located with the transit at point B. Since the angle ABC 
is an inscribed angle, it is measured by one-half of the are AC 
and is equal to one-half of the central angle AOC. The deflec- 
tion angle VAC from the tangent at the P. C. to point C is 
also one-half of the central angle AOC, and therefore the angle 
ABC is equal to the deflection angle VAC. Similarly, it can be 
shown that the angles ABD, ABE, and ABF are equal, respec- 


Fic. 16 


tively, to the deflection angles from the tangent at the P. C. 
to points D, E,and F. Consequently, if the transit is set at the 
P. T. and the telescope is directed to the P. C. with the vernier 
reading zero, the intermediate stations on the curve may be 
located by turning off in succession the regular deflection angles ° 
with respect to the tangent at the P. C. and measuring the chord 
lengths from station to station in the usual manner. Although 
the transit is at the P. T., the stations are located by proceed- 
ing from the P. C. toward the P. T. and the vernier settings 


CIRCULAR AND PARABOLIC CURVES, PART 1 45 


are made exactly as if the transit were at the P. C. After all 
the stations have been established, the work may be checked 


by setting the vernier at H and sighting towards V. If the 
transit work is correct, the point V should be in the line of sight. 


40. The method described in the preceding article is used 
to a considerable extent because it is preferable for several 
reasons to the method with the transit at the P. C. Firstar 
the P. C. and the P. T. are located from the P. I., the transit 
can be moved directly from the P. I. to the P. T., and it need not 
be set up at the P.C. Thus, the trouble of carrying the transit 
from the P. I. to the P. C. and then to the P. T. is avoided, and 
the transit is in the same position for laying out the curve as 
for continuing the line along the extension of the tangent through 
the P. T. Second, the long sights are taken immediately after the 
transit is set up and before settlement and sunlight have dis- 
turbed the adjustment of the instrument. Third, since the 
successive lines of sight along the chords keep getting nearer 
to the curve, accumulated errors in chaining do not affect the 
alinement of the curve so much. Therefore, the established 
position of the curve on the ground is likely to be more 
nearly correct. 

TANGENT OFFSETS 

41. Use of Tangent Offsets.—In railroad or highway work, 
it often happens that an obstacle in the line of sight of the 
transit prevents the use of the method of deflection angles 
for locating a single point or several points on a curve. The 
stations that cannot be established by deflection angles are then 
generally located from the P. C. or the P. T. by measuring dis- 
tances along and perpendicular to the tangent at the P. C. or 
the P. T. These perpendicular distances are commonly called 
tangent offsets, or sometimes tangent deflections, and it is said 
that the points are located by tangent offsets. When a transit 
is not available, the method of tangent offsets is sometimes used 
to lay out a complete curve on the ground. 


42. Calculations for Tangent Offsets——In Fig. 17 the 
tangents AB and CD are connected by the simple curve BC, 
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the center of which is at O. To locate any point, such as E, 
on the curve by the method of offsets from the tangent at the 
P. C., it is necessary to calculate and measure both the distance 
BE’, or x, along that tangent from the P. C. to the foot of the 
perpendicular EE’, and the tangent offset EE’, or y. The dis- 
tances x and y for a point are sometimes called the coordinates 
of the point. In order to derive formulas for x and y, the line 
EE" is drawn parallel to the tangent AV until it intersects the 


Fig. 17 


radius OB. Then, in the triangle KOE”, EE’’=OE sin EOE”; 
or since EE” =BE’ and OE is the radius R of the curve, 


x=Rsin S (1) 


in which x=distance along the tangent from the P. C. to the 
foot of the perpendicular from the point to be 
located; 
R=radius of curve; 
S=total central angle between the radius to the P. C. 
and the radius to the point to be located. 
Also, E’/E=BE"=OB—OE” and, in the triangle EOE”, 
OE” =OE cos EOE”. Hence, since OB=OE=R, the tangent 
offset y= R—R cos S, or 


y=R (1—cos S) (2) 
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The difference between 1 and the cosine of an angle is the 
trigonometric function of the angle that is known as the versine 
or versed sine, the abbreviation for which is vers. Thus, vers S 
=1—cos S and 

y=Rvers S (3) 


For any given point on the curve, the angle S is found by 
multiplying the degree of curve by the difference between the 
station numbers of the P. C. and the point to be located on the 
curve. 

EXAMPLE 1.—In laying out a 2° railroad curve, whose degree is based 
on a 100-foot chord and whose P. C. is at Sta. 21+16, it is desired to locate 


Sta. 25+00 by the method of tangent offsets. What are the coordinates 
of that station with respect to the tangent at the P. C.? 


SoLuTION.—From Table I, the radius of the curve is R=2,864:93 ft. 
Since the degree of curve is 2° and the distance from the P. C. at Sta. 
21+16 to Sta. 25+00 is 3.84 stations, the central angle between the radii 
to these two points is S=2X3.84=7.68° or 7° 40.8’... By formulas 1 and 
2, the required coordinates are 

x=R sin S=2,864.93 sin 7° 40.8’ =382.87 ft. Ans. 
y=R (1—cos S) =2,864.93 X (lI—cos 7° 40.8’) =25.70 ft. Ans. 

EXAMPLE 2.—The P. C. of a 6° highway curve, whose degree is based 
on an arc of 100 feet, is at Sta. 8+20. Calculate the coordinates of Sta. 
10+50. 


SOLUTION.—The distance from Sta. 8+20 to Sta. 10-++-50 is 2.3 stations 
and the central angle between the radii to those two points on a 6° curve 
is 6X2.3=18.8° or 13° 48’. Also, the radius of a 6° curve is, from Table 
II, 954.93 ft. Then, by formulas 1 and 2, 


x=R sin S=954.93 sin 13° 48’=227.78 ft. Ans. 
y=R (1—cos S) =954.93 X (l—cos 13° 48’) =27.57 ft. Ans. 


43. If desired, points near the P. T. can be located by dis- 
tances along and perpendicular to the tangent at the P. T. 
For example, the point F, Fig. 17, may be located by the dis- 
tance CF’ along the tangent CV and the offset F’F perpendicular 
to that tangent. The method of computing coordinates 
referred to the tangent at the P. T. is exactly the same as that 
used when the coordinates are referred to the tangent at the 
P. C., but the angle S in formulas 1 and 2 of the preceding article 
is measured from the radius to the P. T. 
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ExamPLe.—lIf the P. T. of the 6° highway curve in example 2 of Art. 
42 is at Sta. 12+65, what is the tangent offset for Sta. 12 with respect to 
the tangent at the P. T.? 

SoLUTION.—The central angle between the radii to Sta. 12-++-00 and 
the P. T. is 6°X0.65=3.9° or 3° 54’. Then, by formula 2, Art. 42, 

y=R (1—cos S) =954.93 X (1—cos 3° 54’) =2.22 ft. Ans. 


44, Special Method for Curve Whose Degree is Based on 
100-Foot Chord.—The formulas of Art. 42 may be used for 
determining the coordinates of any point on a simple curve. 
However, if the degree of curve is taken as the angle subtended 


(ae 7 


E 

Fic. 18 
by a 100-foot chord and the entire curve is to be located by 
the method of tangent offsets, it is generally convenient to use 
those formulas only at the last station—as a check on the work 
—and to compute the coordinates of each intermediate station 
by the following method. 

In Fig. 18 the tangents AB and CE are joined by the curve BC 
whose center is at O; the points F, G, and H are at 100-foot 
stations on the curve; and the lines FF’, GG’, and HH’ are drawn 
perpendicular to the tangent AV at the P. C. It is assumed 
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that the distance BF is less than 100 feet, and the central angle 
BOF is designated as D,. The coordinates of F, which are x4 
= BF’ and y,=F’F, may be readily computed by solving the 
right triangle FBF’. In this triangle the hypotenuse BF is 
the subchord c from the P. C. to the first full station on the 
curve, and the angle F’BF is the deflection angle from the 
tangent at the P. C. to the first full station and is, therefore, 
equal to }D,. Hence, 


%1=c cos 3D, (1) 


and yi=c sin 5D, (2) 


in which x; and 4; are coordinates of first full station on curve, 
in feet; 
c=length of subchord from P. C. to first station on 
curve, in feet; 
D;=central angle between radii to P. C. and first 
station. 


These formulas also apply when the P. C. is at a 100-foot sta- 
tion. In that case, D; =D and c is 100 feet. 

In order to derive expressions for the coordinates of the 
point G, namely, %.=BG’ and y.=G’G, the line FG” is drawn 
parallel to AV, and the line OJ is drawn perpendicular to the 
chord FG, thus bisecting that chord and its arc. Obviously, 
BG’ = BF'+ F'G'= BF’+ FG", and G@G=GG"+G6"G=FF 
+G”’G. The distances BF’ and F’F are the coordinates of F, 
and the distances FG’ and G’G can be found by solving the 
right triangle FGG”. The angle G’’FG is equal to the angle BOI, 
because the sides of one angle are perpendicular to the sides of 
the other; hence, FG’ =FG cos G’FG=FG cos BOI, and G"'G 
=FG sin BOI. Then, x2=%x;+100 cos BOI, and 72=3+100 
sin BOI. 

Similarly, to find the coordinates *,=BH and ys 
of the point H, the line GH” is drawn parallel to the tangent 
AV and the line OJ is drawn perpendicular to the chord GH. 
Then, BH’=BG’+G'H'=BG'+GH", and H'H=f'H"’ +H’ 
=G/G+H"H. But BG’ =x and G'G= 7; also, since the angles 
HGH and BOJ are equal, GH” =GH cos BOJ and H"H=GH 
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sin BOJ. Hence, the coordinates are x3=22+100 cos BO/ 
and 73=%32+100 sin BO]. 

In general, the coordinates of any 100-foot station on a 
curve whose degree is determined by a 100-foot chord can be 
found from the coordinates of the preceding station by the 
following formulas: 


x=x'+100 cos A (3) 
y=y' +100 sin A (4) 


in which x and y are coordinates of 100-foot station to be 
located, in feet; 
x’ and y’ are coordinates of preceding 100-foot station 
‘on curve, in feet; 
A=angle between radius to P. C. and radius to point 
midway between the station to be located and 
the preceding 100-foot station. 


The value of the angle A for the second 100-foot station on 
the curve is equal to D,+3D, and the angle A for each subse- 
quent 100-foot station is found by adding D to the value of A 
for the preceding station. Thus, in Fig. 18, the angle BOT is 
equal to D,+3D, and the angle BO/J is equal to BOI+ D. 

EXAMPLE.—If the P. C. of a 6° curve, whose degree is determined by a 


100-foot chord, is at Sta. 8+20, what are the values of the coordinates of 
Stas. 9, 10, and 11? 


SoLuTION.—The length of the subchord from the P. C. to Sta. 9 is 
c=80 ft., and the central angle subtended by that subchord is D,=6° 
X0.8=4.8° or 4° 48’. Hence, by formulas 1 and 2, the coordinates of 
Sta. 9 are %1=c cos $D,=80 cos 2° 24’=79.93 ft. Ans. 

yi=c sin $D,=80 sin 2° 24’=3.35 ft. Ans. 
The value of A to be used in formulas 3 and 4 for Sta. 10 is D,+ 4D 


=4°48’+4X6°=7° 48’, and the values of x’ and y’ are the coordinates of 
Sta. 9. Thus, for Sta. 10, 


x=x'+100 cos A =79.93+100 cos 7° 48’=179.01 ft. Ans. 
y=y'+100 sin A =3.35+100 sin 7° 48’=16.92 ft. Ans. 
For Sta. 11, the angle A, which is found by adding D to the angle for 
Sta. 10, is 7° 48’+-6°=18° 48’, and the coordinates are 
x=179.01+-100 cos 18° 48’=276.12 ft. Ans. 
y=16.92+100 sin 18° 48’=40.77 ft. Ans. 
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45. Geometrical Formulas for Tangent Offsets.—The 
tangent offset to any point on a simple curve may also be com- 
puted by the principles of geometry. In Fig. 18, BF is a chord 
of any length, FF’ is the tangent offset for the point F, and OK 
is the perpendicular bisector of the chord. Then, since the 
angles F’BF and BOK are equal, the right triangles BFF’ and 
BOK are similar and 


OB -BR= BF nF 
If the radius OB is denoted by R, the length of the chord BF 
by c, and the tangent offset F’F by y, this relation becomes 

Rc—cy 

Cc 

or ¥=oR (1) 
This formula is correct for any point. Hence, if y represents 
the offset for a point at a chord distance of 100 feet from the 
P. C., then 


_ 100? 
yo OR 
bie CG 1, L007 C 
ee yy 2R 2R 100° 
C 2 
or y=yorX (=o) (2) 


in which y=tangent offset for any point on curve, in feet; 
yo=tangent offset for point at chord distance of 106 
feet from extremity of curve, in feet; 
c=length of chord from extremity of curve to point 
under consideration, in feet. 


Formula 2 is often applied where the degree of curve is based 
on achord of 100 fect. Values of the tangent offset for a point 
at a chord distance of 100 feet from the P. C. or P. T. are given 
for various degrees of curve in the column of Table Tithates 
headed Tangent Offset. Thus, for a 3° curve the tangent offset 
for a point 100 feet from the P. C. or P. T. is found from the 
table to be 2.618 feet. 
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ExAMPLE.—Find, by the use of formula 2, the tangent offset at Sta. 
9 of the curve in the exampie of Art. 44. 


SoLutTion.—From Table I, the value of yo for a 6° curve is 5.234 ft.; 
and the length of the chord from the P. C. to Sta. 9 is c=80ft. Hence, 
the required tangent offset is 


= yoX GS) —5.234X0.8?=3.35 ft. Ans. 


46. Field Location by Tangent Offsets.—After the distances 
along the tangent and the tangent offsets have been computed 
for the various points to be located on the curve, the first 
step in laying out the curve is to set stakes at the required 
points along the tangent, as at F’, G’, and H’ in Fig. 18. Where 
there are no obstructions on the curve, each station along the 
curve is best located by measuring the offset from the tangent 
and the chord from the preceding station, and establishing the 
intersection of these two distances. Thus, the point F is set 
at the intersection of two arcs, one having F’ as a center and 
the tangent offset F’F as a radius and the other having B asa 
center and the chord length BF asaradius. Similarly, the point 
G is established at the intersection of arcs swung from 
G’ and F with radii of G’G and FG, respectively. 

In case the chord from the preceding station to the point 
to be located cannot be conveniently measured, the tangent 
offset for the point is laid off at right angles to the tangent. 
Thus, the point F, Fig. 18, may be located by measuring the 
distance BF’ along the tangent AV, erecting a perpendicular 
to the tangent at F’, and laying off the tangent offset F’F 
along that perpendicular. 


EXAMPLES FOR PRACTICE 


1. The P. C. of an 8° curve, whose degree is based on an arc of 100 feet, 
is at Sta. 11+19.2. Calculate the coordinates of Sta. 15-++00. 


*=363.11 ft, 
Ue ae ft. 


2. The P. C. of a 4° curve, whose degree is based on a 100-foot chord, 

is at Sta. 8-+37.4. Calculate the coordinates of Stas. 4, 5, and 6. 
Sta/4—7 =" 62:58 ft., v=" 137 ft 
Ans.) Sta. 5—x = 162.27 ft., y= 9.22 ft. 
Sta. 6—x=261.17 ft., yv=24.01 ft. 
3. Find the tangent offset at Sta. 4 of the curve in the preceding 
example by the use of formula 2, Art. 45. Ans. 1.37 ft. 
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ORDINATES FROM LONG CHORD 


47. Generai Procedure.—Another method of locating points 
on a curve without the use of a transit consists in measuring 
calculated distances along and perpendicular to the long chord, 
which is the chord joining the P. C. and P. T. In Fig. 19, the 
two tangents AB and EF are connected by the simple curve BE, 
the long chord of which is the straight line from the P. C. at B 
to the P. T, at E. Any station on the curve, asG, H, J, K, L, 


Fie, 19 


M, or N, may be located by first laying off along the long chord 
the computed distance from the P. C. or P. T. to the foot of 
the perpendicular dropped from the respective station to the 
long chord, and then measuring along that perpendicular the 
computed ordinate from the chord to the station. Thus, 
station G would be established by laying off the computed dis- 
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tance BG’ on the long chord, setting a temporary stake at G’, 
erecting a perpendicular to the long chord at G’, and measuring 
the computed ordinate G’G along that perpendicular. Similarly, 
station H may be located by measuring the distance BH’ along 
the chord BE and the ordinate H’H on the perpendicular 
erected at H’. 

This method is known as the method of ordinates from the 
long chord. It is best adapted for bending rails to the proper 
curvature, but occasionally it is found convenient for locating 
the stations on a curve whose degree is based on an arc of 100 
feet. where neither the method of deflection angles nor the 
method of tangent offsets is suitable. 


48. Calculation of Distances.—If it is assumed that the 
P. C. of the curve in Fig. 19 is at a plus station, as is usually 
the case, the central angle BOG is less than the degree of 
curve D; this angle will be denoted by D,. The distances 
required for locating the various stations on the curve may be 
determined as follows: The line OV from the center point O 
to the vertex V bisects the central angle J, and angle BOV 
=3I. Also, the line OV is perpendicular to the long chord BE 
and bisects that chord at P. If GG” is drawn parallel to BE, 
it is evident that GG’=G’P, and BG’=BP—GG"; also, G'G 
= PG" =O0G"—OP. If R represents the radius of the curve, 
BP=R sin $1, OP=R cos 411, GG"=R sin GI—D,), and 
OG”=R cos (4I1—D,). Therefore, 


BG’ = R [sin }I—sin (4I—D,)] 
G’G=R [cos (1 — D,) —cos 4]] 

If HH’’ is made parallel to the long chord BE, then BH’ 
= BP—HH"=R sin }I—Rsin (4I—D,—D) and H’H=OH" 
—OP=RKcos(I—D;—D)—Rcos4I. Hence, 

BH'=R [sin $I—sin (I—D,—D)] 
H’H=R [cos (4I—D,—D) —cos 31] 

For any station between the P. C. and the middle point of 
the curve, the distance from the P. C. to the foot of the per- 
pendicular from the station to the long chord is 

z= R [sin 3J—sin ($I—S)] (1) 
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and the perpendicular distance, or ordinate, from the long chord 
to the station is 


o=R [cos (4I—S)—cos $J] (2) 
in which z=distance, in feet, measured from the P. C. along 

the long chord to the foot of the perpendicular 
to that chord from the station under considera- 
tion; 

R=radius of curve, in feet; 

I=intersection angle; 

S=central angle between radii to P. C. and to station 
to be located; 

o=ordinate from long chord to station, in feet. 


For a station between the middle point of the curve and 
the P. T., formulas 1 and 2 can be applied simply by taking 
z as the distance from the P. T., and S as the angle between 
the radii to the P. T. and the station. In case all distances 
along the long chord are to be measured from the P. C., the 
distance for a station between the middle of the curve and 
the P. T. may be found by taking the difference between the 
length of the long chord and the distance along that long 
chord from the P. T. to the station. The length C; of the long 
chord may be computed by the formula 


C,=2R sin 41 (3) 


ExaMp_e.—lIf the curve in Fig. 19 is a 3° highway curve, whose degree 
is based on an arc of 100 feet, its P. C. is at Sta. 75+30, and the total 
central angle is 21° 36’, compute the distances along the long chord and 
the ordinates (a) for Sta. 76, (b) for Sta. 77, and (c) for Sta. 81. 


SoLution.—(a) In this case, the radius R is, from Table II, 1,909.86 
ft. and 31=4X21° 36’=10° 48’. For Sta. 76, which is at a distance of 
70 ft. from the P. C., the value of S in formulas 1 and 2 is 3°X0.7=2.1° 
or 2° 6’. Hence, the distance along the long chord from the P. C. to the 
ordinate at Sta. 76 is 

z=R [sin 327—sin (31—S)] = 1,909.86 X (sin 10° 48’—sin 8° 42’) 
=68.98 ft. Ans. 


Also, the ordinate at that station is 


o=R [cos (4I—S)—cos $1] =1,909.36 X (cos 8° 42’—cos 10° 48’) 
=11.84 ft. Ans. 
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(b) For Sta. 77, S=2° 6’+3°=5° 6’. Hence, 
z= 1,909.86 X (sin 10° 48’—sin 5° 42’) =168.18 ft. Ans. 
and 0 =1,909.86 X (cos 5° 42’—cos 10° 48’) =24.39 ft. Ans. 


(c) The length of the curve is 25° x 100=720 ft. and the P> i. is; 


therefore, at Sta. 82+50. The central angle between the radii to the 
P. T. and to Sta. 81 is 3°X1.5=4.5° or 4° 30’. Hence, the distance from 
the P. T. to the ordinate at Sta. 81 is, by formula 1, 


z= 1,909.86 X (sin 10° 48’—sin 6° 18’) = 148.30 ft. 
By formula 3, the length of the long chord is 
C,=2R sin 1J=2X1,909.86 Xsin 10° 48’ =715.74 ft. 
and the required distance along the long chord from the P. C. to Sta. 81 is 
715.74— 148.30 = 567.44 ft. Ans. 


Also, by formula 2, in which S=4° 30’, the ordinate at Sta. 81 is 
0 = 1,909.86 X (cos 6° 18’—cos 10° 48’) =22.29 ft. Ans. 


49. Middle Ordinate.—The distance from the long chord to 
the curve, measured along the line joining the center of the 
curve and the vertex, is called the middle ordinate. Thus, 
in Fig. 19, the middle ordinate is the distance PQ measured 
along the line OV from the long chord BE to the curve. The 
middle ordinate is the greatest ordinate from the long chord 
to the curve. Since PO=OQ—OP=R-—R cos 41, the middle 
ordinate may be found by the formula 


m= R (1—cos $1) (1) 
or m= R vers =I (2) 


in which m=middle ordinate, in feet; 
R=radius of curve, in feet; 
I =intersection angle. 


50. Approximate Ordinates——When the long chord is not 
greater than 100 feet in length, it is convenient and sufficiently 
accurate to use the following approximate method for deter- 
mining the ordinate to any point on the curve. In Fig. 20, 
AB is the long chord for the curve ACB, whose center is at O, 
and CD is the middle ordinate. If OE is drawn perpendicular 
to the chord AC, the right triangles ACD and AOE are similar, 


CD. AE ‘ 
and AG 0A" But AE = AC and, if the length of the chord 
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AB is small compared with the radius OA, the length of the 
chord AC may be assumed to be equal to the distance AD or 
half of the length of the chord AB. Now, let m represent the 
middle ordinate; R, the radius of the curve; and c, the length 
of the chord whose middle ordinate ism. Then, 


or 


Also, for determining the length of an ordinate, as FG, at any 
point on the curve, it is sufficiently accurate to apply the 
formula 


= (2) Approx. 


in which h=ordinate at any point, in feet; 
b,=distance from either extremity of chord to foot 
of ordinate, in feet; 
b.=distance from other extremity of chord to foot of 
ordinate, in feet; 
R=radius of curve, in feet. 
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EXAMPLE.—A chord of 72 feet is laid off on a 6° curve, whose degree is 
based on a 100-foot chord. Compute (a) the middle ordinate, and (d) 
the ordinate 12 feet from the end of the chord. 


SoLuTIon.—(a) From Table I, R=955.37 ft.; and, by formula 1, the 


middle ordinate is 
Ga 72? ~ 
=—. =-__—___ = 0.678 ft. : 
SRISKOMSTE 
(b) In formula 2, b;=12 ft. and d.-=72—12=60 ft. Then the required 
ordinate is 


™ 


_bXb__ 12X60 


p= OR =33<055.37 7 08" ft. Ans. 


EXAMPLES FOR PRACTICE ° 


1. The P. C. of a 5° curve, whose degree is based on an arc of 100 feet, 
is at Sta. 29+49.4 and the total central angle is 17° 48’. Compute (a) 
the distance along the long chord from the P. C. to the foot of the per- 
pendicular at Sta. 31; and (b) the ordinate from that chord to Sta. 31. 


(a) 149.89 ft. 
Ans.{ @) 13.48 ft. 


2. Compute the distance along the long chord from the P. T. to Sta. 
32 in the preceding example. Ans. 104.74 ft. 


3. Acchord for a 14° curve, whose degree is based on a 100-foot chord, 
is 64 feet long. Determine the ordinate at a point on the chord 27 feet 
from one end. Ansr ul 22 cets 


OFFSETS FROM CHORDS PRODUCED 


51. Where the degree of curve is based on a 100-foot chord 
and a transit is not available, it is sometimes convenient to 
locate the 100-foot stations on the curve by the method of 
offsets from chords produced, or the method of deflection dis- 
tances. This method is employed mostly for restoring center- 
line stakes on a stretch of railroad track that has already been 
built. The general procedure is indicated in Fig. 21, where the 
tangents AB and CD are connected by the simple curve BC, 
and the stations E, F, G, and H are located by the method 
of offsets from chords produced. 

The first station on the curve beyond the P. C. is located 
by the method of tangent offsets. Thus, the point E is located 
by setting the point E’ on the tangent AV at the proper cal- 
culated distance from the P. C. and determining the intersec- 
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tion of the required tangent offset E’E and the chord BE. The 
distances BE’ and E’E may be computed by formulas 1 and 2, 
Art. 44, or the offset E’E may be calculated by applying formula 
1 or 2, Art. 45. 

Unless the P. C. is at a 100-foot station, in which case the 
chord BE is 100 feet long, it is customary to locate the second 
station in the following manner: The point B’ is established 


Fre. 21 


at the intersection of two arcs. One is swung with E as a center 
and the distance BE’ as the radius, and the other with B asa 
center and the distance E’E as the radius. The line B’E and 
its prolongation EF’ will then be tangent to the curve at station 
E, and the point F may be located by the method of tangent 
offsets just as if E were the P. C. of a curve and F the first 
station on the curve. Since the chord EF is 100 feet long, the 
required distance EF’—from E to the foot of offset F’F that is, 
321B--12 
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perpendicular to the auxiliary tangent B’F’—is 100 cos F’EF 
or 100 cos 3D, where D denotes the degree of curve. Also, 
the offset F’F is equal to 100 sin 4D. Thus, the point F is 
established by marking the point F’ and then locating the inter- 
section of the offset F’F and the chord EF. 

Where BE is a short subchord, the auxiliary tangent B’F’ 
cannot be located accurately by the method just described. 
Consequently, in this case, both the first station at E and the 
second station at F should be located by offsets from the 
tangent at the P.C. Thus, F would be located by the distance 
BF” along the tangent AV and the tangent offset F’’F. 


52. After the first two stations on the curve have been 
established, the remaining stations may be located by offsets 
from chords produced. Thus, the point G, Fig. 21, is located 
by prolonging the chord EF for a distance of 100 feet to 
G’ and determining the intersection of the 100-foot chord 
FG and the offset GG. The distance, such as GG’, 
between a 100-foot chord and the prolongation of the preced- 
ing 100-foot chord is called the chord deflection. If the line FJ is 
drawn tangent to the curve at F, it will bisect the chord deflec- 
tion G’G at J and will also be perpendicular to G’G. Since the 
chords EF and FG are each 100 feet long, the triangles EF’F 
and F JG are equal, JG is equal to F’F, and G’G is twice F’F. In 
general, the chord deflection for any curve is equal to twice the 
tangent offset for a point that is 100 feet from the end of the 
curve. Values of the chord deflection for various degrees of 
curvature based on 100-foot chords are given in Table I in the 
column headed Chord Deflection. 

The last station H on the curve shown in Fig. 21 may be 
located by prolonging the chord FG for 100 feet to H’ and 
establishing the intersection of the chord GH and the chord 
deflection H’H. The position of point H may then be checked 
by calculating the coordinates CK and KH, along and perpen- - 
dicular to the tangent CV at the P. T.,and comparing them with 
the corresponding distances actually measured on the ground. 

In case the P. C. is at a 100-foot station, the procedure is 
similar to that just described. However, the point E, Fig. 21, 
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is then the P. C. and therefore it is unnecessary to locate an 
auxiliary tangent. 


EXAMPLE.—The P. C. of a 4° curve, whose degree is based on a 100- 
foot chord, is at Sta. 8+-25. Explain how to locate Stas. 9, 10, and 11 by 
the method of offsets from chords produced. 


SOLUTION.—The conditions may be represented as in Fig. 21. In this 
problem the point B is at Sta. 8+ 25, the point Fis at Sta. 9, and the length 
of the chord BE is 75 ft. Then, the central angle BOE is D,=4X0.75 =3° 
and, by formulas 1 and 2, Art. 44, the distances BE’ and E’E are 


BE’'=75 cos 1° 30’=74.97 ft. 
and E’E=75 sin 1° 30’=1.96 ft. 


Hence, Sta. 9 is located by first marking a point on the tangent through 
the P. C. at a distance of 74.97 ft. from the P. C. and then establishing 
the required station at a distance of 1.96 ft. from the point just set on the 
tangent and at a distance of 75 ft. from the P. C. 

In order to locate Sta. 10, it is first necessary to fix the direction of the 
auxiliary tangent at Sta. 9. For this purpose, the point, as B’ in Fig. 21, 
is set at a distance of 1.96 ft. from the P. C. and 74.97 ft. from Sta. 9. Also, 
the distance, as EF’, along the tancent at Sta. 9 from that station to the 
foot of the offset to Sta. 10 is 100 cos 3D=100 cos 2°=99.94 ft. Hence, 
the tangent, as B’E, through Sta. 9 is prolonged beyond that station for 
a distance of 99.94 ft. and a stake is set at the end of the measurement. 
From Table I, the tangent offset for a 100-ft. chord of a 4° curve is found 
to be 3.49 ft., and Sta. 10 is located at that distance from the stake on the 
auxiliary tangent through Sta. 9 and at a distance of 100 ft. from Sta. 9, 
or at the intersection of the distances F’F and EF in the illustration. 

The first step in locating Sta. 11 is to prolong the chord between Stas. 
9 and 10 for a distance of 100 ft. beyond Sta. 10; in other words, to set the 
point as G’ in Fig. 21. Then, since from Table I the chord deflection for 
this curve is 6.98 ft., Sta. 11 is located at a distance of 6.98 ft. from the 
point, as G’, on the prolongation of the chord through Stas. 9 and 10, and 
at a distance of 100 ft. from Sta. 10, or at the intersection of the distances 
G’G and FG. 


MIDDLE ORDINATES 


53. The method of middle ordinates, which is another 
method for restoring the center-line stakes on a curve without a 
transit, is sometimes preferred to the method by offsets from 
chords produced. The usual procedure is illustrated in Fig. 22, 
where AB 1s the tangent at the P. C. of a curve and C, D, E, 
and F are the first four 100-foot stations on the curve. The 
first two stations, C and D, are located in the manner described 
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in Art. 51 for the method of offsets from chords produced. 
Thus, the point C is established by the distances BC” and C’C 
along and perpendicular to the tangent through the P. C. and 
by the length of the chord BC; and the point D is set by locat- 
ing the auxiliary tangent B’D’ and measuring the distances C De 
DED sand iG: 

To locate station E, the direction of the chord from C to 
E is first determined by setting the point G at a distance 
from station D equal to the middle ordinate for the chord CE. 
The middle ordinate DG should be laid off as nearly perpendicu- 
lar to the required chord CE as can be estimated by eye. Since 
the distance between C and E along the curve is 200 feet, the 
length of the middle ordinate DG may be determined by sub- 
stituting the degree of curve for $J in formula 1 or 2 of Art. 49. 


However, this ordinate is equal to the tangent offset for a sta- 
tion 100 feet from the point of tangency, and thus is equal to the 
offset D’D, which has been previously used. The point E is 
established in line with points C and G and at a distance of 
100 feet from the preceding station D. 

Station F is located, in the manner just described for sta- 
tion EF, by first laying off the middle ordinate EH and marking 
the point H on the ground; and then establishing the required 
station in line with D and H and at a distance of 100 feet from E. 


SPECIAL FEATURES IN LAYING OUT SIMPLE CURVES 


54. Selection of Degree of Curve.—The degree of the curve 
that is finally selected for connecting two given tangents 
usually depends on the character and importance of the route 
and on the topography of the ground surface. On important 
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railroads and highways, the requirements of high-speed traffic 
impose a comparatively low limit on the maximum permissible 
degree of curve, and greater economy and safety in operating 
trains or motor vehicles are obtained by the use of flat curves. 
On the other hand, the cost of construction must not be over- 
looked, and in mountainous regions it may be necessary to use 
sharp curves in order to avoid excessive excavation or fill 
required to obtain suitable grades. Also, the smaller the degree 
of curve, the greater will be the length of curve necessary to 
effect a given change in direction. Consequently, the degree of 
curve is often limited by the available tangent distance. 

Sometimes, special features govern the choice of the degree 
of curve. For example, the minimum or maximum distance 
from the vertex at the intersection of the tangents to the nearest 
point—which is the middle point—on the curve may be fixed 
by some feature of the topography or by a permanent obstruc- 
tion. The straight-line distance from the vertex to the middle 
point of the curve is called the external distance and is usually 
designated by the letter E. Thus, in Fig. 19, the external dis- 
tance is VQ. The external distance for any curve is part of the 
straight line, as VO, from the vertex to the center of the curve. 

It is obvious from the foregoing discussion that the choice 
of the curve for a particular case requires careful study of the 
local conditions and is not based on any general rule. 


55. Calculation of Radius From External Distance.—The 
external distance is not generally used in locating points on a 
curve, but it is often important in the selection of the degree of 
curve. When the intersection angle and the external distance 
for the curve are known, the radius can be readily computed. 
in Fig. 23, the P. C. is at A’and the P. T. is at B, and the 
external distance VC is equal to OV—OC, or OV=OC+VC 
= R+E, where R denotes the required radius of the curve and E 
the external distance. If J represents the intersection angle, it 


OA R 
is evi Os. . =R+E, 
is evident that OV eer Scie ay a 


from which R=R cos 41+E cos $I and 
PeEicos SL (1) 
~ 1—cos 41 


R 
Pelee 
cos $i 
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This formula may also be written as 


Wa ae e, 
exsec 31 


(2) 


The abbreviation exsec stands for exsecant, which is the trigono- 
metric function of an angle that expresses the difference between 


the secant of the angle and 1. Thus, exsec $J=sec 3J—1 
peso | l-cos3l and 28 le neue 
ites 212s se coss hes 1—cos3JI exsec3I 


When tables of secants or exsecants are not available and 
logarithms are used, the radius may be found conveniently by 
another relation among the external distance, the intersection 
angle, and the radius. This 
relation may be derived as 
follows: In Fig. 23, the line CD 
is drawn so that it is tangent 
to the curve at the middle 
point C and intersects the pro- 
longation of the radius OA at 
D. Then, in the right tri- 
angle OCD, CD=OC tan DOC 
=Rtan4I. Since this is also 
the value of the tangent dis- 
tance for the curve AB, the 
distances CD and AV are equal. It now follows that the tri- 
angles ACD and ACV are equal, because each of the angles 
ACD and CAV is measured by one-half of the arc AC, and 
the side AC is common to the triangles; two sides and the 
included angle of one triangle are thus equal to two sides and the 
included angle of the other triangle. Therefore, CV=AD. 
Also, the line DV is parallel to the chord AC, and angle DVA 
is equal to angle VAC, which in turn is equal to }AOC or 1I. 
Hence, in the right triangle VAD, AV=AD cot DVA, or 
Rtan 3[=E cot 1] and 


Fic. 23 


R=E cot $I cot 4] (3) 


EXAMPLE.—Two tangents that intersect at an angle of 26° 40’ are to 
be connected by a curve whose center line at any point must not be less 
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than 63 feet from the vertex. If the degree of curve is based on an arc 
of 100 feet, determine the required degree of curve. 

SOLUTION.—In this case, E=63 ft., 3J=13° 20’, and 17=6° 40’. 
Then, the required radius is approximately equal to the value computed 
by formula 3, which is 

R=E cot 3J cot 3J=68 cot 13° 20’ cot 6° 40’=2,274 ft. 
From Table II, the next larger radius is 2,291.83 ft. This corresponds 
to a 2° 30’ curve, which will be used. Ans. 


56. Checking Curve at Mid-Point.——Where a comparatively 
long curve is being located by deflection angles and the exter- 
nal distance from the vertex to the mid-point of the curve can 
be easily measured on the ground, it may be advisable to check 
the curve at the mid-point instead of waiting until the P. T. is 
teached. The procedure is then as follows: The external dis- 
tance is first computed from the relation 


E=R exsec 4I (1) 
or E=R tan 4/ tan i] (2) 


in which the letters have the same meanings as in Art. 55. 
While the transit is set up at the vertex, a stake is placed at the 
mid-point of the curve, as C in Fig. 23, by backsighting along 
either tangent with the vernier at zero, turning off an angle 
equal to 4(180°—T) so that the line of sight will be directed 
toward the center of the curve, and laying off the external dis- 
tance VC, or E, along this line. 

When the mid-point is reached during the process of running 
in the curve by deflection angles, the position of that point, 
as determined by its deflection angle from the tangent through 
the P. C. and its distance from the preceding 100-foot station 
on the curve, should be reasonably close to the position previ- 
ously established. The deflection angle to the mid-point is 
obviously +J and the station number of that point is equal to 
the sum of the station of the P. C. and half the length of the 


curve. 

57. Passing Obstacles on Curves.—There are numerous 
field conditions that may prevent the complete location of a 
curve by any single method, and the variety of problems 
encountered makes it impossible to give any general method for 


66 CIRCULAR AND PARABOLIC CURVES, PART 1 


locating stations whose positions cannot be determined by the 
regular procedure. The best method of passing an obstacle on 
a curve will depend on the particular field conditions encoun- 
tered and also on the ingenuity of the engineer in adapting 
the method to the conditions. Three of the more usual methods 
are indicated in Fig. 24. 

In laying out the curve ABCDEFGH in view (a), stations B 
and C may be located by the method of deflection angles 
with the transit at the P. C. at A. However, between stations 
C and D there is a building that interferes with the measure- 
ment of the chord from C to D and with the line of sight from 
the P. C. to point D. Where the obstacle is not too far from one 


end of the curve, the method of tangent offsets would usually 
be given first consideration for locating station D. Thus, 
the point D could be located by measuring the distance AD’ 
along the tangent at the P. C. and the offset D’D perpendicular 
to that tangent. 

In case the method of tangent offsets is not applicable, the 
next choice would be a modification of the method of ordinates 
from the long chord. In the illustration, the chord AE may be ' 
treated as the long chord for the curve, because the portion of 
the curve beyond E does not influence the position of D or E. 
Then the required distance AD” along this chord and the ordi- 
nate DD at right angles to it may be calculated by applying 
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the method of Art. 48 and using the central angle J’ instead of 
the total angle I. 


58. When an obstacle on a curve is several stations from 
either end of the curve and neither method described in the 
preceding article is convenient, the method illustrated in Fig. 
24 (b) may be advantageously employed in passing the obstacle. 
After the curve has been laid out from the P. C. at A to station J 
near the obstacle, the station K on the other side of the obstacle 
may be located by running the lines JL and LK, each of which 
makes an angle of 60° with the chord JK and is given a length 
equal to the required length of that chord. Thus, the angle 
JLK must also be 60° and, if the field work in running the 
lines JL and LK is accurate, the point K will be in its proper 
position. 

With the transit at J, the telescope can be brought into the 
line JL by a procedure similar to that described in Art. 34 
or Art. 36 for determining the direction of the chord JK, but 
by setting the vernier to read the deflection angle to the point 
K plus 60°. The point L is next established at a distance from 
J equal to the required length of the chord JK, and the transit 
is moved to L. The direction of LK is then determined by turn- 
ing an angle of 60° from LJ, and station K is located at a dis- 
tance from L equal to the required length of JK. 

In order to proceed along the curve from station Kythe 
transit may be set up at that point and the line of sight directed 
along the chord KM in the following manner: A backsight 
is taken to L with the telescope inverted and the vernier read- 
ing 60° plus the deflection angle from a tangent at K to the 
chord K J, or 60° plus one-half the degree of curve if JK is 100 
feet long. The telescope is plunged back to normal so that the 
line of sight is along KN. Then the upper plate is unclamped, 
the telescope is turned past the zero reading of the vernier, and 
the vernier is set to read the deflection angle from the tangent 
at K to the chord KM, or one-half the degree of curve if KM is 
100 feet. The remainder of the curve may then be run in 
by the method of deflection angles from the auxiliary tangent 
yh et 
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When a station point is inaccessible, another point on the 
curve near the inaccessible station may be located instead, 
but the station number of the point actually located must be 
recorded in the notes and marked on the stake driven at that 
point. 


59. Locating Curve When P. I. is Inaccessible.—Wherever 
possible, the point of intersection of the tangents to a curve 
is located on the ground. However, the proposed route for a 
highway or railroad often winds around steep hills or runs 
along the bank of a river 
or the shore of a large 
lake. The point of inter- 
section of two tangents 
that are to be connected 
by a curve may then be 
located either beyond the 
face of a hill or in deep 
waterand, therefore, may 
be inaccessible. For in- 
stance, in Fig. 25, the 
intersection V of the 
tangents AB and CD, 
which are to be joined by 
the curve BC, is located 
in deep water. The method of procedure that is then adopted 
for establishing the P. C. and P. T. of the curve is usually as 
follows: 

From a point EF, located at some convenient station on the 
extension of the tangent AB, either a line, as EF, or a traverse, 
as EGF, is run to a point F on the extension of the tangent CD. 
Where a straight line EF is used, the angles VEF and VFE 
and the distance EF are measured directly. In case a traverse 
is required, the angles VEF and VFE and the distance EF 
are computed from the traverse notes. The intersection 
angle I between the tangents AB and CD is an exterior angle of 
the triangle VEF and is equal to the sum of the angles VEF 
and VFE. Also, in the triangle EFV, the angle EVF is equal 


Fig. 25 


CIRCULAR AND PARABOLIC CURVES, PART 1 69 


to 180°—J, and the lengths of the sides VE and VF can be 
computed by the relations 
EF sin VFE 
VE on EVE 
_ EF sin VEF 
~ sin EVF | 
When the degree of the curve BC is selected, the tangent 
distance VB or VC may be computed by the formula of Art. 9, 
or T=R tan 37. The required distance from the point E 
to the P. C. at B is then equal to VB—VE, and the distance 
from the point F to the P. T. at Cis VC—VF. 


Fie. 26 


EXAMPLE.—The intersection of two proposed tangents AB and CD, 
Fig. 26, is inaccessible. Therefore, from the point E, which is at Sta. 
39-+50 on the tangent AB, the line EF is run to the point F on the tangent 
CD. The angle between the prolongation of AB and the line EF, as 
measured by a transit, is found to be 37°, the length of EF is measured 
and found to be 348.14 feet, and the angle between EF and the prolongation 
of CD is 23° 24’. If the tangents AB and CD are to be connected by a 5° 
curve, whose degree is based on a chord of 100 feet, what should be (a) 
the station number of the P. C. on the tangent AB, and (b) the distance 
from F to the P. T.? 


SoLution.—(a) Here, the angle of intersection between the tangents 
AB and CD is I= VEF+ VFE=37°+23° 24'=60° 24’ and angle EV F= 
180°—60° 24’=119° 36’. Then, by solving the triangle EVF, it is found 
that ; 
EF sin VFE 348.14 sin 23° 24 

VERE oe ype sin i980 
EF sin VEF 348.14 sin 37° __ 

and VF= sin EVF ~ sin 119° 36’ = 240.96 ft. 
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The required tangent distance for the 5° curve is 
VB=VC=R tan 42 =1,146.28 tan 30° 12’ = 667.15 ft. 

Hence, the distance from E to the P. C. at B should be VB— VE=667.15 
— 159.01 = 508.14 ft. Obviously, the station number of the P. C. is less 
than that of point EZ. Since 3,950—508.14=3,441.86, the P. C. should 
be at Sta. 34+41.86. Ans. 

(b) The required distance from F to the P. T. is VC—VF=667.15 
— 240.96 =426.19 ft. Ans. 


60. To Replace Two Curves and a Tangent by a Single 
Curve.—In highway or railroad location it is usually desirable 
to use a single long curve rather than a combination of two 
shorter curves and a short tangent between them. Thus, in 
Fig. 27, the tangents AB and CD should preferably be con- 


eo 
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nected by the single curve BEC rather than by the curves BF 
and GH and the short tangent FG. However, in running a pre- 
liminary line, it often happens that the three tangents AJ, /K, 
and KD are located in the field instead of the two tangents AV 
and VD. Where /K is a relatively short distance, it is disre- 
garded in the final location survey, and a curve is run between 
the tangents AV and VD. 

If the point of intersection V of the tangents AB and CD 
is inaccessible, the P. C. at B can be located from the point J, 
and the P. T. at C can be located from the point K, as explained 
in the preceding article. If, on the other hand, it is possible to 
establish the point V on the ground, that point should be 
located, the angle J should be measured, and the P. C. and P. T. 
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at Band C, respectively, should be set by measuring the required 
tangent distance from V. In order to locate the point VY, the 
following method may be used. 

Range poles are set at two points on the tangent CD, such 
as points K and D. A transit is set up at J, a backsight is 
taken along the tangent line to A, with the telescope inverted, 
and the telescope is then plunged to its normal position. The 
flagman places a flag so that it is in the line of sight from the 
transit and also in line—as nearly as he can estimate—with 
the range poles at K and D. With a little practice, a flagman 
can determine closely the point of intersection of the two lines. 
The next step is to drive two temporary stakes, one on each 
side of the flag and along the prolongation of the tangent A/J, 
asat Land M. The flag is then removed, the direction of the 
line of sightis marked accurately by a tack drivenhalf way in the 
top of each stake, and a cord is stretched between the two 
tacks. 

The transit is now set up at K, a backsight is taken to D 
with the telescope inverted, and the telescope is plunged back 
to normal. A flag is then placed at the point where the line 
of sight of the transit intersects the cord stretched between the 
points L and M. This point is the intersection point V of the 
lines AJ and KD prolonged, or the P. I. of the proposed curve 
BC. A permanent stake is finally driven at V, and the P. I. 
is located accurately by driving a tack at the exact point 
where the prolongation of K D, as determined by the line of sight 
from the transit, crosses the cord connecting the tacks in the 
stakes at L and M. 


61. Relocating Tangent.—After the preliminary survey and 
the subsequent calculations have been made, it is sometimes 
found that considerable excavation or fill can be avoided by 
moving the P. I. of a curve a short distance along one of the 
tangents and making the new tangent parallel to the old one. 
The intersection angle then remains unchanged, and the usual 
problem is either to retain the original degree of curve and to 
change the positions of the P. C. and P. T., or to retain the 
original P. C. or P. T. and to alter the degree of curve slightly. 
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62.. A typical case in which a tangent is shifted is repre- 
sented in Fig. 28. In the original location, the curve AB joins 
two tangents that meet at V. Later, it is found desirable to 
establish a new tangent V’B’ parallel to, and to the right of, the 
original position VB, and to insert a new curve A’B’ that has the 
same degree of curve as the oldone. The distance A.A’ between 
the old and the new P. C. will then have a definite relation to the 
perpendicular distance BC between the tangent at the old P. T. 
and the new tangent. Since the intersection angle and the 


oO Fic. 28 


radius are the same for both the old and new curves, these two 
curves have the same tangent distance, or AV=A’V’ and VB 
=V'B'’. Obviously, AA’=VV’; also, since VB is equal and 
parallel to V’B’, the figure VV’B’B is a parallelogram. Hence, 
it follows that BB’ is equal and parallel to VV’, AA’= BB’ , and 
angle V’B’B=I. If BC is drawn perpendicular to V’B’, then 


Mee DUP oe L8G, BOOS 
SOR CE RB are AA'=— In general, 
b=—! 


sin I 
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in which b=distance, in feet, between new and old P. C.; 
p=perpendicular distance, in feet, between old tangent 
and new parallel tangent; 
I=angle of intersection. 


The new P. C. may be located on the tangent A V at A’ by 
measuring the required distance AA’ or b from the original 
P.C.at A. The new curve is then run in by any of the general 
methods for locating curves. In the illustration, the new 
tangent lies outside the old one, and the P. C. is moved toward 
the vertex. Where the new tangent is inside the old one, the 
same formula is applied for finding 6, but the P. C. must be 
moved away from the vertex. 


EXAMPLE.—A curve to the right, with its P. C. at Station 11+ 03.52, 
has a central angle of 27°. It has been found that the tangent through 
the P. T. of the curve should be moved outwards, or away from the center © 
of the curve, a perpendicular distance of 21 feet. If the new curve is to 
be of the same degree as the old one, determine the station number of the 
new P. C. 


SoLuTION.—In this case, J=27° and p=21 ft.; then, the required 
distance from the old P. C. to the new one is 
p 21 
~sinJ = sin Fee fe 
Since the new tangent is outside the old one, the P. C. is moved toward 
the vertex and its station number is increased. Thus, 1,103.52-+46.26 
= 1,149.78 and the new P. C. should be at Sta. 11+49.78. Ans. 


63. In Fig. 29 are shown typical conditions where the P. C. 
of a curve is retained and, in order to meet a new tangent 
through the P. T., the degree of curve is altered. Here, AB is 
the original curve and BV is the tangent through its P. T. 
When the tangent through the P. T. is shifted parallel to itself . 
to the position V’B’, the curve AB’ is substituted for AB. 
Since the deflection angle from the tangent at the P. C. to the 
long chord of the curve is 2/, regardless of the degree of curve, 
the long chord AB for the original curve must pass through 
the new P. T. at B’. If B’C is drawn parallel to the radius OA 
at the P. C., then B’C=00', OC=O0'B’, BC=OB—O0'B’, and 
angle B'CB=I. Hence, if R is the radius OB of the original 
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curve AB and R’ is the radius O’B’ of the new curve AB’, it 
follows that B’C=R—R’ and BC=R—R’. Also, the perpen- 
dicular distance between the new and old tangents is p=BD 
= BC—CD=BC—B'C cos B/CB=(R—R’)—(R—R’). cos I 


= ive ! — . — ! = es 
(R—R’) (1—cos I); whence, R—R Tene where the 
new tangent through the P. T. lies inside the old one, 
Weg = Yon se 3 
ious 1—cos I (1) 


Fig. 29 


in which R’=radius of required curve, in feet: 
R=radius of original curve, in feet: 


p=perpendicular distance between tangents, in 
feet; 


I=intersection angle. 


Where the new tangent through the P. T. is outside the old 
one, the required radius of the new curve is 


ee iy 
“ eee (2) 
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64. Curve Joining Given Tangents and Passing Through 
Given Point.—Sometimes a railroad or highway curve, whose 
tangents are established, must pass through a certain point that 
is definitely located on the ground. The radius or degree of 
the curve is then fixed by this requirement. For example, in 
Fig. 30, the tangents AV and BV are to be joined by a curve 
that passes through the point C, and it is required to determine 
the radius of the curve. 


Fie. 30 


The first step in solving this problem is to measure in the 
field the distance VC and the angle that the line VC makes with 
either tangent, as angle W in the illustration. Then, the 
required radius OC, or R, may be computed in the following 
manner: Since angle VOB=3I, angle OVB=90°—3ZI, and 


ae 
OVC=X=90°—41-—W=90°—(31+W). Also, OV= ae 
and, by solving the triangle OVC, it is found that sin OCV 
_ OV sin OVC “f 
a, OG 
| ae 
in Vals is, ine sin X 
yore R cos 31 


321B—13 
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But, since sin X=sin [90°—(4/+W)] =cosGI+W), 

sin Yao eee 
cos $f 
and the angle Y can thus be determined. In every case, this 
angle must be greater than 90° and the obtuse angle correspond- 
ing to the computed value of sin Y must always be used. 


: VC sin OVC 
The radius can be calculated by the relation OC = Ge 
or raves se However, as the angle Z is often very small, 


and a slight difference in Z would then make a great difference 
in sin Z and in R, it is usually preferable to determine R as 
follows: If the line CD is drawn perpendicular to the tangent AV 
produced, CD=VC sin DVC=VC sin (I+W). Also, if CE 
is drawn perpendicular to the radius OA, CD=OA—OE=OA 
—OC cos EOC=R—Rcos (41+Z). Hence, R—Rcos ($J+2Z) 
=VC sin ([+W) and 
_ VCsin (I+W) 


Re 1—cos (4[+2Z) 


EXAMPLE.—Two tangents, as AV and BV in Fig. 30, intersect at an 
angle of 54° 10’. The curve between these tangents must pass: through 
a point. that is located 162.4 feet from the P. I. and on a line from the 
vertex that makes an angle of 22° 27’ with the tangent to the P. T. Deter- 
mine the radius of the required curve. 


SoLuTIon.—In this case, J=54° 10’ and W=22° 27’. Hence, 
5 or ° r 
sin Y=£°S A Ral _cOSs (27 a Be 27’) _ 9.72804 
cos $I cos 27° 5 
The acute angle whose sine is 0.72894 is 46° 48’ and Y=180°—46° 48” 
= 133° 12’. Since X =90°— (3/-++ W) =90° — (27° 5’4+-22° 27’) = 40° 28’, 
Z=180°— (X-+ Y) =180°— (40° 28’4-133° 12’)=6° 20’. For VC=162.4 
Dues 
R= VC sin (I+-W) _ 162.4 sin (54° 10’+22° 27’) 
1—cos (4/+2Z) 1—cos (27° 5’+6° 20’) 


=955.7 ft. Ans. 


65. Intersection of Curve and Straight Line—A problem 
that sometimes arises in practice is to locate the intersection of 
a curve with a certain straight line, such as a property line. 
Thus, in Fig. 31, the curve AB, whose tangents are AV and BV, 
intersects the straight line CD, and it is required to find the 
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distance along the line CD from the tangent to the curve and 
also the station number on the curve of the point of intersec- 
tion C. The first step is to measure on the ground the distance 
AD, from the nearer end of the curve to the point where the 
straight line intersects the tangent through that end; and also 
the angle ADC between the tangent and the intersecting line. 
Then, if R denotes the radius of the curve, tan ADO=+, and 
R 


OD=——,—... Also, angle ODC=ADC—ADO. In the tn- 
sin ADO 


angle COD, the obtuse angle DCO can be determined by the 
relation 
; 3 OD sin ODC 
sin DCO= narOGue 2 
In the same triangle, 
DOC=180°— (ODC+ DCO) 
OC sin DOC 
are te OC 
Also, angle AOC= AOD+ DOC, and the required distance, in 
stations, along the curve from the P. C. to the point C where 
the curve intersects the straight line is found by dividing the 
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value of the angle AOC by the degree of curve. The station 
number of the point of intersection can then be readily deter- 
mined from the station number of the P. C. 


EXxAMpLe.—As indicated in Fig. 31, a 4° curve AB, whose degree is 
based on a 100-foot arc, and whose P. C. is at Sta. 19+61.3, intersects a 
property line CD at the point C. The tangent AV through the P. C. of 
the curve intersects the property line at point D, which is 489.6 feet from 
the P. C.; also, the angle ADC between the tangent and the property 
line is 111° 45’. Determine (a) the distance along the property line from 
the tangent to the curve, and (b) the station number on the curve of the 
point where the curve intersects the property line. 


So_ution.—(a) The radius of the curve is 1,432.4 ft. and, since AD 
= 489.6 ft., 


1,432.4 habs 
tan ADO= 489.6 and ADO=71° 8 
Therefore, OD sae es Sais ft. and angle ODC=ADC—ADO 
sin 71° 8 


= 111° 45’—71° 8’=40° 37’. 


OD sin ODC _ 1,513.7 sin 40° 37’ : : 
OG awe eC ea and, since DCO is 


obviously an obtuse angle, 
DCO=180° —48° 28’ = 186° 32’ 
Hence, DOC=180°—(ODC+ DCO) =180°— (40° 37’+-136° 32’)=2° 51’. 


The required distance along the property line from the tangent to the 
curve is 


Also, sin DCO= 


DCc= OC sin DOC _ 1,482.4 sin 2° Sit 
sin ODC sin 40° 37’ 

(b) Angle AOD=90°—ADO=18° 52’ and the central angle AOC, 
between the radius to the P. C. and that to the intersection C of the curve 
and the property line, is AOD+ DOC=18° 52’4-2° 51’=21° 43’ or 21.717°. 
Hence, the distance along the curve from the P. C. to the intersection 
with the property line is 21.717+4=5.429 sta. Since 19.6134 5.429 
= 25.042, the station number of point C is 25+04.2. Ans. 


=109.4 ft. Ans. 


EXAMPLES FOR PRACTICE 


1. The P. I. of two tangents that are to be connected by a curve is 
inaccessible. A straight line 97 feet long from Sta. 44 on the tangent 
through the P. C. to a point on the other tangent makes an angle of 42° 
with the tangent through the P. C. and an angle of 26° 42’ with the tan- 
gent through the P. T. If the tangents are joined by a 3° curve whose 
degree is based on a 100-foot chord, what is the station number of the 
Pe. GP ‘ Ans. 31+-41.37 


CIRCULAR AND PARABOLIC CURVES, PART 1 79 


2. The angle of intersection of two tangents is 61° 30’. A curve 
joining these tangents is to pass through a point that is 129 feet from the 
P. I. and on a line from the vertex that makes an angle of 16° 29’ with 
the tangent through the P. C. Determine the radius of the required 
curve. Ans. 534.6 ft. 


3. The P. C. of a curve to the left is at Station 9+-16.27 and the 
central angle is 31° 45’. The tangent through the P. T. of the curve is to 
be moved away from the center a perpendicular distance of 16 feet. If 
the new curve is to be of the same degree as the old one, determine the 
station number of the new P. C. Ans. 9+46.68 


DEGREE OF CURVE OF EXISTING TRACK 


66. Outline of Usual Procedure.—It is sometimes desired 
to determine the degree of a curve in an existing railroad track. 
The simplest method is to measure the length of the chord 
between two points on the curve and the length of the middle 
ordinate from that chord to the curve. The required radius 
or degree of the curve can then be readily computed from these 
two measured values. Since the curvature of the track will 
seldom be exactly uniform for its entire length, it is necessary 
to find the middle ordinates for several chords of the same 
length at different parts of the curve, and the average of these 
middle ordinates is used in calculating the radius or degree of 
the curve. It is sufficiently accurate to take measurements 
only along the outside rail of the track. 


67. Computation of Radius.—Any method of determining 
the radius or degree of an existing curve by measurements 
on the track will necessarily be approximate, because the 
track will not be in perfect alinement. Therefore, extreme 
refinement in the measurements and computations is not 
warranted, and the approximate relation expressed by formula 1, 
Art. 50, is a sufficiently accurate basis for computing the radius 
of the curve from the length of chord and the middle ordinate. 
From this formula, 

C2 

Ren 
in which R=radius of curve, in feet: 
c=length of chord, in feet; 
m= middle ordinate, in feet. 
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68. Determination of Degree of Curve.—The degree of an 
existing curve may be computed from its radius by the relation 
p= whether the degree is based on an arc or a chord 
of 100 feet. Since the value of the radius that would be used 
is not accurate, the degree of curve cannot be determined 
exactly and the result is usually taken to the nearest practical 
value. For example, if the calculated value of the degree of 


curve is found to be 5.04°, it would be assumed that the original 


curve was a 5° curve. If the value xt is substituted for R 
Fi 2 
in the formula of the preceding article, a Hence, 


the degree of curve D may be found directly from the chord c, 
in feet, and the middle ordinate m, in feet, by the formula 
p= 45, sn (1) 
Orene it is convenient to measure the middle ordinate in 
inches, rather than in feet. If m’ represents the ordinate in 


: 45,840 Xj, m’ 
inches, mas m’ and, from formula 1, D=——— or 
/ 
pase (2) 


in which D=degree of curve; 
m'=middle ordinate, in inches; 
c=length of chord, in feet. 


69. Convenient Length of Chord.—In order to simplify the 
calculation of the degree of curve, it is customary to select 
a chord length that will make the degree of curve numerically 
equal to the middle ordinate. If the middle ordinate is measured 
in inches, the value of c? should be equal to 3,820, which will 
be the case when the length of chord equals ¥3,820=61.8 
feet. In railroad practice, a length of 62 feet is commonly used. 
Hence, the degree of an existing curve is usually found by 
laying off several 62-foot chords in various parts of the curve, 
determining the middle ordinate for each such chord in inches 
and a decimal part of an inch, and averaging these ordinates. 


TABLE I—RADII AND DEFLECTION DISTANCES 
(For degree of curve defined as angle subtended by chord of 100 feet) 


os os 
De Chord D Chord i. : Chord 
Bree Radius Deflec- ee 4 ae Radius | Deflec- ge nt oa Radius] Deflec- 
tion 2 tion ff- tion 
set set 
° ‘ ° ’ r: ee 
O 5| 68754.94 | .145] .073 /5 15 |1091.73| 9.160] 4.580 || 10 50 | 529.67 | 18.880 
10 | 343877.48 .291 -145 | 20 |1074.68| 9.305 | 4.653 
15 | 22918.33 436 218]| 25 |1058.16 | 9.450 | 4.725 || 11 00 | 521.67 | 19.169 
20 | 17188.7 .582 291}| 30/1042.14] 9.596 | 4.798 10 | 513.91 | 19.459 
25 | 13751.02 .727 364 |) 35 |1026.60] 9.741 | 4.870 20 | 506.38 | 19.748 
30 | 11459.19 .873 436 || 40]1011.51] 9.886 | 4.943 30 | 499.06 | 20.038 
35] 9822.18 | 1.018 509 || 45] 996.87 | 10.031 | 5.016 40 | 491.96 | 20.327 
40! 8594.41] 1.164 -582 || 50] 982.64 | 10.177 | 5.088 50 | 485.05 | 20.616 
45} 7639.49 | 1.309 654 || 55] 968.81 | 10.322 ; 5.161 
50} 6875.55 | 1.454 727 12 0 | 478.34 | 20.906 
55} 6250.51] 1.600} .800||6 0] 955.37 | 10.467 | 5.234 10 | 471.81 | 21.195 
5 | 942.29 | 10.612 | 5.306 20 | 465.46 | 21.484 
10] 5729.65 | 1.745] .873]| 10] 929.57 | 10.758 | 5.379 30 | 459.28 | 21.773 
5] 5288.92 } 1.891 -945 || 15] 917.19 | 10.903 | 5.451 40 | 453.26 | 22.063 
10} 4911.15 | 2.036] 1.018] 20] 905.13 | 11.048 | 5.524 50 | 447.40 | 22.352 
15| 4583.75 | 2.182 | 1.091 |) 25] 893.39 | 11.193 | 5.597 
20) 4297.28 | 2.327 | 1.164]] 30] 881.95 | 11.339 | 5.669 || 13 0 | 441.68 | 22.641 
25| 4044.51 | 2.472 | 1.236] 35] 870.79 | 11.484 | 5.742 10 | 436.12 | 22.930 
30] 3819.83 | 2.618] 1.309} 40] 859.92 | 11.629 | 5.814 20 | 430.69 | 23.219 
35] 3618.80 | 2.763 | 1.382} 45] 849.32 | 11.774 | 5.887 30 | 425.40 | 23.507 
40.!. 3437.87 | 2.909 | 1.454} 50| 838.97 | 11.919 | 5.960 40 | 420.23 | 23.796 
45| 3274.17 | 3.054 | 1.527 || 55 | 828.88] 12.065 | 6.032 50 | 415.19 | 24.085 
50} 3125.36 | 3.200} 1.600 
55| 2989.48 | 3.345 | 1.673 || 7 0} 819.02 | 12.210] 6.105 || 14 0} 410.28 | 24.374 
5 | 809.40 | 12.355 | 6.177 10 | 405.47 | 24.663 
20} 2864.93 | 3.490 | 1.745] 10] 800.00 | 12.500 | 6.250 20 | 400.78 | 24.951 
5] 2750.35 | 3.636] 1.818] 15] 790.81 | 12.645 | 6.323 30 | 396.20 | 25.240 
10} 2644.58 | 3.781 | 1.891} 20] 781.84 | 12.790 | 6.395 40 | 391.72 | 25.528 
15| 2546.64 | 3.927 | 1.963] 25] 773.07 | 12.936 | 6.468 50 | 387.34 | 25.817 
20} 2455.70 | 4.072 | 2.036 || 30| 764.49 | 13.081 | 6.540 
25] 2371.04 | 4.218] 2.109} 35] 756.10 | 13.226 | 6.613115 0 | 383.06 | 26.105 
30} 2292.01 | 4.363 | 2.181 40 | 747.89 | 13.371 | 6.685 10 | 378.88 | 26.394 
35] 2218.09 | 4.508 | 2.254} 45] 739.86 | 13.516 | 6.758 20 | 374.79 | 26.682 
40| 2148.79 | 4.654 | 2.327] 50] 732.01 | 13.661 | 6.831 30 | 370.78 | 26.970 
45] 2083.68 | 4.799 | 2.400} 55] 724.31 | 13.806) 6.903 40 | 366.86 | 27.258 
50] 2022.41 | 4.945 | 2.472 50 | 363.02 | 27.547 
55] 1964.64 | 5.090 | 2.545 || 8 O0| 716.78 | 13.951 | 6.976 
5| 709.40 | 14.096 | 7.048 || 16 0 | 359.26 | 27.835 
3 0] 3910.08 | 5.235 | 2.618}) 10] 702.18 | 14.241 | 7.121 10 | 355.59 | 28.123 
5] 1858.47 | 5.381 | 2.690] 15] 695.09 | 14.387 | 7.193 20 | 351.98 | 28.411 
10} 1809.57 | 5.526 | 2.763 || 20] 688.16 | 14.532 | 7.266 30 | 348.45 | 28.699 
15| 1763.18 | 5.672 | 2.836] 25] 681.35 | 14.677 | 7.338 40 | 344.99 | 28.986 
20) 1719.12 | 5.817 | 2.908|| 30] 674.69 | 14.822 | 7.411 50 | 341.60 | 29.274 
25| 1677.20 | 5.962] 2.981] 35] 668.15 | 14.967 | 7.483 
30! 1637.28 | 6.108 | 3.054) 40| 661.74 | 15.112] 7.556]|17 0 | 338.27 | 29.562 
85} 1599.21 | 6.253 | 3.127 || 45 | 655.45 | 15.257 | 7.628 10 | 335.01 | 29.850 
40} 1562.88 | 6.398 | 3.199 |) 50] 649.27 | 15.402 | 7.701 20 | 331.82 | 30.137 
45| 1528.16 | 6.544 |3.272|| 55) 648.22 | 15.547 | 7.773 30 | 328.68 | 30.425 
50] 1494.95 | 6.689 | 3.345 40 | 325.60 | 30.712 
55| 1463.16 | 6.835 | 3.417 || 9 0] 637.27 | 15.692 | 7.846 50 | 322.59 | 31.000 
5 | 631.44 | 15.837 | 7.918 
4 0] 1432.69 | 6.980] 3.490] 10] 625.71 | 15.982 | 7.991]|18 0 | 319.62 | 31.287 
5} 1403.46 | 7.125] 3.563} 15] 620.09 | 16.127 | 8.063 10 | 316.71 | 31.574 
10} 1375.40 | 7.271] 3.635 || 20] 614.56 | 16.272 | 8.136 20 | 313.86 | 31.861 
15] 1348.45 | 7.416 | 3.708]| 25] 609.14 | 16.417 | 8.208 30 | 311.06 | 32.149 
20| 1322.53 | 7.561 | 3.781 || 30] 603.80 | 16.562 | 8.281 40 | 308.30 | 32.436 
25| 1297.58 | 7.707 | 3.853 || 35] 598.57 | 16.707 | 8.353 50 | 305.60 | 32.723 
30| 1273.57 | 7.852 | 3.926 || 40] 593.42 | 16.852 | 8.426 
35| 1250.42 | 7.997 | 3.999 || 45] 588.36 | 16.996 | 8.498||19 0 | 302.94 | 33.010 
40] 1228.11 | 8.143 | 4.071]} 50] 583.38} 17.141 | 8.571 10 | 300.33 | 33.296 
45| 1206.57 | 8.288 | 4.144|| 55] 578.49 | 17.286 | 8.643 20 | 297.77 | 33.583 
50] 1185.78 | 8.433 | 4.217 30 | 295.25 | 33.870 
55! 1165.70] 8.579,| 4.289 110 0] 573.69 | 17.431 | 8.716 40 | 292.77 | 34.157 
10| 564.31 ey 8. Ane 50 | 290.33 | 34.443 
5 0} 1146.28 | 8.724 | 4.362 || 20] 555.23 | 18.0 9. 
5| 1127.50 | 8.869 | 4.435|| 30] 546.44 | 18.300 | 9.150) 20 0 | 287.94 | 34.730 
10] 1109.33 | 9.014 | 4.507 |} 40] 537.92 | 18.590 | 9.295 


OEE 


oe eOOeeeaeqewe?zleqeeeO0O0O=S=S=<=«~$«=«$«~=~=«>«0»S=$=~Ouao9oaoa. 
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(For degree of curve defined as angle subtended by arc of 100 feet) 


TABLE II—RADII AND CHORD LENGTHS 


i Chord} Chord) Chord 


Chord 5 cps hors A R _ : : 
De- or e- : or Or e- a- or or or 
gree| Radius | yoo ft. | gree | Radius | 50 ft. {100 ft. gree | dius | 25 ft. | 50 ft. |100 ft. 
of Arc of Arcjof Arc of Arclof Arc{of Arc 
ov °o 2 Cyn 
0 5 | 68,754.94 | 100.00 |.5 15]} 1,091.35 | 50.00 | 99.97 10 50 | 528.88 49.98 | 99.85 
10 | 34,377.47 | 100.00 20 || 1,074.30 | 50.00 | 99.96 
15 | 22,918.31 | 100.00 25 || 1,057.77 | 50.00 | 99.96 || 11 0} 520.87 49.98 | 99.85 
20 | 17,188.73 | 100.00 30 || 1,041.74 | 50.00 | 99.96 10 | 513.10 49.98 | 99.84 
25 | 13,750.99 | 100.00 35 || 1,026.19 | 50.00 | 99.96 20 | 505.55 49.98 | 99.84 
30 | 11,459.16 | 100.00 40 || 1,011.10 | 49.99 | 99.96 30 | 498.22 49.98 | 99.83 
35] 9,822.13 | 100.00 45 996.45 | 49.99 | 99.96 40 | 491.11 49.98 | 99.83 
40] 8,594.37 | 100.00 50 982.21 | 49.99 | 99.96 50 | 484.19 49.98 | 99.82 
45] 7,639.44 | 100.00 55 968.38 | 49.99 | 99.96 
50| 6,875.49 | 100.00 12 0| 477.47 49.98 | 99.82 
55] 6,250.45 | 100.00}6 O 954.93 | 49.99 | 99.95 10 | 470.92 49.98 | 99.81 
5 941.85 | 49.99 | 99.95 20 | 464.56 49.98 | 99.81 
10] 5,729.58} 100.00 10 929.12 | 49.99 | 99.95 30 | 458.37 49.98 | 99.80 
5| 5,288.84 | 100.00 15 916.73 | 49.99 | 99.95 40 | 452.34 49.97 | 99.80 
10] 4,911.07 | 100.00 20 904.67 | 49.99 | 99.95 50 | 446.46 49.97 | 99.79 
15] 4,583.66 | 100.00 25 892.92 | 49.99 | 99.95 
20} 4,297.18 | 100.00 30 881.47 | 49.99 | 99.95 || 13 0 | 440.74 49.97 | 99.79 
25| 4,044.41 | 100.00 35 870.32 | 49.99 | 99.94 10 | 435.16 49.97 | 99.78 
30] 3,819.72 | 100.00 40 859.44 | 49.99 | 99.94 20 | 429.72 49.97 | 99.77 
35] 3,618.68 | 100.00 45 848.83 | 49.99 | 99.94 30 | 424.41 49.97 | 99.77 
40| 3,437.75 | 100.00 50 838.47 | 49.99 | 99.94 40 | 419.24 49.97 | 99.76 
45| 3,274.04] 100.00 55 828.37 | 49.99 | 99.94 50 | 414.19 49.97 | 99.76 
50| 3,125.22 | 100.00 
55] 2,989.35] 100.00|7 0 818.51 | 49.99 | 99.94 || 14 0} 409.26 49.97 | 99.75 
5 808.88 | 49.99 | 99.94 10 | 404.44 49.97 | 99.75 
20] 2,864.79] 99.99 10 799.48 | 49.99 | 99.93 20 | 399.74 49.97 | 99.74 
5} 2,750.20} 99.99 15 790.29 | 49.99 | 99.93 30 | 395.14 49.97 | 99.73 
10| 2,644.42] 99.99 20 781.31 | 49.99 | 99.93 40 | 390.65 49.97 | 99.73 
15] 2,546.48] 99.99 25 772.53 | 49.99 | 99.93 50 | 386.26 49.97 | 99.72 
20] 2,455.53 | - 99.99 30 763.94 | 49.99 | 99.93 
25| 2,370.86} 99.99 35 755.55 | 49.99 | 99.93 || 15 0} 381.97 | 25.00 | 49.96 | 99.72 
80] 2,291.83] 99.99 40 747.34 | 49.99 | 99.92 10 | 377.77 | 25.00 | 49.96 | 99.71 
35 | 2,217.90} 99.99 45 739.30 | 49.99 | 99.92 20 | 373.67 | 25.00 | 49.96 | 99.70 
40] 2,148.59} 99.99 50 731.44 | 49.99 | 99.92 30 | 369.65 | 25.00 | 49.96 | 99.70 
45| 2,083.48] 99.99 55 723.74 | 49.99 | 99.92 40 | 365.72 | 25.00 | 49.96 | 99.69 
50] 2,022.20] 99.99 50 | 361.87 | 25.00 | 49.96 | 99.68 
55| 1,964.43] 99.9918 0 716.20 | 49.99 | 99.92 
5 708.81 | 49.99 | 99.92 || 16 0} 358.10 | 24.99 | 49.96 | 99.68 
3 0] 1,909.86] 99.99 10.) 701.58 | 49.99 | 99.92 10 | 354.41 | 24.99 | 49.96 | 99.67 
5] 1,858.24] 99.99 15 694.49 | 49.99 | 99.91 20 | 350.79 | 24.99 | 49.96 | 99.66 
10] 1,809.34] 99.99 20 687.55 | 49.99 | 99.91 30 | 347.25 | 24.99 | 49.96 | 99.65 
15} 1,762.95] 99.99 25 680.74 | 49.99 | 99.91 40 | 343.77 | 24.99 | 49.96 | 99.65 
20] 1,718.87} 99.99 30 674.07 | 49.99 | 99.91 50 | 340.37 | 24.99 | 49.96 | 99.64 
25] 1,676.95} 99.99 35 667.52 | 49.99 | 99.91 
30] 1,637.02} 99.98 40 661.11 | 49.99 | 99.90 || 17 0] 337.03 | 24.99 | 49.95 | 99.63 


35] 1,598.95 
40] 1,562.61 
45| 1,527.89 
50] 1,494.67 
55| 1,462.87 


40] 1,432.40 
5} 1,403.16 
10] 1,375.10 
15| 1,348.14 
20) 1,322.21 
25) 1,297.26 
30} 1,273.24 
35] 1,250.09 
40| 1,227.77 
1,206.23 
50} 1,185.43 
55] 1,165.34 


5 0} 1,145.92 
5| 1,127.13 
10! 1,108.95 


» 
on 


654.81 
648.63 
642.57 


636.62 
630.78 
625.04 
619.41 
613.88 
608.45 
603.1] 
597.87 
592.72 
587.65 
582.67 
577.77 


572.96 
563.57 
554.48 
545.67 
537.15 


286.48 
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COMPOUND AND REVERSE CURVES 


COMPOUND CURVES 
INTRODUCTION 


1. Use of Compound Curves.—Sometimes the ground con- 
dition is such that no simple circular curve is well adapted to the 
topography. In mountainous country, where the road may wind 
along a valley or up a mountainside, it is often necessary to use 
compound curves in order to locate the road in the most favor- 
able position. 


2. Required Quantities for Compound Curves.—In Fig. 1 
is shown a compound curve ABC, which consists of two simple 
circular curves AB and BC, whose radii are OA and O’B, respec- 
tively. The lines AD and CD are tangent to the compound curve 
at its extremities, and the line EF is tangent to the curve at the 
point of compound curvature, which is usually abbreviated 
P.C.C. In laying out the compound curve ABC in the field, the 
following seven quantities are important: (1) The angle of inter- 
section J between the tangents 4D and CD; (2) the angle /1 
between the tangents AD and EF, which is equal to the central 
angle of the curve 4B; (3) the angle Js between the tangents 
CD and EF, which is equal to the central angle of the curve 
BC; (4) the degree of the flatter curve 4B; (5) the degree of 
the sharper curve BC; (6) the length of the tangent AD; and 
(7) the length of the tangent CD. Of course, the radius of a 
curve can be readily found from the degree, and conversely. 
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When any four of the seven quantities here mentioned are given, 
the other three can be found by applying the principles of geom- 


A E D 


Fie. 1 


etry and trigonometry. However, instead of working out each 
problem entirely as an individual case, it is convenient to use 
general formulas that apply to the particular conditions. 


COMPUTATIONS FOR COMPOUND CURVES 


3. Fundamental Formulas.—For the purpose of solving 
the various problems that may arise in calculating the required 
quantities for a compound curve, there are seven fundamental 
formulas. In Fig. 2, ABC is a compound curve joining the 
tangents 4D and CD whose angle of intersection is J. Also, EF 
is the tangent at the P.C.C., the angle of intersection between 
EF and AD is I,, and that between EF and CD is I,. The 
radius OA or OB of the flatter curve AB is R,, and the radius 
O’B or O’C of the sharper curve BC is Ro. The tangent dis- , 
tance AD is denoted by Ti, and the tangent distance CD by To. 
Since the angle GDF is an exterior angle of the triangle DEF, 
it is equal to the sum of the opposite interior angles DEF and 


DFE, or T=1,4+Is (1) 
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In order to derive other formulas, the line OH is drawn 
parallel to O’C, and the line O’J parallel to OA; the curve AB 
is prolonged to H, and the curve BC is prolonged to K; and 
with O asacenter and OO’ as aradius, arc LM is drawn. Also, 
CN is drawn perpendicular to O’J, and O’P perpendicular to OA. 
Then, MP=AP—AM and JK=O’J—O’K. But AP and O”J 
are equal, and AM is equal to O’K because each is equal to O’B. 
Therefore, MP=JK. The next step is to express the distances 
MP and JK in terms of other quantities and to equate the values 


D G 


Fie, 2 


so obtained. Thus, MP=OM—OP, OM=00'’=OB-O’B 
=R,—Ro, and OPS00" cos = (Ri—R2) cos Ty. Hence, 
‘an expression for MP is as follows: 
MP=(R,—R.)—(Ri—R,) cos L1= (R,—R,) (1—cos /,) 
Alsc, JK=JIN—KN,JN=CG=CD sinJ=T,sinJ, and KN 
—0’K—O’N=R2—Re2 cos I=R2(1—cos I). Therefore, 
JK=Tz2 sin I—R2(1—cos 1) 
Then, since MP=JK, 
(R,—R,)(1—cos 1,)=T, sin I—R,(1-—cos [) (2) 
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In the illustration, O’P=AG—CN=AD+DG—CN. But 
O’P=O00' sin Iy=(Ri1—Re2) sin lh, AD=Ti1, DG=Tz2 cos I, and 
CN=O' Gsinl= sine rence: 


(Ri—Re2) sin 1y=T1+Te2 cos J—Rz sin I (3) 


To derive the next formula, the chord O’M is drawn. Since 
O’P is perpendicular to OM, the angle MO’P between the chord 
O’M and the half-chord O’P is equal to half of the angle Ji. 


MP 
Also, tan MO’/P ip Hence, if the values previously deter- 


mined are substituted in this relation, 


Tz sin J—R2(1—cos I) 
Gaar 4 
iad Sina BEM, SORT Waals coc ay, oe 


The remaining formulas are derived by methods similar to 
those explained for formulas 2, 3, and 4. Thus, O’Q is drawn 
perpendicular to OH; then, as LQ=QR—LR, QR=O'C=O'B 
=LH, and HR=LH-—LR, it follows that LQ=HR. Expres- 
sions for LQ and HR are now developed and equated, as fol- 
lows: LQ=OL—OQ=(Ri—R2) (1—cos Jz), the angle LOO’ 
being equal to BO’C or Ig. Also, if AS is drawn perpendicular 
to OH, and DT parallel to OH, then HR=HS—DT. But, HS 
= OH—OS=R,(1—cos J), the angle JOS being equal to GDC 
or J; and DT=AD sin DAT=Ty sin I, the angle DAT also 
being equal to J. Hence, 


(Ri—R2) (1—cos Iz) =Ri(1—cos I) —T, sin I (5) 


Also, in the illustration, O'Q=dS—AT—CD. Since O’Q 
=00' sin O'OQ= (Ri—Re) sin la, AS=OA sin AOS=R, sin 
l AL SAD cos DAP HT) cos d and CDS ts. 


(Ri—R2) sin J2=Ry sin I—T; cos I—Te (6) 
If the chord O’L is drawn, angle LO’Q=40’OL=4ls and 


iL 
tan LO’Q -s or 
Ri(1—cos J) — 1 
ee te © il cos 1) —T,; sin] (7) 
Ry, sin l—T;cos 1—T>» 
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For convenience, the meanings of the letters in the preceding 
formulas are summarized as follows: 


I=angle of intersection between tangents to compound curve 
at its extremities ; 

R,=radius of flatter simple curve; 
R2=radius of sharper simple curve; 

I,=central angle of simple curve whose radius is R13 
Iz=central angle of simple curve whose radius is R2; 
T,=length of tangent at extremity of flatter curve; 

T2=length of tangent at extremity of sharper curve. 


4. Solutions of Typical Problems.—In the usual problems 
on compound curves, three of the given quantities are the angle 
of intersection between the tangents at the extremities of the 
curve, the degree or radius of one simple curve, and the length 
of one tangent. The fourth known value may be the degree or 
radius of the other curve, the other tangent distance, or the 
central angle of either simple curve. The formulas to be used 
in any problem, and the order in which they are applied, depend 
on what quantities are given. 


The methods of solving the usual problems on compound 
curves are illustrated by the following typical cases. In the 
numerical examples given for the various cases, it is assumed 
that the degree of curve is based on a 100-foot chord. 


5. Case I.—Given I, R1, Re, and T2; to find [1, Je, and 7}. 
In this case, J; can be found first by applying formula 2, Art. 3, 


which becomes 
T2 sin I— R2(1—cos 1) 


1—cos I1= Ric Rs (1) 
Next, J2 is determined from formula 1, which may be written as 
I2=1-l1 (2) 


Finally, T1 is calculated by the following formula, which is 


derived from formula 3, Art. 3: 
I= (Ri—R2) sin I,-Te cos I+Ro2 sin if (3) 
gle of 35° 20’ are to be 


ExAMPLe.—1 wo tangents intersecting at an an: 
lf 


as 3 
joined by a compound curve consisting of a 3° curve and a 5° curve. 
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te tangent to the compound curve at the extremity of the 5° curve is to 
be 404 feet long, determine (a) the central angle of each curve and (6) 
the length of the other tangent. 

So_ution.—(a) Here, the flatter simple curve is the 3° curve and 
R,=1,910.08 ft.; the sharper curve is a 5° curve and R,=1,146.28 it.; 
the given tangent distance is that to the extremity of the sharper curve, 
and 7,=404 ft.; also, [=35° 20’. Thus, the problem comes under 
case I. 


By formula 1, 
isin — hes (l—-cos) 


[kode 
__404 sin 35° 20’—1,146.28X (1—cos 35° 20’) 


1,910.08—1,146.28 


1—cos [,= 


=0.02946 


Hence, cos J,=1—0.02946=0.97054 and J,=13° 57’. Ans. 
By formula 2, 


I,=I—1,=35° 20’—13° 57’=21° 23’. Ans. 

(b) By formula 3, 
f= (2—R;)) sin L—, cos J-FR, sin £ 

= (1,910.08—1,146.28) sin 13° 57’—404 cos 35° 20’+1,146.28 sin 35° 20’ 

=517.48 ft. Ans. 

6. Case II.—Given J, Ri, Re, and T;; to find Js, 11, and To. 
Here, J, is found first by a formula derived from formula 5, 
Art. 3, which is 
Ri(1—cos J) —T; sin I 


1—cos Ig= 
R= Re (1) 
Then, J; is determined by the relation 
I,=I-TIz (2) 


and T» is calculated by the following formula, which is obtained 
from formula 6, Art. 3: 


Toa Ry sin I-T, cos I- (R1i—Re) sin Ts (3) 


7. Case III.—Given /, I1, Ri, and T;; to find Iz, Ro, and Ts. 
For these conditions, the angle Jz is found by formula 2, Art. 5, 
and then Ry» is computed from the following formula, which is 
derived from formula 5, Art. 3: 
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Ri(1—cos/)—Ti sin J 


Ry—R2= 
1—cos [2 


The tangent distance T2 can be calculated by formula 3 of the 
preceding article. 

ExamMpLe.—Two tangents intersect at an angle of 51° 18’, the station 
of the point of intersection being 74+65. A compound curve starting at 
station 68+12 is to be composed of a 4° curve, having a central angle of 
30°, and another simple curve. Determine (a) the central angle of that 
simple curve, (b) its radius, and (c) the length of the tangent to the 
compound curve at its end. 


SoLtutTion.—(a) The central angle of the second simple curve is 
I,=I—I,=51°18’—30°=21°18’. Ans. 


(b) The tangent distance T, is 7,465—6,812=653 ft. and the radius 
of a 4° curve, or R,, is 1,432.69 ft. Then, 


R,(—cos 1) —T, sin I 

1—cos 7; 
_ 1,432,69X (1—cos 51° 18’) —653 sin 51° 18’ 
- 1—cos 21° 18’ 


R,—R,= 


=399.56 ft. 
Hence, R,=R,—399.56=1,432.69—399.56=1,033.13 ft. Ans. 
(c) By formula 3, Art. 6, 
tie Teesitia he COS Bl — (las) eSITl ts 
=1,432.69 sin 51° 18’—653 cos 51° 18’—399.56 sin 21° 18’ 
=564.69 ft. Ans. 

8. Case IV.—Given J, Iz, Re, and T2; to find J1, Ri, and 7}. 
Here, the angle J; is found by formula 2, Art. 6, and R; is cal- 
culated by the following formula, derived from formula 2, 
Art. 3: 

T2 sin I— R2(1—cos J) 


LE 1—cos J; 


Then, 7; is determined by applying formula 3, Art. 5. 

In this case, the given radius is that of the sharper curve, 
whereas in case III, which was explained in the preceding article, 
the radius of the flatter curve is given. It often happens in 
practice that the data are for one curve and it is not known 
whether the other curve is sharper or flatter. In other words, it 
cannot be told beforehand whether the given radius is R, or R.. 
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The procedure then is to assume that the given radius is Ji, as 
in case III, and to apply the formula of Art. 7. If Ri(1—cos /) 
—T; sin I comes out positive, the assumption is correct; but, if 
this quantity is found to have a negative value, the given radius 
is Re and the problem belongs under case IV. 


9. Case V. Given J, Ri, T1, and T2; to find Je, 1/1, and Re. 
In this case, J, is determined by formula 7, Art. 3; J, by for- 
mula 2, Art. 6; and R, by the formula in Art. 7. 


10. Case VI.—Given Ih. Ro, of Be and IDs to find Tee To, and Ri. 
For these conditions, J; is found by formula 4, Art. 3; J2 is 
determined by formula 2, Art. 5; and Ry is computed by means 
of the following formula, derived from formula 3, Art. 3: 


Ti1+T:2cosJ—R2 sin I 


ae aa sin Ty 

11. Tangent Distances for Compound Curve.—Sometimes 
the degree and the central angle for each part of a compound 
curve are known, and it is required to determine the tangent 
distances. In Fig. 1, AE or EB is the tangent distance for the 
flatter curve AB, and is equal to OA tan $/;; similarly, BF or 
FC is the tangent distance for the sharper curve BC, and is equal 
to O’Btan4lz, Also, EF=EB+BF, the angle DEF is equal 
to AOB, or Ii, and the angle DFE is equal to BO’C, or Io. 
Hence, in the triangle DEF, the side EF and two angles are 
known, and the other parts of the triangle can be determined by 
the principles of trigonometry. Thus, angle EDF =180°—DEF 
—DFE, and the sides DE and DF are calculated by the relations 


EF sin DFE EF sin DEF 
DE=——_—_—_ DF=—__—_. 
in EDF and Sn EDF Finally, the eer 
tangent distances to the compound curve are 
AD=AE+DE 
CD=CF+DF 


Exampte.—In Fig. 1, AB is a 5° curve whose central angle is 25° 
and BC is an 8° curve whose central angle is 24°. Calculate the tangent 
distances AD and CD. 
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SoLtution.—The radius of a 5° curve is 1,146.28 ft. and of an 8° curve 
716.78 it. Then, ‘ 


AE=EB=OA tan 4$J/,=1,146.28 tan 12° 30’=254.12 ft.. 
BF=FC=O’B tan 4/,=716.78 tan 12°=152.36 ft. 
Therefore, EF=EB+BF=254.12+152.36=406.48 ft. 

Also, since angle EDF=180°—J,—J,=180° —25°—24°=131°, 
Bee sin I, 406.48 sin 24° 
sin EDF sin 131° 
oer sin bees 406.48 sin 25° 
sin EDF sin 131° 

The required tangent distances are 


AD=AE+DE=254.12+219.06=473.18 ft. Ans. 
CD=CF+ DF=152.36+227.62=379.98 ft. Ans. 


=219.06 ft. 


and =227.62 it. 


EXAMPLES FOR PRACTICE 


1. The curve at the P.C. of a compound curve is a 6° curve with a 
central angle of 28°, and the curve at the P.T. is a 3° curve with a 
central angle of 32°. Calculate the length of the tangent: (a) through 
the P.C. and (b) through the P. T. ae ees 719.11 ft. 

i CO). 973377 tt. 


2. Two tangents that intersect at an angle of 42° 36’ are to be con- 
nected by a compound curve consisting of a 4° curve and a 5° 30’ curve. 
If the tangent at the beginning of the 4° curve is to be 500 feet long, 
determine (a) the central angle of each curve and (b) the length of 
the tangent at the end of the 5° 30’ curve. 

ie. { (a) 12=26° 2’, h=16° 34 
“) (b) 430.30 ft. 

3. A compound curve, which consists of an 8° 30’ curve with a central 
angle of 28° and of another simple curve, connects two tangents that 
intersect at an angle of 48° 12’. If the intersection of the tangents is 
at Sta. 39+14 and the 8° 30’ curve begins at Sta. 34+94, what should 
be (a) the radius of the other simple curve and (b) the length of the 
tangent from the P.I. to the P. T. of the compound curve? 

ree (a) 2,107.14 ft. 
“ (OD) AVES sie 


FIELD LAYOUT OF COMPOUND CURVE 


12. To lay out a compound curve in the field, it is merely 
necessary to apply the methods already described for simple 
curves. The curve ABC, Fig. 1, may be located in the field as 
follows : 

321B—14 
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First, the point A at the beginning of the curve is located 
either by its station number along the tangent 4D or by mea- 
suring back the proper distance from the point of intersection D 
of the tangents dD and CD. Then the transit is set up at 4, the 
telescope is directed along the tangent 4D with the vernier read- 
ing zero, and the curve AB is run in by deflection angles as a 
simple curve joining the tangents AE and BE. 

The curve BC can be located by starting either from B or 
from C. If the transit is set up at B, a backsight is taken to 
some point previously established on the curve AB with the 
telescope inverted and the vernier reading the deflection angle 
from the tangent BE for the chord to the point of sight. Care 
must be taken to turn this deflection angle so that the vernier 
will read zero when the telescope lies in the tangent BE. When 
the curve AB, viewed from J, lies to the right of the tangent 
AD, as in Fig. 1, the angle should be turned counter-clockwise 
from the zero position of the vernier, or so that the zero of the 
vernier in its final position lies to the right of the zero of the 
horizontal limb of the transit. If the curve is to the left of the 
tangent, the angle should be turned clockwise. After the tele- 
scope has been directed to the backsight and the lower plate of 
the transit has been clamped, the telescope is plunged back to 
normal, the upper clamp is loosened, and the vernier is turned 
past zero to the deflection angle from the tangent BF for the 
first point on the curve BC. Then, that curve is run in by 
deflection angles from the tangent BF just like any other simple 
curve. 

If the curve BC is to be run back from C, that point is located 
first by its station number along the tangent CD or by its dis- 
tance from the point D. Then, the curve BC can be located by 
deflection angles from the tangent CD in the usual manner for a 
simple curve. 


13. When the point B is located by turning deflection angles 
from the tangent AD or CD and measuring chords of the curve 
AB or CB, its position is likely to be inaccurate on account of 
unpreventable errors in the surveying work. Therefore, the 
point B is often located by its position on the tangent EF. The 
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method then consists in measuring from A along the tangent 
AD the tangent distance AE for the simple curve AB; setting 
up at £; turning the angle DEB, which is equal to the central 
angle 4OB; and laying off the distance EB equal to AE. The 
point B can also be located by laying off CF equal to the tangent 
distance for the simple curve BC, turning the angle DFB at F, 
and laying off FB equal to CF. 


REVERSE CURVES 


14. General Remarks.—On a railroad or highway that 
carries high-speed traffic, reverse curves are dangerous and inake 
riding uncomfortable. Therefore, they should be avoided on 
such lines, especially where the curvature is sharp. On mountain 
roads, where two curves that turn in opposite directions must be 
placed close together, a short tangent should be introduced 
between the curves. However, on street railways, industrial spur 
lines, cross-overs, and scenic drives or park roads, reverse curves 
are sometimes used to advantage. 

Reverse curves may be divided into two main classifications : 
(1) Those in which the tangents at the ends of the reverse curve 
are parallel; and (2) those in which the end tangents are diverg- 
ing. In either case, the two simple curves, or branches, of the 
reverse curve may have radii of the same length or of different 
lengths. 


15. Parallel Tangents Joined by Reverse Curve With Equal 
Branches.—In Fig. 3, the reverse curve ABC consists of the 
two simple curves AB and BC that turn in opposite directions 
and meet at the point B where they have a common tangent. 
This point is called the point of reverse curvature, abbreviated 
P.R.C. The center of the branch AB is at D, and the center 
of the branch BC is at E. The tangent AF through the P.C. 
and the tangent CG through the P. T. are parallel, and the line 
HBJ is tangent to both branches of the curve at the P.R.C. 
Whether the two branches AB and BC have equal radii, as in 
view (a), or unequal radii, as in view (b), each curve must 
have the same central angle; in other words, the angles ADB and 


BEC must be equal. 
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For the condition shown in Fig. 3 (a) where the two branches 
of the reverse curve have equal radii, or DB=BE, the relation 
among the radius R, the perpendicular distance p between the 
tangents through the P. C. and the P. T., and the central angle J 
of either curve may be derived as follows: Obviously, the 
P.R.C. at B will be midway between the tangents AF and CG; 


v 
(a) D (b) 


and, if the line KL is drawn through B and parallel to those 
tangents, the distances AK and CL will each be equal to 4p. 
Also, AK=AD—KD=R—RcosI=R(1—cos!). Hence, 
R(1l—cos J) =$% 
Usually, the distance p and the radius R are known, the degree 


of curve of each branch of the curve being selected to meet cer- 
tain specified requirements. Then, the required central angle J 


2p 


for each branch may be found from the relation 1—cos J Se 


from which either of the following formulas may be obtained: 


Ro 
2p (1) 


COS 
R 


? , 
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vers [= 


yy | toe 


(2) 


in which J=central angle of each branch of curve; 
R=common radius of two branches of curve, in feet; 
p=perpendicular distance between tangents through 
Py Coand) PT, in feet. 


16. Sometimes, the data for a reverse curve joining parallel 
tangents are the perpendicular distance p between the tangents 
and the length / of the straight line from the P.C. to the P. T. 
It is then required to determine the radius R and the central 
angle J for each branch of the curve. 

The central angles of the two branches of the curve, as angles 
ADB and BEC in Fig. 3, are equal. Also, the deflection angle 
FAB from the tangent AF to the long chord AB and the deflec- 
tion angle GCB from the tangent CG to the long chord CB are 
each equal to half of the central angle for the respective branch. 
Therefore, these two deflection angles are equal to each other, 
and the chords AB and BC must form a continuous straight line 
AC from the P.C. to the P.T. If the line EM is drawn per- 
pendicular to AC, it will bisect the chord BC at M. Also, the 
angles FAC and CEM will be equal, and the right triangles FAC 
and CEM will be similar. Hence, EC: CM=AC:CF, or R: 4 
=I: p, and 


[? 
R=— 
4p 
in which R=required radius of each branch of reverse curve, 


in feet ; 
J=length of straight line from P.C. to P. T., in feet ; 
p=perpendicular distance between parallel tangents 
through P. C. and P. T., in feet. 


After the radius R has been selected, the central angle J can be 
found as in the preceding article. Also, the actual length of 
the straight line from the P.C. to the P. T. is equal to \/4pR. 

ExAMPLE.—Two parallel tangents 20 feet apart are to be joined by a 


reverse curve with equal branches. If the length of the straight line 
from the P.C. to the P.T. is to be about 280 feet, what should be 
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(a) the degree, based on a 100-foot chord, and (b) the central angle 
of each branch? 

Sotution.—(a) The required radius is approximately 

a iB as 280? 

4p 4X20 

Probably a 6° curve, whose radius is 955.37 ft., would be selected. Ans. 

The actual length of the straight line from the P.C. to the P.T. 
would then be equal to 4pR=\/4X20X955.37=276.46 ft. 


(b) If a 6° curve is used, R=955.37 ft.; and, by formula 1 of the 
preceding article, 


=980 it. 


R—3p _955.37—10 
R 955.37 


cos [= 


Hence, J=8° 18’. Ans. 


17. Parallel Tangents Joined by Reverse Curve With 
Unequal Branches.—In Fig. 3 (b), the branches AB and BC 
of the reverse curve have unequal radii, and the P.R.C. at B 
is not midway between the parallel tangents 4F and CG 
through the P. C. and P. T., respectively. However, since the 
central angles ADB and BEC of the two branches are equal, 
the deflection angles FAB and GCB are also equal and the 
chords AB and BC must lie in the same straight line, as for 
equal branches. Usually, the distance p between the tangents 
is fixed, and the degree of curve of one branch and the length 
I of the straight line from the P.C. to the P.T. are selected 
to meet the requirements of the particular case. It is then 
required to determine the radius or degree of the other branch 
and the central angle for each branch. The formulas to be 
used in this case may be derived as follows. 

If the line EN is drawn parallel to the chord AC, and the 
radius DA is extended to meet the line EN at N, then the 
figure ACEN is a parallelogram. Hence, EN=AC=I1 and 
AN=CE. Also, if the line DO is drawn perpendicular to EN, 
it will bisect EN at O, or NO=4EN=34l. Since the angles 
NDO and FAC are equal, the right triangles NDO and FAC 
are similar and DN: NO=AC:CF. If the radius of the 
branch AB is denoted by R, and the radius of the branch BC 
by R,, DN=R,+R, and (R,+R,):4=I1: p. Hence, 
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R+Ras (1) 
When the radius of either branch is known, the radius of the 
other branch can be readily found by applying formula 1. 
Also, sin FAC =F) or, if J represents the central angle of 
either branch of the curve, as angle NDE, angle FAC is 4] 
and 


sin uae (2) 


ExAMPLe.—A reverse curve is made up of two unequal simple curves. 
The perpendicular distance between the tangents through the P.C. and 
P.T. is to be 16 feet, the length of the straight line from the P.C. 
to the P.T. is to be about 320 feet, and one of the branches is to be 
a 4° curve whose degree is based on a 100-foot chord. Compute (a) 
the required radius of the other branch, and (b) the central angle of each 
branch. 


Sotution.—(a) The radius of the branch whose degree is given will 
be called R, and its value is 1,432.69 ft. Also, in formula 1, /=320 ft. 
and p=16 ft. Then, 

iP aye 
R,+R,=— =3,200 ft. 
2p 2X16 
and the required radius R, of the unknown branch is 
R,=3,200—1,432.69=1,767.31 ft. Ans. 


(b) By formula 2, 
p 16 
sin 3J=-=——=0.05 and 4/=2° 52’ 
(ho BRAY 


Therefore, the required central angle for each branch of the curve is 
2X2°52’=5°44’, Ans. 


18. In case the perpendicular distance p between two paral- 
lel tangents and the radii R, and Fk, of the two branches of a 
reverse curve joining the tangents are known, the central angle 
of either branch may be found in the following manner: In 
Fig. 3 (b), the line PQ is drawn through the PR. Coat B and 
parallel to the given tangents AF and CG. Then, if J denotes 
the central angle for each branch of the reverse curve, and ig 
and R, are the radii of the branches AB and BC, respectively, 
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AP=R, (1—cosI), CQ=R, (1—cos!), and p=AP+CQ 
=(R,+R,) (1—cos/). Hence, 


p 
ae = 1 
1—cos I Ry (1) 
or 
I= 2 
vers Ropes (2) 


19. Reverse Curve Whose Tangents Are Not Parallel. 
The various problems that ordinarily arise in determining the 
required values for reverse curves with non-parallel tangents 
may be solved by means of three fundamental formulas. In . 
Fig. 4 is shown a reverse curve ABC joining the tangents AV 


| 
Vv 
D 
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and CV, which are not parallel. In the fundamental formulas, 
the following notation will be used: the angle AVC is repre- 
sented by J; the radius of the branch AB, by R,; the radius 
of the branch BC, by R,; the central angle ADB, by I,; the 
central angle BEC, by J,; the distance AV, by T,; and the 
distance CV, by T,. 
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The first step in the derivation of the formulas is to imagine 
the branch AB extended backwards beyond the P. C. to a point 
F at which the tangent FG will be parallel to the tangent CY. 
Then, FBC is a reverse curve between two parallel tangents, 
and the central angles FDB and BEC of the two branches are 
each equal to J,. Also, as shown in the preceding article, the per- 
pendicular distance between the tangents FG and CV is CG 
=(Ri+R.) (1—cos Iz). If AH is drawn perpendicular to the 
radius DF, then FH=AD (1—cos ADF) or, since ADF 
= AVC, FH=R, (1—cos1); and, if AJ is drawn perpendic- 
ular to the prolongation of tangent VC, then AJ=AV sin AVJ 
aod sinde vomce CG=—fH-+ As, 

(R,+R,) (1—cos I,) =R,(1—cos I) +T, sin I (1) 
Obviously, angle FDA=FDB—ADB or 
I=1,-I, (2) 

If the line KL is drawn through B and parallel to the tan- 

gent CV, then HA+JV=KB+BL-+CY, or 
R, sinI+T,; cos J=R, sinI,+R, sn /,+T, co) 


20. The general formulas in the preceding article, for 
reverse curves with non-parallel tangents, are applicable to vari- 
ous problems, but the procedure in solving each type of problem 
is somewhat different. In the usual problem, the angle between 
the tangents would be known, but the other data would depend 
on local conditions. In order to illustrate the use of the funda- 
mental formulas in determining values for a reverse curve, the 
following typical conditions are assumed: The known values, 
in addition to the angle J between the tangents, are the radii 
R, and R, and the distance T, from the P. C. to the vertex ; 
and the values to be determined are the central angles /, and /, 
and the distance T, from the vertex to the P. T. From for- 
mula 1 of the preceding article, 


R,(1—cos I) +7, sinl 


Se = 1 

1—cos I, RR, (1) 
R I+T,sinI 

or vers jab eres (2) 


R, +R, 
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Also, from formula 2 of the preceding article, 
I,=1,-I (3) 
and from formula 3 of the preceding article, 
T,=R,sin1+T7, cosd— (Aa, isin (4) 


EXxAMPLE.—It is desired to run a reverse curve between two tangents 
AV and CV, Fig. 4, which intersect at an angle AVC=30°. The dis- 
tance from the intersection Y of these tangents to the P.C. at A is to 
be 1,860 feet, and the radii of the curves AB and BC are to be 1,909.86 
and 1,145.92 feet, respectively. Determine (a) the central angles ADB 
and BEC of the two branches and (b) the distance from the P. T. at C 
to the point V. 

Sotution.—(a) By formula 1, in which R,=1,909.86 ft. J=30°, 
T,=1,860 ft., and R,=1,145.92 ft., 


Ri cos.) -- 2, sin li 


R,+R, 
_ 1,909.86 (1—cos 30°) +1,860 sin 30° 


1,909.86-+-1,145.92 
and T,=52° 16’. Ans. 


Then, by formula 3, 
I,=I,—I=52° 16’—30°=22° 16’... Ans. 
(b) By formula 4, the distance CV is 


T.=R, sin I--T, cos J—(R,--R,) sin i, 
=1,909.86 sin 30°+1,860 cos 30°—(1,909.86+1,145.92) sin 52° 16’ 
=149,02 ft. Ans. 


1—cos [,= 


EXAMPLES FOR PRACTICE 


1. A reverse curve connects two parallel tangents 20 feet apart. If 
the total chord distance from the P.C. to the P.T. is to be 380 feet, 
and the radius of the curve at the P.C. is to be 955.37 feet, what is the 
required radius of the second curve? Ans. 2,654.63 ft. 


2. Two diverging tangents, as dV and CV in Fig. 4, with an angle 
of intersection AVC of 38°, are to be connected by a reverse curve. 
The tangent distance VA to the P. C. is to be 1,630 feet, and the radii 
of the branches AB and BC are to be 818.51 and 954.93 feet, respec- , 
tively. Determine (a) the central angle for the branch BC, (b) the 
central angle for the branch AB, and (c) the tangent distance CV to 
thes Es. (a) 70° 21’ 

(6) 32221" 
(c) 118.23 ft. 
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VERTICAL PARABOLIC CURVES 


PRELIMINARY EXPLANATIONS 


21. Properties of Parabolic Curves.—<As previously stated, 
parabolic ares are in common use for vertical curves.on high- 
way and railroad lines. The parabola is a plane curve, which 
is so formed that every point on it is equally distant from a 
fixed point called the focus and a fixed line called the directrix. 
Thus, in Fig. 5, every point on the parabola ABC is equally 


x 
Fie. 5 


distant from the focus F and the directrix DE. If, from any 
point G on the parabola, a line GF is drawn to the focus F, and 
a perpendicular GH is dropped to the directrix DE, the dis- 
tances GF and GH will be equal. Similarly, if JJ is made per- 
pendicular to DE, then [F=IJ. 

The line XX, which passes through the focus and is perpen- 
dicular to the directrix, is the avis of the curve, and the 
point B, where the curve crosses the axis, is the vertex. A 
parabola may be continued indefinitely, but a parabola for a © 
vertical highway or railroad curve is considered to terminate 
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at the points where the two straight lines connected by the 
curve are tangent to the curve. 

In laying out a parabolic curve, use is made of the fact that 
the length of a vertical offset from a tangent to a parabola is 
proportional to the square of the horizontal distance from the 
point of tangency to that vertical offset. Thus, if the lines AL 
and MN are vertical offsets from the tangent CK to the curve 
and the points O and P are in the same vertical line as the 
point of tangency C, so that KO and MP represent the hori- 
zontal distances of the offsets KL and MN from C, then 


KL:MN=KO':MP" 
22. Conditions at Intersection of Slopes.—The various 


conditions under which use is made of parabolic vertical curves 
are illustrated in Fig. 6. In each case the straight slopes or 


V 
Pe, 
Cc iz Ls 
A (a) B 
¢ (b) 
A 2 Vv 4 
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grade lines AV and VB would intersect at Y, but a parabolic 
curve CD is introduced to eliminate the sharp change in slope. 
For the purposes of determining the elevations of points on 
vertical curves, the intersections may be divided into two gen- 
eral classes: (1) peaks, or where the curve is below the pro- 
longations of the straight slopes, as in views (a), (b), and (c); _ 
and (2) sags, or where the curve is above the prolongations 
of the straight slopes, as in views (d), (e), and (f). 

A vertical curve is generally made to extend an equal hori- 
zontal distance on each side of the point of intersection of the 
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slopes. For convenier ze in performing calculations, this hori- 
zontal distance usually is a multiple of 100 feet. However, if 
certain special requirements are imposed on a vertical curve, it 
may be necessary to use an unsymmetrical curve with unequal 
tangents. Thus, when a vertical curve is over a bridge or an 
overhead crossing and the rates of grade of the approach tan- 
gents are already established, an unsymmetrical curve may be 
required in order to provide the proper clearance for the traffic 
beneath the bridge. 


23. Rates of Grade——The inclination of the grade line of a 
railroad or highway, or the rate of grade of the road, is usually 
expressed as a percentage, the value of which is the vertical 
rise or fall of the line, in feet, in a horizontal distance of 100 
feet. If the line slopes uphill in the direction in which the 
station numbers increase, the rate of grade is said to be plus 
and the direction of the slope is indicated by the sign + ; if, on 
the other hand, the road slopes downhill in the direction in which 
the station numbers become greater, the rate of grade is said 
to be minus and the direction of slope is indicated by the 
sign —. Thus, if the grade line rises 2 feet in 100 feet, the 
rate of grade is +2 per cent or, as it is usually written, +2% ; 
if the grade line falls 2 feet in 100, the rate of grade is —2%. 

The signs of the rates of grade at an intersection, as well as 
their amounts, must be considered in computing various values 
for the vertical curve, and in determining whether the curve 
will lie above or below the prolongations of the straight slopes. 
If the algebraic difference between the rate of grade of the left- 
hand slope and the rate of grade of the right-hand slope is 
positive, the curve lies below the prolongations of the straight 
slopes; and if the difference is negative, the curve lies above 
the prolongations. For example, if the rates of grade of two 
slopes are +4% and +2%, the algebraic difference is +4— 
(+2)=+2%, and the curve will be below the prolongations 
of the slopes, as indicated in Fig. 6 (b). Again, if the grades 
are —3% and —1%, the algebraic difference is —3—(-1) 
= —341=—2%, and the curve will be above the prolonga~- 
tions of the slopes, as in view (¢@). 
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24. Change in Rate of Grade Along Vertical Curve.—A 
vertical curve effects a gradual change in the rate of grade, 
in the same manner as a horizontal curve effects a gradual 
change in alinement. The grade line of the railroad or high- 
way actually follows the proposed vertical curve, but in com- 
puting the locations of the various points on the curve, it is 
assumed that the grade line is composed of a continuous series 
of straight lines, or chords, joining successive points on the ver- 
tical curve. For instance, in Fig. 7 the slopes AV and VB, 
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which would actually be joined by a vertical curve extending 
from C to D, are assumed to be connected by a series of chords 
of that curve, such as CE, EF, and FG. 

As previously stated, the lengths of vertical offsets from a 
straight slope to a vertical parabolic curve are proportional to 
the squares of the horizontal distances from the point of tan- 
gency to the respective offsets. Therefore, the difference 
between the rate of grade of a slope, as AV, and the rate of 
grade of any chord, as EF, of the vertical curve connecting to 
that slope may be determined as follows: If a represents the ° 
vertical offset from the slope AV at a point that is at a hori- 
zontal distance of 100 feet, or 1 station length, from the begin- 
ning C of the curve, and s, is the horizontal distance, in stations 
of 100 feet, from C to any point E on the curve, then the ver- 


CIRCULAR AND PARABOLIC CURVES, PART 2 23 


tical offset E’E from the slope to the curve may be found by 
the relation 
EE a= 52: 1 
or EE =s\*4 
Since s, represents the horizontal distance from C to E or EL’, 


the difference between the rates of grade of the slope AV and 
, 


the chord CE is sae or 


Sy 


Sa 


S205; 
Sy 
Similarly, if the horizontal distance from C to F is denoted 
by s,, the offset from the slope AV at F’ is 
2h —s,7a 
Hence, F’F—E’E=s,?a—s,?a=a(s,’—S,”). Since the horizon- 
tal distance from E to F is equal to s,—s,, the difference 
between the rates of grade of the slope AV and the chord EF is 
a(s.?—s,? 
Ce a 
Sg—Sy 
Likewise, if s, represents the horizontal distance from C to 
G, the difference between the rates of grade of the slope AV 
and the chord FG is equal to 


a(s3+52) 


Therefore, the difference between the rates of grade of the 
chords EF and FG is 


a(s3+s,) —@(s+5,) =a(s,—S;,) 


25. The principles developed by the foregoing explana- 
tions may be summarized as follows: 


Rule I.—The difference between the rate of grade of a slope 
through either end of a vertical curve and the rate of grade of 
the chord from that end to the first point on the curve is equal 
to the product of the vertical offset a (or the offset in feet from 
the slope to the curve at a horizontal distance of 100 feet from 
the end of the curve) and the horizontal distance, in stations of 
100 feet, between the extremities of the chord. 
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Rule II.—The difference between the rates of grade of any 
two adjacent chords of a vertical curve 1s equal to the product 
of the vertical offset a and the horizontal distance, in stations 
of 100 feet, from the beginning of the first chord to the end of 
the second chord. 


For example, if it is desired to determine the difference 
between the rates of grade of two adjacent 50-foot chords of a 
vertical curve for which a is 0.8 foot, the first step is to find 
the horizontal distance from the beginning of one chord to the 
end of the other, which is 50+50=100 feet, or 1 station. Then, 
by rule II, the required change in the rate of grade is 0.8X1 
=0.8%. 

When two adjacent chords of a vertical curve are each 100 
feet long, the difference between their rates of grade is the 
change in the rate of grade per 100 feet of curve. In this case, 
the horizontal distance between the opposite ends of the two 
chords is 100+100=200 feet, or 2 stations, and therefore for 
any curve the change in the rate of grade per 100 feet is equal 
to 2a. 


26. Length of Vertical Curve—tThe lengths of vertical 
curves in highway work are determined by the topography of 
the ground, the required clear sight distance, and the difference 
between the rates of grade of the intersecting slopes. At a 
peak, as in Fig. 6 (a), (b), or (c), the length of curve is 
generally governed by the sight distance required on the par- 
ticular road. Much shorter curves are permissible at sags, 
such as are shown in views (d), (e), and (f). In rail- 
road work, the sight distance is not so important, and the 
length of any vertical curve is usually determined by the maxi- 
mum change in rate of grade per 100 feet that is permitted on 
the particular railroad. Evidently, the total change in rate of 
grade between the two slopes connected by a vertical curve is 
equal to the product of the change in rate of grade per 100 - 
feet and the length of the curve, in stations. Conversely, when 
the rates of grade of the two slopes and the permissible change 
in rate of grade per 100 feet are known, the approximate length 
of curve may be found by the formula 
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in which n=total length of vertical curve, in stations of 100 
feet ; 

g=rate of grade of first slope; 

g =rate of grade of second slope; 

r=permissible change in rate of grade per 100 feet. 
The signs of g and g’ must be considered in determining the 
value of g—g’, but in finding m the sign of the result is dis- 
regarded, and only the numerical value of g—g’ is used; in 
other words, the sign of 1 is always considered positive. 

The length of the curve is generally taken to the next larger 
even number of stations as 4, 6, 8, etc. Consequently, the 
actual value of r is never greater than the permissible value 
and is usually smaller. 

EXxAMPLE.—Two slopes having grades of —0.4% and +0.18% inter- 


sect to form a sag, as in Fig. 6 (d). If the rate of change per station 
must not exceed 0.1%, what should be the length of the vertical curve? 


Sotution.—Here, g=—0.4, g’=+0.18, and r=0.1. Then, g—g’ 
=—0.4—(+0.18) =—0.58 and 


The length of the curve in this case would probably be taken as 6 sta. 
or 600 ft. Ans. 


27. Practical Considerations——In order to simplify the 
computations for determining the elevations on a vertical curve, 
it is desirable to establish the grade lines so that the slopes will 
intersect at a 100-foot station. Whether or not the intersection 
is so located, the elevations are generally calculated at the full 
100-foot stations; or, if elevations are required at intermediate 
points, such as the 25-, 50-, or 75-foot stations, those values 
are also determined. Thus, if the horizontal interval between 
the points at which elevations are to be determined is 50 feet, 
and the vertical curve begins at Sta. 18+20 and ends at Sta. 
22+20, the elevations would be computed at Stas. 18+20, 
18+50, 19+00, 19+50, 20+00, 20+50, 21+00, 21+50, 
22+00, and 22+20. 

321B—15 
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DETERMINATION OF ELEVATIONS ON VERTICAL 
CURVES WITH EQUAL TANGENTS 


METHOD BY OFFSETS FROM SLOPES 


28. General Principles of Method.—One method of calcu- 
lating the elevations of points on a vertical curve is to determine 
the elevations along the slopes and the lengths of the vertical 
offsets from the slopes to the curve. Thus, in Fig. 7, the ele- 
vation of the point E may be found by taking the difference 
between the elevation of E’ and the length of the vertical offset 
E’E; the elevation of the point F may be obtained from the 
difference between the elevation of F’ and the length of the off- 
set F’F; and the elevation of G from the elevation of G’ and 
the length of the offset G’G. The elevation of the point H may 
be found either from the elevation of H’, on the prolongation 
of the slope AV, and the offset H’H; or from the elevation 
of H’’, on the slope BV, and the offset H’H. 

The elevations of points along any slope may be readily com- 
puted when the elevation at one point on the slope and the rate 
of grade of the slope are known. The vertical offsets can be 
determined in several different ways; the best method depends 
on the numbers involved in the calculations and the personal 
preference of the computer. 


29. Vertical Offset at Central Point of Curve.—In Fig. 8 
are shown typical vertical curves. Whether the curve is at a 
peak, as in view (qa), or at a sag, as in view (b), the following 
values will usually be known: the rate of grade of each of the 
slopes AV and VB; the station number and the elevation at the 
intersection VY of the slopes; and the length of the vertical — 
curve CD. Also, unless otherwise specified, it may be assumed 
that the curve extends equal horizontal distances on each side 
of the point V. 

When it is desired to determine the elevations of points on ’ 
the left-hand half of the curve by offsets from the slope AV and 
the elevations of points on the right-hand half by offsets from 
the slope BY, it is convenient to compute first the offset VE 
from the intersection of the slopes to the central point on the 
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curve. Ifthe slope AV is prolonged to intersect at D’ the ver- 
tical line through D, then V is midway between C and D’. 
Also, if 2 denotes the horizontal distance, in stations, from C to 
Wethen ) ely D=Gn)*sn*, and VE=LD'D. 
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In order to determine the length of D’D, the horizontal line 
VF is drawn to intersect D’D. Then, if g denotes the rate of 
grade of the slope AV, the distance D’F is equal to 3nXg; and 
if ¢’ denotes the rate of grade of the slope BY’, the distance FD 
is equal to 4nXg’. In Fig. 8 (a) and (0) the rates of grade 
of the slopes AV and VB have opposite signs, and the distance 
D’D is the numerical sum of the distances D’F and FD. How- 
ever, in general, the distance D’) is equal to 4n(g—g’) and 
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the signs of g and g’ must be considered in making the calcula- 
tion. Thus, in Fig. 8 (a) the sign of g is + and the sign of 
g is —, and g—g’ is a positive number. Since the distance 
VE is equal to 4DD’, the following general formula is obtained: 


h=3n(g—-g’) 
in which h=vertical distance, in feet, from point of intersec- 
tion of slopes to central point on vertical curve ; 
n=horizontal length of vertical curve, in stations of 
100 feet ; 
g=rate of grade of first slope; 
g’ =rate of grade of second slope. 


Whether the quantity g—g’ is positive or negative, the value 
of h is always considered positive. 


30. Vertical Offset at Point 100 Feet From End of Curve. 
If @ represents the vertical offset from the slope AV, Fig 8, 
to the curve at a horizontal distance of 100 feet from the end C 
of the curve, and v is the length of the curve, in stations, then 


, 


Os D= fl sn vor. a= 


Since, from the preceding article, 


D’D=4n(g—g’), it follows that a= , and the value 


5n(g—g’) 
n? 


of a is given by the following formula: 


Ue 
2n 
in which a=vertical offset, in feet, from slope to curve at hori- 
zontal distance of 100 feet from end of curve; 


g, 9’, and n have the same meanings as in the preced- 
ing article. 


31. Vertical Offset From Slope to Any Point on Curve. 
When the offset h from the intersection of the slopes to the ’ 
central point of a vertical curve and the length n of the curve 
are known, the offset from either slope to any other point on 
the curve can be readily computed. If the horizontal distance, 
in stations, from the nearer end of the curve to the point whose 
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elevation is desired is represented by s and the vertical offset, 
in feet, from the slope to that point by h’, then h’: h=s?: (4n)’, 


and ‘ 
W=nx(; =) (1) 


The value of the offset a at a distance of 100 feet from the 
end of the curve may be determined by substituting 1 for s in 


. h ‘ 
this formula; thus, Levers Hence, it follows that the value 
on )~ 
of h’ at any point may be found from the value of a by the 
relation 


W’=s"a (2) 


32. Calculation of Elevations on Curve by Offsets From 
Slopes.—In order to find the elevation of any point on a ver- 
tical curve from the elevation of the straight slope at the cor- 
responding station, it is simply necessary to add or subtract 
the proper vertical offset between the slope and the curve. The 
offset is subtracted ata peak and added at a sag. 


ExampLe 1.—Two slopes that intersect at Sta. 61+00 so as to form 
a peak have grades of +1% and —0.45%. If the elevation of the inter- 
section is 126 feet and the vertical curve is to be 800 feet long, what 
should be the elevation at each 100-foot station on the curve? 


Sotution.—The conditions in this case may be represented by Fig. 
8 (a). Here, the point V is at Sta. 61+00 and, since the curve extends 
400 ft. on each side of that point, it starts at Sta. 57+00 and ends at 
Sta. 65+00. The elevations along the prolongations of the straight 
slopes from the ends of the curve to the intersection are as follows: 


400 
Gor Sta..9/, ewe oe ft. 


G or Sta. 58, 122+1 =123.00- ft. 
A sor Sta, 59123--1 =124.00 ft. 
I’ or Sta. 60, 12441. =125.00 ft. 
V or Sta. 61 =126.00 ft. 


J’ or Sta. 62, 126—0.45 =125.55 ft. 
K’ or Sta. 63, 125.55—0.45=125.10. it. 
L’ or Sta. 64, 125.10—0.45=124.65 ft. 
D or Sta. 65, 124.65—0.45=124.20 ft. 


In this case, n=8 sta, g=+1%, g’=—0.45%, and g—g ‘==t— (—0.45) 
=1+0.45=1.45. Hence, by the formula of Art. 29, the value of the off- 
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set VE from the intersection of the tangents to the central point of the 
curve is 
=4n(g—g’) = X8X1.45=1.45 ft. 

The difference in elevation between the straight slope and the curve 
at each station may now be found by either formula of the preceding 
article. In this example, however, it will be found that the use of for- 
mula 2 is not convenient because the value of a would have to be 
expressed to four decimal places and the computations would be rather 
laborious. Therefore, the various differences in elevation will be found 


by formula 1, or 
h’=hxX ce ) 
n 


The horizontal distances s will be assumed to be measured from Sta. 57 
for Stas. 58, 59, and 60; and from Sta. 65 for Stas. 62, 63, and 64. The 
value of 4m is 4. Obviously, the offset G’G at Sta. 58 will be equal to 
the offset L’L at Sta. 64; the offset H’H at Sta. 59 will equal the offset 
K’K at Sta. 63; and the offset J’T at Sta. 60 will equal the offset J’J at 
Sta. 62. Hence, the values of h’ for the various points are: 


Stas. 58 and 64, G’G=L’L=1.45&X (4)*=0.09 ft. 
Stas. 59 and 63, H’H=K’K=1.45&X (2)=0.36 ft. 
Stas. 60 and 62, I’J=J’J=1.45X (4)*=0.82 ft. 
Since the curve is at a peak, the required elevations are found by sub- 


tracting the values of h and h’ from the elevations on the straight slope. 
The computations may be tabulated conveniently as follows: 


Station are Correction see 
57. 122.00 0 122.00 
58 123.00 0.09 122.91 
59 124.00 0.36 123.64 
60 125.00 0.82 124.18 
61 126.00 1.45 124.55 
62 125.55 0.82 124.73 
63 125.10 0.36 124.74 
64 124.65 0.09 124.56 
65 124.20 0 124.20 


EXAMPLE 2.—A slope with a grade of —3.2% and one with a grade 
of +2.6% intersect at Sta. 34+28 at an elevation of 49.20 feet. If a 
sag is formed by the slopes and they are to be connected by a vertical 
curve 600 feet long, what should be the elevations of points on the 
curve at the 50-foot and 100-foot stations? 
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SoLution.—In this case, the conditions are as shown in Fig. 9. The 
point V is at Sta. 34428 and its elevation is 49.2 ft. Also, the begin- 
ning of the curve at C is 300 ft. from V or at Sta. 31428, and the 
other points at which elevations are to be computed are located at Stas. 
31+50, 32+00, 32+50, 33+00, 33+50, 34+00, 34450, 35+00, 35+-50, 
36+00, 36+50, 37+00, 37+28. Since the slope CV has a rate of grade 


300 
of —3.2%, the elevation of C is DS 3.2=58.8 ft. The elevation along 


22 
the slope CV at Sta. 314-50, or 22 ft. from C, is Rares SAI 


or 58.10 ft. The elevation at each succeeding 50-ft. point along that 
slope may be found by subtracting 589,3.2=1.6 ft. from the elevation 


sis K 
Q'S 
3) [2 
y 
[omey 9 9 9 9 oem e) ie) 9 
BYGh oil ati Se ints lena Mumtoes Saye tS Sin 
eat) eon st Ue Ae ae aaa ee ek aa + + 
3) 4 3 ca) *) co) 7 
Fic. 9 


of the point immediately preceding the one under consideration. Thus, 
these elevations are: at Sta. 32+00, 58.1—1.6=56.5 ft.; at Sta. 32150, 
56.5—1.6=54.9 ft.; at Sta. 33+00, 54.9—1.6=53.3 ft.; and so on. Simi- 


22 
larly, the elevation along the slope VD at Sta. 34+50 is tects 


50 
=49.77 ft.; that at Sta. 351-00 is Nbr ah SIR ala it. ; 
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that at Sta. 35+50 is 51.07+1.3=52.37 ft.; and so on. The elevation 
300 
aie JD, Ge Sie, WPA, 10 Tae ee te 


The vertical offset from V to the central point on the curve is found 
by the formula of Art. 29, in which g—g’=—3.2—(+2.6)=—3.2—2.6 
=—5.8. Since the minus sign is neglected in that formula, 

h=in(g—9') =4 X6X5.8=4.35 ft. 
Then, by formula 1 of the preceding article, in which 4n=3, the differ- 
ences in elevation between the various points on the slope CV and the 
stations on the curve to the left of the center point are as follows: 


0:224* 
Stan 33-50; wena s5x( )=a02 ft. 
Sta. 32-++00, weassx (= )=o2 

1Z2\e 
Sta. 32+50, a )=o72 ft. 
Sta. 33+00, Haass (~ ) 
Sta. 33-+50, H=435x( ) 


2 
Sta. 34+00, h’=4.35X ‘ea ) =3.58 ft. 


Similarly, the differences in elevation between the various points on 
the slope VD and the stations on the curve to the right of the central 
point are found by taking s as the distance from D, or Sta. 37+28. As 
for the points to the left, h=4.35 ft. and 4n=3. The values of h’ are 
then as follows: 


0.28 \? 
Sta. 37+00, wmassx (> )=00 ft. 
Sta. 36+50, h’=4.35X 


Sta. 36+00, h’=4.35X 


Sta. 35+00, h’=4.35X 


Sta. 34+50, h’=4.35X 


(S) 
(S) 

Sta. 35+50, i’ =435%( js ft. 
& 
() 
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The elevations of the points on the curve are found by adding the 
value of h’ to the elevations on the slopes CV and VD, as shown in the 
following tabulation: 


Station eta Correction crime 
31-428 58.80 0 58.80 
31+50 58.10 0.02 58.12 
32+00 56.50 0.25 56.75 
32+50 54.90 0.72 55.62 
33+00 53.30 + 1.43 54.73 
33-+50 51.70 2.38 54.08 
34+00 50.10 3.58 53.68 
34+50 49.77 3.74 53.51 
35+00 51.07 2.51 53.58 
35+50 52.37 1.53 53.90 
36+00 53.67 0.79 54.46 
36+50 54.97 0.29 55.26 
37+00 56.27 0.04 56.31 
37+28 57.00 0 57.00 


33. Elevations on Curve by Offsets From Prolongation of 
One Slope.—When the elevations of all points on a vertical 
curve are to be computed by offsets from the prolongation of 
only one slope, the procedure is quite similar to that just 
described for offsets from two slopes. In this case, however, 
the distance D’D, Fig. 8, is used as a basis for computing all 
the vertical offsets, and all horizontal distances are taken from 
the point at which the reference slope is tangent to the vertical 
curve. As previously shown, the vertical offset, as D'D in 
Fig. 8, from the prolongation of the reference slope to the other 
end of the curve may be found by the formula 

=in(g-g') (1) 
in which H=vertical offset, in feet, from prolongation of 
straight slope through beginning of curve to 
end of curve on other slope; 
n=length of curve, in stations of 100 feet; 
g=rate of grade of first slope; 
g' =rate of grade of second slope. 

Also, the offset from the prolongation of the reference slope 

to any point on the curve may be found from the relation 
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Se 

w=HX(=)  @) 

n 

in which H’=vertical offset, in feet, from prolongation of ref- 
erence slope to any point on vertical curve ; 

S=horizontal distance, in stations of 100 feet, from 

end of curve on reference slope to point under 
consideration ; 


H and nm have same meanings as in formula 1. 


If a represents the difference in elevation between the prolon- 
gation of the slope and the vertical curve at a point 100 feet 
from the end of the curve on that slope, the value of H’ at any 
other point can be found by the relation 

Pe =S50 (3) 

The elevations of the points on the curve are found from the 
elevations on the prolongation of the straight slope by adding 
or subtracting the proper values of H and H’, as described in 
the preceding article for offsets from two slopes. 

ExAMPLe.—Two slopes that intersect at Sta. 28+00 so as to form 
a peak have grades of +3.5% and +2%. If the elevation of the inter- 


section is 245 feet and the vertical curve is to be 600 feet long, what 
should be the elevation at each 100-foot station on the curve? 


SoLution.—The conditions for this case may be represented in Fig. 10. 
Here, the point V is at Sta. 28+00 and each half of the curve is 300 
ft. or 3 sta. long. Hence, the beginning of the curve at C is at Sta. 25 
+00 and the end at D is at Sta. 31+00. The elevations along the 
prolongation of the straight slope through Sta. 25+00 are as follows: 


300 
Stam2o; mie Tp =234.50 ft. 
Sta. 26, 234.5+3.5 =238.00 ft. 


Stas 275, 2385-315 =241.50 ft. 
Sta. 28 =245.00 ft. 
Sta. 29, 245+3.5 =248.50 ft. 
Sta. 30, 248.5+3.5 =252.00 ft. 
Stas oly oad oo =255.50 ft. 


The difference in elevation DE between the prolongation of the slope 
AV at Sta. 31 and the end D of the curve is found by formula 1. Here, 
n=6 sta. and g—g’=3.5—(+2)=1.5. Hence, 


H=3n(g—g9')=4$X6X1.5=45 ft. 
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In this case, it is convenient to determine the values of H’ by means of 
formula 3-and, therefore, it is necessary first to compute the value of a. 


By the formula of Art. 30, 


A 


The value of H’ at Sta. 26, 
0.13 ft., and the other values of 


StaZ/et 
Suey Zen AU 


Ac. 10 


E 


or the distance G’G, is equal to a, or 
H’ are as follows: 


=2’X0.125=0.5 it. 
=3X0.125=1.13 ft. 
Sta. 29, K’K=4?X0.125=2.00 ft. 
Sta. 30, L’L =5'?X0.125=3.13 ft. 
Sta. 31, ED =6?X0.125=4.50 ft. 


Since the curve is at a peak, the required elevations are found by sub- 
tracting the values of H’ from the elevations on the prolongation of the 
straight slope. The results of the computations may be tabulated as 


NN eee 


follows: 
Station ae 
25 234.50 
26 238.00 
27 241.50 
28 245.00 
29 248.50 
30 252.00 
31 255.50 


Correction 


0 
0.13 
0.50 
1.13 
2.00 
3.13 
4.50 


Elevation 
on Curve 


234.50 
237.87 
241.00 
243.87 
246.50 
248.87 
251.00 


ee 
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EXAMPLES FOR PRACTICE 


1. Two slopes that form a sag have rates of grade of —1.6% and 
+0.2%, respectively. If they are to be connected by a vertical curve 
600 feet long and the elevation of the intersection of the slopes at 
Sta. 13-+00 is 128.66 feet, what should be the elevations at points on the 


vertical curve that are 100 feet apart? Gea nlewation 
10 133.46 
11 132.01 
12 130.86 
Ans. ¢ 13 130.01 
14 129.46 
15 129.21 
16 129.26 


2. A vertical curve 400 feet long is to connect two slopes forming 
a peak and having rates of grade of +3.2% and —1.6%, respectively. 
If the elevation at the intersection of the slopes is 101.4 feet, and the 
curve begins at Sta. 3+00, determine the elevations on the curve at 
points 50 feet apart. Sta. 


Elevation 
3+00 95.00 
Smal) 96.45 
4+-00 97.60 
4+50 98.45 
Ans. { 5+00 99.00 
Seat) 99.25 
6+00 99.20 
6+50 98.85 
7+00 98.20 


3. As indicated in Fig. 10, two intersecting slopes 4V and BV, 
which form a peak, are connected by a 600-foot vertical curve. The 
grades of AV and BV are +5% and +1.2%, respectively; and the 
vertex V is at Sta. 43-+-00 and has an elevation of 137 feet. Determine 
the elevations of Stas. 41+00 and 44+00 on the curve. 


Sta. 41, 126.68 ft. 
Ans.{ Sia 44, 136.93 ft. 


DIFFERENCES IN ELEVATION BETWEEN SUCCESSIVE STATIONS 


34. General Features of Method.—Instead of computing ° 
the elevations of points on a vertical curve by offsets from the 
prolongations of the slopes, it is often convenient to determine 
the elevation of each point on the curve from the elevation of the 
preceding point. Thus, in Fig. 7, the elevation of E would be 
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found by adding to the elevation of C the product of the rate 
of slope of the chord CE and the horizontal distance, in sta- 
tions, from C to E. Then, the elevation of F would be found 
by adding to the elevation of E the product of the rate of slope 
of the chord EF and the horizontal distance between FE and F; 
and the elevation of each successive point would be found in a 
similar manner. 


35. Determination of Rate of Slope.—The rates of slope 
of the various chords may be found by the rules of Art. 25. In 
the usual case, however, elevations along the curve are deter- 
mined at regular horizontal intervals. For these conditions, the 
difference between the rates of grade of any two adjacent chords 
is the same throughout the curve, and the rate of grade of each 
chord may be found from that of the preceding chord by sub- 
tracting or adding this constant difference. 

If the points whose elevations are desired are 100 feet apart, 
the constant difference is the change in the rate of grade per 
100 feet, and its numerical value is equal to 2a, where a is the 
vertical offset from the slope to the curve at a horizontal dis- 
tance of 100 feet from the end of the curve. Also, there is a 
difference of a between the rates of grade of the straight slope 
and the 100-foot chord from the end of the curve on that slope 
to the first station on the curve. 


36. Sign of Rate of Slope.—In determining the elevation 
of a point on a vertical curve from the elevation of the pre- 
ceding point, it is important to consider the sign of the rate of 
grade of the chord joining the two points. To obtain the 
proper sign, it is necessary to consider the sign of the rate of 
grade of the straight slope through the beginning of the curve. 
Then, at a peak, the successive differences in rate of grade are 
subtracted ; and at a sag, these differences are added. In every 
case, the sign of the result is retained. 


Exampie 1.—A vertical curve 400 feet long connects two tangents 
whose rates of grade are, respectively, +0.9% and —0.7%. If the curve 
starts at Sta. 17+00 and the slopes form a peak, what is the rate of 
grade of each of the 100-foot chords of the curve? 
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Sotutton.—In this case, the points on the vertical curve whose eleva- 
tions are desired are at horizontal intervals of 100 ft. Also, by the 
formula of Art. 30, 

2 — 
eee 
2n 2x4 
Then, the difference between the rates of grade of the slope through 
Sta. 17 and the chord from Sta. 17 to Sta. 18 is numerically equal to a 
and is 0.2%. Since the curve is at a peak, the rate of grade of that 
chord is +0.9—0.2=0.7%. 

The difference between the rates of slope of two successive 100-ft. 
chords is numerically equal to 2a and is 2X0.2=0.4%. Thus, the rates 
of grade of the three remaining chords of the curve are as follows: 


Sta. 18 to Sta. 19, +0.7—0.4=+0.3% 
Sta. 19 to Sta. 20, +0.3—0.4=—0.1% 
Sta. 20 to Sta. 21, —0.1—0.4=—0.5% 


ExampLe 2.—Two slopes, whose rates of grade are, respectively, 
—2% and +4%, intersect so as to form a sag. If the slopes are to be 
connected by a 600-foot vertical curve that starts at Sta. 29+30, and ele- 
vations are to be calculated at both the 50-foot and the 100-foot sta- 
tions, what is the rate of slope of each chord? 


Sotution.—Here, g—g’=—2—4=— 6% and 


ee 
2n 2X6 

The horizontal distance from Sta. 29+30 to Sta. 29+50 is 20 ft. or 

0.2 sta. and by rule I, Art. 25, the difference between the rates of grade 

of the straight slope through Sta. 29+30 and the chord to Sta. 29-+50 

is aX0.2 or 0.1%. Since the curve is at a sag, the rate of grade of that 

chord is —2+0.1=—1.9%. 

By rule II, Art. 25, the difference between the rates of grade of the 
chord from Sta. 29+30 to Sta. 29+50 and the chord from Sta. 29-+50 
to Sta. 30+00 is equal to the product of a and the horizontal distance, 
in 100-ft. stations, from Sta. 29+30 to Sta. 30+00, or aX0.7=0.35%. 
Therefore, the rate of grade of the chord between Stas. 29+50 and 
30+00 is —1.9+0.35=—1.55%. 

The horizontal distance, in stations, between the opposite ends of two 
adjacent 50-ft. chords is 0.5+0.5=1, and the difference between the 
rates of grade of two such chords is equal to aX1 or 0.5%. Thus, the ° 
rates of slope of the chords to Sta. 35+00 are as follows: 


Stas. 30+00 to 30+50, —1.55+0.5=—1.05% 
Stas. 30+50 to 31+00, —1.05+0.5=—0.55% 
Stas. 31+00 to 31+50, —0.55+0.5=—0.05% 
Stas. 31+50 to 32+00, —0.05+0.5=+0.45% 
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Stas. 32+00 to 32+50, +0.45+0.5=+0.95% 
Stas. 32+50 to 33-+00, +0.95+0.5=+1.45% 
Stas. 33+00 to 33+50, +1.45+0.5=+1.95% 
Stas. 33+50 to 344-00, +1.95+-0.5=+2.45% 
Stas. 34+00 to 34+50, +2.45+0.5=+2.95% 
Stas. 34+50 to 35+-00, +2.95+0.5=+3.45% 


The difference between the rates of grade of the chords from Sta. 34 
+50 to Sta. 35+00 and from Sta. 35+00 to Sta. 35+30 is, by rule II, 
Art. 25, aX0.8=0.4%. Hence, the rate of grade of the chord between 
Stas. 35+00 and 35+30 is +3.45+0.4=+3.85%. 


37. Elevations on Curve by Differences in Elevation 
Between Stations.—The elevation of each point on a vertical 
curve is equal to the elevation of the preceding point plus or 
minus the difference in elevation between the two points. On 
any vertical curve, the difference in elevation between two 
points is equal to the product of the rate of grade of the chord 
joining the two points and the horizontal distance, in stations, 
between the two points. If the rate of grade of the chord 
between the two points is plus, the difference in elevation is 
added to the elevation of the known point; on the other hand, if 
the rate of grade of the chord is minus, the difference in eleva- 
tion is subtracted. When the points whose elevations are 
required are at 100-foot intervals, the difference in elevation 
between any two successive points is equal numerically to the 
rate of grade of the chord joining the two points. In this case, 
these differences in elevation are computed directly instead of 
determining first the rates of grade of the chords. 

Let g denote the rate of grade of the straight slope through 
the beginning of a vertical curve; a, the vertical offset from that 
slope to the curve at a horizontal distance of 100 feet from the 
point of tangency; and s,, the horizontal distance, in stations 
of 100 feet, from the beginning of the curve to the first 100-foot 
station on the curve. Then, the difference in elevation between 
the beginning of the curve and a point on the prolongation of 
the straight slope at the first 100-foot station is. 5,g. - Also, by 
formula 2, Art. 31, the vertical offset from the prolongation of 
the slope to the curve at that station is s,*a. Hence, the difference 
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in elevation between the beginning of the curve and the first 100- 
foot station on the curve is s,g—s,2a=s,(g—S,a) at a peak, 
or s,(g+s,a) at a sag. If the curve begins at a 100-foot sta- 
tion, the horizontal distance to the first 100-foot station on the 
curve is 100 feet, or 1 station, and s,=1. In such a case, the 
difference in elevation between the beginning of the curve and 
the first 100-foot station equals g—a at a peak or g+a at a sag. 

The difference in elevation between the first and second 100- 
foot stations at a peak is s, (g—s,a)—(1+s,) a. If the curve 
starts at a 100-foot station, this expression equals (g—a) —2a. 
At a sag, the minus signs in either expression would be replaced 
by plus signs. For any curve, the difference in elevation between 
two consecutive 100-foot stations beyond the second may be 
obtained from the difference in elevation between the preceding 
two consecutive stations by subtracting 2a at a peak or by adding 
2a at a sag. 

As a check on the results, the elevation of the end of the 
curve should be determined both by the method given here and 
by the difference in elevation along the straight slope between 
the intersection of the slopes and the end of the curve. 

ExampLe 1.—Determine the elevations of the 100-foot stations on the 


vertical curve in example 1 of the preceding article, if the elevation of 
the intersection of the straight slopes at Sta. 19+00 is 186 feet. 


Sotution.—As stated in the preceding article, the curve is 400 ft. 
long and ‘starts at Sta. 17+00. Also, the rate of grade of the straight 
slope through that point is g=+0.9%, and a=0.2 ft. The elevation at 


200 
Sta. 17+00 is Le REN oA ft. 


Since the curve begins at a 100-ft. station and a peak is formed in 
this case, the difference in elevation between Stas. 17+00 and 18+00 
is g—a=0.9—0.2=0.7 ft. and the elevation at Sta. 18+00 is 184.2+0.7 
=184.9 ft. 

The difference in elevation between Stas. 18+00 and 19+00 on the 
curve is 0.7—2a=0.7—0.4=0.3 ft. and the elevation at Sta. 19+00 is 
184.9+0.3=185.2 ft. 

The difference between Stas. 19+00 and 20+00 is 0.3—2a=0.3—0.4 
=:—(,.1 ft., and the elevation at Sta. 20+00 is 185.2—0.1=185.1 ft. 

The difference between Stas. 20+-00 and 21+00 is —0.1—0.4=—0.5 ft., 
and the elevation at Sta. 21+°0, which is the end of the curve, is 
185.1—0.5=184.6 ft. 
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The elevation at Sta. 21+00, as determined from the elevation of 
; 200 ; 
the intersection of the slopes is ere ae he ft., and therefore 
0 


all the computed elevations may be assumed to be correct. 
The computations for determining the various elevations may be con- 
veniently tabulated as follows: 


Station Difference Elevation 
17+00 184.2 
18+00 g—a=0.9—0.2 = 0.7 184.9 
19-++00 0.7—2a=0.7—0.4= 0.3 185.2 
20+00 0.3—0.4 =—0.1 185.1 
21+00 =A (ie =—0.5 184.6 


EXxAMPLe 2.—If the elevation at Sta. 29+30 in example 2 of the pre- 
ceding article is 241.75 ft., what are the elevations of the 50- and 100- 
foot stations on the curve? 

SoLution.—The rates of grade and the differences in elevation 
between the successive points whose elevations are desired are as 
follows : 


Rate of Grade, Difference in 


Stations in Per Cent Elevation, in Feet 
29+30 to 29+50 50 —0.38 
29+50 to 30+00 — 1255 0.7 Ao 
30+00 to 30+-50 S105) (525 
30+50 to 31+00 = Ss == (270 
31+00 to 31+50 —0.05 —0.025 
31+50 to 32+00 +0.45 +0.225 
32+00 to 32+50 +0.95 +0.475 
32+50 to 33+00 +1.45 +0.725 
33+00 to 33+50 195 +0.975: 
33+50 to 34+00 +2.45 ales 
34+00 to 34+50 +2.95 +1.475 
34+50 to 35+00 +3.45 e720 
35+00 to 35+30 OOo qellalbss 


ee le ee SS ee 
The rates of grade here tabulated were calculated in the preceding 
article, and each difference in elevation is determined by multiplying 
the respective rate of grade by the horizontal distance, in stations, 
between the points in question. Thus, the difference in elevation between 
Stas. 29+30 and 29+50 is —1.9X0.2=—0.38 ft. that between Stas. 


321B—16 
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33+00 and 33+50 is +1.95X0.5=+0.975 ft. and that between Stas. 
35+00 and 35+30 is +3.85X0.3=1.155 ft. 

The required elevations may be readily determined in the following 
manner : 


Station Elevation, in Feet 

29+30 241.75 
29+50 241.75—0.38=241.37 
30+00 241.37—0.77=240.60 
30+50 240.60—0.53=240.07 
31+00 240.07 —0.27=239.80 
31+50 239.80:—0.03=239.77 
32+00 239.77 +0.23=240.00 
32+50 240.00+0.47=240.47 
33+00 240.47+-0.73=241.20 
33+50 241.20+0.97=242.17 
34+-00 242.17+1.23=243.40 
34+50 243.40+-1.47=244.87 
35+00 244.87+1.73=246.60 
35+30 | 246.60+1.15=247.75 


The elevation at Sta. 35+30, as determined from the rates of grade 


300 300 
of the slopes, would be 241.75———X2+—X4=247,75 ft. 
100 100 


38. Position of High or Low Point.—In the case of a 
vertical curve joining two tangents that slope in opposite direc- 
tions, as in: Fig. 8, it is sometimes desired to determine the 
station number and the elevation of the highest point on the 
curve at a peak or the lowest point at a sag. In either case, 
the required point is located where the rate of grade becomes 
zero; that is, where the tangent to the curve is horizontal. 
Obviously, the horizontal distance + from the beginning of the 
curve to the point where the rate of grade is zero bears the 
same ratio to the length of the entire curve as the rate of grade 
of the straight slope through the beginning of the curve bears 
to the total difference in the rates of grade of the two straight 
slopes. Thus, +:n=g:(g—g’), or 

gn 


/ 


» eae 


CIRCULAR AND PARABOLIC CURVES, PART 2 43 


in which #=horizontal distance, in stations of 100 feet, from 
beginning of vertical curve to high or low point; 
g=rate of grade of straight slope through beginning 
of curve; 
n= length of vertical curve, in stations; 
g’=rate of grade of straight slope through end of 
curve. 


The elevation of the high or low point can be determined 
from the elevation of the preceding regular elevation point, the 
rate of grade of the chord between these two points, and the 
horizontal distance between the points. 


Example 1.—Find (a) the station number and (b) the elevation of 
the highest point of the curve in example 1 of Arts. 36 and 37. 


SoL_uTIoN.—(a) From Art. 36, g=+0.9, g’ =—0.7, and n=4. Hence, 
gn 0.9X4 
Gy Va) 
The high point is situated 225 ft. from Sta. 17+00, and is at Sta. 19 

a2 ATS, 

(b) By rule II, Art. 25, the difference between the rates of grade of 
the chords from Sta. 18+00 to Sta. 19+00 and from Sta. 19+00 to 
Sta. 19+25 is aX1.25 or 0.2X1.25=0.25%. From Art. 36, the rate of 
grade of the former chord is +0.3%; and therefore the rate of grade 
of the latter chord is 0.3—0.25=+0.05%. As found in Art. 37, the ele- 
vation of Sta. 19+00 is 185.2 ft. Since the horizontal distance between 
Stas. 19+00 and 19+25 is 0.25 sta., the elevation at Sta. 19+25 is 185.2 
+0.05X0.25=185.21 ft. Ans. 


EXAMPLE 2.—Find (a) the station number and (b) the elevation of 
the lowest point on the curve in example 2 of Arts. 36 and 37. 

So.tution.—(a) In this case, g=—2, g’=+4, and n=6. Therefore, 

xs ie! ob a sta. 
Urs femal ar 
and, since the beginning of the curve is at Sta. 29+30, the low point 
is at Sta. 31+30. Ans. 

(b) The difference between the rates of grade of the chords from 
Sta. 30+50 to Sta. 31+00 and from Sta. 31+00 to Sta. 31+30 is 
aX0.8 or 0.5X0.8=0.4%. Since the rate of grade of the former chord 
is —0.55%, that of the latter chord is —0.55+0.4=—0.15%. Also, from 
Art. 37, the elevation at Sta. 31+00 is 239.80 ft. Finally, since the 
horizontal distance between Stas. 31+00 and 31+30 is 0.3 sta., the ele- 
vation at Sta. 31+30 is 239.80—0.15X0.3=239.75 ft. Ans, 


=2.25 sta. 


r= 
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EXAMPLES FOR PRACTICE 
1. Solve example 1 on page 36 by the method of differences in ele- 
vation between successive stations. 
2. Solve example 2 on page 36 by the method of successive differ- 
ences between stations. 


3. Determine (a) the station number and (b) the elevation of the 
lowest point of the curve in example 1. an (a) 15+33 
“) (b) 129.19 ft. 


VERTICAL CURVES WITH UNEQUAL TANGENTS 


39. Type of Curve.—Where a vertical curve must have a 
particular elevation at a certain station, and the grades of the 
tangents have already been established, it is usually necessary 
to use a curve with unequal tangents. One method of con- 
structing such a curve is given by E. L. Pavlo in Civil Engi- 
neering for March, 1935. In this method, a compound parab- 
ola is used; one parabola extends from the P.C. to a point 
vertically opposite the point of intersection of the tangents, 
and a second parabola extends from that point to the P.T. In 
order that the entire curve between the P. C. and the P. T. will 
be smooth and continuous, the two parabolas are so constructed 
that they have a common tangent at the point where they inter- 
sect. 


40. Vertical Offset at Point of Intersection.—In Fig. 11 is 
shown a vertical curve with unequal tangents. As in the case 
of symmetrical vertical curves, the following values will usually 
be known: the rate of grade of each of the slopes AV and BY, 
the station number and the elevation at the intersection V of 
the slopes, and the minimum allowable length of the vertical 
curve CD. In addition, the minimum allowable elevation at 
a certain station on the curve is generally specified. For exam- 
ple, if the curve forms an overhead crossing, the required clear- 
ance for the underpass will determine the minimum elevation . 
of the curve; the clearance is commonly measured vertically 
above the street curb nearer the tangent with the steeper slope. 

In order to determine the elevations of stations on the com- 
pound parabola, it is necessary to compute first the vertical off- 
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set to the curve from the point of intersection of the two 
tangents. On each side of the point of intersection, or for each 
individual parabola, the length of a vertical offset from the tan- 
gent to the curve is proportional to the square of the horizontal 
distance from the point of tangency to the vertical offset. Thus, 


in Fig. 11, EV: FG =CH” ‘Cle: by substituting for EV, FG, 


Fie. 11 


CH, and CI the distances h, h,’, n,, and s,, respectively, the 
relation becomes h: hy’ =14?: 517. Then 


in which h=vertical offset, in feet, from point of intersection 

of tangents to curve; 

h,f=vertical offset, in feet, from tangent to curve at 
any point between P.C. and point of intersec- 
tion of tangents ; 

n,=horizontal distance, in 100-foot stations, from 
P.C. to point of intersection of tangents ; 

s,=horizontal distance, in 100-foot stations, from 
P.C. to vertical offset h,’. 


Similarly, for the portion of the curve between the point of 
intersection of the tangents and the P. T., 


n=ng(7) (2) 
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in which / has same meaning as in formula 1; 

h,/ = vertical offset, in feet, from tangent to curve at 
any point between P. T. and point of intersec- 
tion of tangents ; 

n,=horizontal distance, in 100-foot stations, from 
P. T. to point of intersection of tangents ; 

s,=horizontal distance, in 100-foot stations, from 
P. T. to vertical offset h,’. 


ExAMPLE.—Two slopes that intersect at Sta. 49+00 so as to form a 
peak have grades of +4% and —2%. The point of intersection has an 
elevation of 131.0 feet, and the P.C. of a vertical curve connecting the 
slopes is at Sta. 46+00. If the curb of a road beneath the curve at 
Sta. 48+80 has an elevation of 112.9 feet, and the desired clearance 
above the curb is 14 feet, compute the vertical offset from the point of 
intersection of the tangents to the curve. 


Sta.4@9t00 
Sta.48+80  y Flev. EIKO 


flev.130.2' B 


Elev.127.0' 


Sta. 46+00 
Elev. 119.00 


SoLuTIon.—The conditions in this case may be represented by Fig. 12. 
The point A, which is at Sta. 48+80 on the curve, must have an ele- 
vation of at least 112.9+14=126.9 ft. As the rate of grade of the tan- 
gent through the P.C. is 4% and Sta. 48+80 is 20 ft. horizontally from 
the vertex, the elevation of point B on the tangent at Sta. 48+80 is 
131.0—4X0.2=130.2 ft. Then, h,’=130.2—1269=3.3 ft. Also, n,=3, 
and 5,=2.8. From formula 1, 


My \ 2 3 Ve 
h=h, | — }) =3.3X =3.79 ft. Ans. 
St 2.8 


41. Length of Compound Parabola—From the equations 
of the two parabolas that form a vertical curve with unequal 
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tangents, a formula may be derived for expressing the length 
of one side of the curve in terms of the length of the opposite 
side, the vertical offset to the curve from the point of intersec- 
tion of the tangents, and the rates of grade of the two tangents. 
Thus, for the values indicated in Fig. 11, 

2hn, 


C—O 1 
*  m,(g—g") —2h w 


2hn, 
eae eo) —2h 
in which n,, ,, and h have the same meanings as in the pre- 
ceding article ; 
g=rate of grade of tangent through P.C.; 
g’=rate of grade of tangent through P.T. 


and 


(2) 


The total length of the curve is the sum of the lengths of the 
two parts, or een: (3) 


The computed length of the curve may have to be altered in 
order to obtain suitable tangent lengths. If the length on either 
side of the intersection of the tangents were increased, a flatter 
curve would have to be used and the elevations at all stations 
on the curve would be decreased. Since such a change would 
not permit the provision of the required clearance at a particu- 
lar station, any adjustment in the length of the curve must be 
a shortening. The corrected value of the vertical offset h at 
the point of intersection will then be less than the value pre- 
viously calculated. This new value of h may be found by the 
formula 
NN» 


arene ele (4) 


ExaAmpLe.—Determine (a) the length of the curve in the example of 
the preceding article, and (b) the new length of the vertical offset at the 
point of intersection. 

So.ution.—(a) In this case, 1:=3 sta., h=3.79 ft. g=t+4%, and 
g’=—2%. Then, from formula 2, 

2hn, 2X3.79 X3 ee 


Qe = —— —<—$—$—— 
n4(g—g')—2h 3[4—(—2) ]—2X3.79 


h 
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If it is desired to use a curve with a length in full 100-foot stations, 
and yet maintain at least a 14-ft. clearance at Sta. 48+80, the length x, 
must be changed to 2 sta., and the total length of curve is 


n=n,tn,=3+2=5 sta. or 500 ft. Ans. 


(b) From formula 4, the new value of the vertical offset h at the 
point of intersection will be 


NyNg 3X2 
fea is iY pry YES gh NTE 
2(n,+n2) 2X (342) 


42. Calculation of Elevations on Compound Parabola. 
When the vertical offset h from the point of intersection of the 
tangents to the curve and the lengths n, and n, of the two parts 
of the curve are known, the vertical offset from either slope to 
any other point on the curve can be readily computed by the 
method explained in Art. 31. However, for a curve with 
unequal tangents, the offsets for the portions of the curve on 
either side of the point of intersection must be computed sepa- 
rately. Thus, for the part of the curve between the P. C. and 
the vertex, the vertical offset at any point may be obtained 
from the formula 

n= n( 


ny 


and for the part of the curve between the P. T. and the vertex, 
the vertical offset at any point may be obtained from the 


formula 
h,’ =h Say 2 
S is ee 


in which the letters have the same meanings as in Art. 40. 

In order to find the elevation of any point on the curve, it is 
simply necessary to compute the elevation of the slope at the 
corresponding station and to subtract the proper vertical offset 
between the slope and the curve. 


ExAMPLE.—Determine the elevation at each 100-foot station on the 
curve in the example of Arts. 40 and 41. 


SoLution.—Here, the vertex 7, Fig. 12, is at Sta. 49+00, and has 
an elevation of 131.0 ft. Since the curve extends 300 ft. to the left of V 


and 200 ft. to the right, the elevations for the 100-ft, stations along the 
tangents are as follows: 
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300 
Sta. 46, 131.0———X4=119.0 ft. 
100 


Sta. 47, 119+4 =123.0 ft. 
Sta. 48, 123+-4 =127.0 ft 
Sta. 49, 127+-4 =131.0 ft. 
Staso0 1312 =129.0 ft. 
Stal 1292 =127.0 ft. 


In this case, the value of the offset A at the point of intersection is 
3.6 ft. and, from formula 1, the differences in elevation hj between the 
straight slope and the curve for the stations between the P. C. and the 
vertex are: 


Sta. 47, 3.6X (4)?=0.4 ft. 
Sta. 48, 3.6X (3)*=1.6 ft. 
Sta. 49 =3.6 ft. 


From formula 2, the difference in elevation between the straight slope 
and the curve at Sta. 50 is 


3.6X (4)?=0.9 ft. 


Then the required elevations on the curve are as follows: 


Station aie Correction Eleven 
46 119.0 0.0 119.0 
47 123.0 0.4 122.6 
48 127.0 1.6 125.4 
49 131.0 3.6 127.4 
50 129.0 0.9 128.1 
51 127.0 0.0 127.0 


43. Position of High Point—Where a vertical curve with 
unequal tangents is required, there will usually be a high point 
on the curve. This point may lie either to the left or to the 


é Lees 
right of the intersection point of the tangents. If a in Fig. 11, 


is greater than 7,, or if is less than n,, the high point 


occurs to the left of the vertex /. 
For a curve whose high point is to the left of the vertex, the 


distance in 100-foot stations from the beginning of the curve to 
the high point may be found by the formula 
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Oi 
Oh ) 
in which +,=horizontal distance, in 100-foot stations, from left 
end of curve to high point of curve; 
g=rate of grade of slope through left end of curve; 
n,= horizontal distance, in 100-foot stations, from left 
end of curve to point of intersection of slopes ; 
h=vertical offset, in-feet, to curve at point of inter- 
section. 


Where the high point is to the right of the vertex, 


(2) 


gn." 
45 — 


- 2h 


in which +,=horizontal distance, in 100-foot stations, from 
right end of curve to high point of curve; 
g’ =rate of grade of slope through right end of curve; 
n,=horizontal distance, in 100-foot stations, from 
right end of curve to point of intersection of 
slopes. 
EXAMPLE.—Determine the station of the high point on the curve in 
the example of Arts. 40, 41, and 42. _ ; 


Sotution.—Here, h=3.6 ft. g=+4%, g’=—2%, u,=3, and n.=2. 


2h —2h 
Then, —=1.8, which is less than 3; or——-=3.6, which is greater than 2. 


g 
Consequently, the high point must be to the right of the point of inter- 
section of the slopes. 
From formula 2, 
g' Nx —2X2? 
SSS =1.11 sta. 
2h 2X3.6 
Since the P. T. is at Sta. 51+00, and 5,100—111=4,989 ft., the high 
point is at Sta. 49+89. Ans. 


EXAMPLES FOR PRACTICE 
1. A slope with a grade of +1.5% intersects a slope with a grade of 
—3% at Sta. 18+00. The elevation of the point of intersection is 473.0 
feet and the P.C. of a vertical curve connecting the two slopes is at 
Sta. 16+00. If the elevation of the curve at Sta. 17+16 must be at 
least 470.64 feet to allow proper clearance for a road below, what will be 
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(a) the maximum allowable vertical offset from the point of intersec- 
tion of the tangents to the curve, and (b) the theoretical length, in 
stations, of the right-hand side of the curve? (CQ) S:27, tt: 
Ans. 
(6) 5.32 sta. 


2. If the total length of the curve in the preceding example is made 
700 feet, what will be (a) the corrected vertical offset from the inter- 
section of the tangents to the curve and (b) the station, to the nearest 
foot, of the high point on the curve? x CO) SE ibis 

4 (b) Sta. 16+93 
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